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PKEFACE 


T he present essay is primarily an attempt to follow up a line of research 
initiated by Laplace and Maclaurm, and extended in various directions 
by Koche, Lord Kelvin, Jacobi, Poincai6 and Sir G Darwin. Within two 
years of the close of his life, Darwin remarked that the way to further 
progress in cosmogony was blocked by our ignorance of the figures of 
equilibrium of rotating gaseous masses He wrote as follows (Darwin and 
Modern Science, p 563, and Tides, 3rd edition, p 401): 

« As we have seen, the study of the forms of equilibrium of rotating liquids 
IS almost complete, and a good beginning has been made in the investigation 
of the equilibrium of gaseous stars, but much more remains to be discovered. 

‘‘ As a beginning we should like to know how a moderate degree of com¬ 
pressibility would alter the results for liquid, and . to understand more as to 
the manner in which rotation affects the equilibiium and stability of rotating 
gas The field for the mathematician is a wide one, and in proportion as the 
very arduous exploration of that field is attained, so will our knowledge of 
the processes of cosmical evolution increase. .. 

Human life is too short to permit us to watch the leisurely procedure 
of cosmical evolution, but the celestial museum contains so many exhibits 
that it may become possible, by the aid of theory, to piece together bit by 
bit the processes through which stars pass in the course of their evolution 
Guided possibly by considerations such as these, the Adjudicators of the 
Adams Prize announced as the subject for the 1917 Essay: 

The course of evolution of the configurations possible for a rotating and 
gravitating fiuid mass, including the discussion of the stabilities of the various 
foi ms 

At this time I had for some years been engaged in an attack on this 
problem The announcement offered an excuse not only for putting together 
my own results in essay form but also for welding them on to the earlier 
results obtained in the classical papers of Darwin, Poincar^ and other workers 
at this problem After the adjudication of the prize, the essay was enlarged 
by the addition of some further results which had been obtained in the 
interval, and the present volume is the result 



vi Preface 

It IS hoped that the book will be read in the spirit of the remarks of 
^Darwin just quoted The mam object of the essay is to build a framework 
of absolute mathematical truths the backbone of the structure is the 
theoretical investigation into the behaviour of rotating masses Of this my 
own contribution forms only a small part, the book contains also an account 
of general dynamical theory, and of the researches of Darwin, Poincar6 and 
others, in so far as they relate to the mam problem in hand This part 
of the book has been made as concise as possible, and I have ventured to hope 
that it will prove of value to those who are embarking on a study of the 
general problem of cosmic evolution 

I have tried not only to build a skeleton but also to clothe it. When a 
firm theoretical framework had been constructed, it seemed permissible and 
proper to try to fit the facts of observational astronomy into their places If 
ever a complete mathematical theory is achieved, it will probably be an easy 
task to trace out the order of evolution of stellar objects, but at present our 
theoretical knowledge is so incomplete that a large element of speculation 
must necessarily enter into every attempt to connect up theory and observa¬ 
tion I have tried throughout to keep speculation within reasonable limits, 
and have applied as many checks and tests as I could to the various con¬ 
jectural hypotheses brought forward Many astronomers necessarily will 
disagree with a number of these conjectures, it is in this way that science 
advances To any critic who may think the conjectures ought not to have 
been brought forward at all, I would reply in the words of Herschel 

“If we indulge a fanciful imagination and build worlds of our own, . 
these will vanish like the Cartesian vortices, that soon gave way when better 
theories were offered On the other hand, if we add observation to observa¬ 
tion, without attempting to draw not only certain conclusions but also con¬ 
jectural views from them, we offend against the very end for which only 
observations ought to be made I will endeavour to keep a proper medium, 
but if I should deviate from that I could not wish to fall into the latter 
error ” 

The more speculative chapters fall naturally together at the end of the 
book. Many readers may find these the most interesting, and I have tried 
to arrange the book so that they will prove intelligible to those readers who 
prefer to take mathematical investigations as read In the present state of 
our knowledge any attempt to dictate final conclusions on the main problems 
of cosmogony could be nothing but pure dogmatism, I should not have 
ventured even to suggest a conclusion except that the various theoretical 
results obtained seemed to point with considerable unanimity in one parti¬ 
cular direction Consequently a definite scheme of cosmogony has been 
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/ ' 

suggested , not in the belief that it will prove to be true, but m the hope 
that it may m some degree help others ultimately to find the truth This 
scheme will be found to contain nothing fundamentally new, it consists only 
of a patchwork of paits of existing theories This is perhaps hardly sur¬ 
prising, so many cosmogonical conjectures have been made that it is 
unlikely that any really novel hypothesis remains to be put forward In any 
case a theoretical investigation such as that of the present book is necessarily 
destructive rather than constructive, primarily it serves to test and eliminate 
existing theories rather than to indicate new possibilities 

It IS a pleasure to thank many friends who have helped me m various 
ways First I must thank the gieat number of astronomers who have 
allowed me to draw on their stores of astronomical knowledge I have to 
express my obligation and cordial thanks to Professor Hale, Professor Ritchey 
and Mr F G Pease of Mount Wilson Observatory for permission to repro¬ 
duce the very fine photographs which enrich my book. Finally it is a 
pleasure to express to the officials and staff of the Cambridge University 
Press my appreciation of their unfailing courtesy and the care they have 
bestowed on the printing of the work 


J H JEANS 
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IN'TRODrCTOltV (’HAiTKR 

sritVKV I»K TflK I'UOHLKM 

77/1* S//stefn 

1, III hl'lll f jiitblishrd Ills Ht*vnluii<nHlmH (IrlMiitii 

< '* ill w!ti<*li tli»* ujijiati^ul mufiiiH tif th** |ilanath was t*\|i!.iiiuHl by 

fla* hiiti|»|t li) jilt!that tltrv all 4l*‘H<TilHRl arhit^ alHmt tin* Sail at raht. 
thuf nf a nut III*) lafar. m thr aarly tlay^ ut‘ HUtb(inIih*a firat nhsarvt*<l 

til* satalltfr*** r^Miijairr rai,H!viii|^ artaual tlaar {irnuary, lua! HoahtaiiuRl W'hat* 
tiiiaaiiitail atii»f<i^t ti» itiratl- viHiial jirMuf of tho traih tif tiio C \»|ianHc%*ut Hy^taia 
of a^fnaioiMj, Ilm in \orifyiao t*o|HTuianM' aolutioii of ono prohlout, (hililoo 
laitl ojuaiMl It ji allot liar, For il laa^ liofiuiir aloar that tliormvoro ai losi'^t ivui 
of aliiio.Hf o\aotl\ Miitohir format ion in tho tinivorHt% ami a |ihiloiHO|>hia 
iihm! poiilfi m*t but laim^lmlo that tla*\ Inal prohniily originiUod frian Mimilar 
atal woahl bi^ impollrcl to ronjot*iuro aa t.o what UmHtM*iinH<*a mi^^itt l*o. 

In wa\ tiir jtroblom of wmmtifir aohtuu|{ony had itn <iri|^in. To t.hi* 
4*%troiioiiior tlio |iriibh'ni in mtirh ritdmr, wtclm* and nmro didlnito, ui 
jiropirtioii m tlm miiHa t>f ohnorvaiional inutorud within Iijh knowtodgo h 
i;r»*ator than that with wliiafi Uidili*u wua arqnninbHl. In ila* Hohir 
idtiiio, know that in lakiition ti» tin* oight groat jilnnotn, aro apwnrdM 
of ftnci liiinor jilanolH* or ahtoroids, and all thoso tlOH or na»n* hodioa aiawv tho 
rogiilarit) in thoir nmtiom Hioir orliits aro all noarly tnrrnlar, thoy aro 
al! aj»{iro%iniatf^l) in otio {dano, and thoy aro all <lt*horilH»d in tho winno diror- 
tioia If Wo a*«>Hntno it to !io tl prluri an ov«*n ahanro tliiit n |iliinot whoiihl 
tiioi«^ «ith*n* from o^wt to wont or from wont to oant*, than tho rliimoo agaiiiat. 
IlflH jiliitiof^ all iimung in Iho aamo dirootion would bo I to I, Huti if 
wr rogaid tho |»iohIom horn tho [loint of viow of Matiatioid morhiinios, atal 
oaloiihitf^ tho odda agaiiiM thoao orbita boing a,11 of ainiill imdinaiion am! <d 
, I lion wo arrivo at oddn in oomjiartHnn with wliioh lito 
jinnittir.ly «*idon!iilod oddn of I to I aro mo wmiill aw to look a|i|iroxi^ 

tiiiifoh liki* an o\iii oham'«% 

" U tlif'I'liii Ilf lain, foaabn had h*‘i?u m Ranol a* H2fl, and oitn« far <11 

tip*‘Wfa niilp 4 riiiiii n>, l.l MV iiHardinl hwl, Itaviaa tpt»a iit no <»|i|«otiaioii 

ififr llirli lirtrtrtrry, 
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Introductory Chapter [oh. i 

A similar uniformity is found in the satellites of the planets The modern 
astronomer knows that the system of Saturn as well as that of Jupiter is a 
small-scale replica of that of the Sun, while the systems of the smaller planets 
differ only in having fewer satellites. With a few exceptions, it is found that 
throughout the whole complex system formed by the sun, its satellites, th(‘ 
planets, and the satellites of the planets, the motion is uniformly in the same 
direction and in nearly circular and nearly coplanar orbits 

The exceptions occur on the outermost edges of the solar system, and on 
the outermost edges of the systems of Jupiter and Saturn They are as 
follows 

Neptune has only one satellite, and this has retrograde motion 

Uranus has four satellites, whose orbits are highly inclined to the 
plane of the ecliptic 

Saturn has nine satellites* of which the outermost (Phoebe) revolving 
at a mean distance of 209 diameteis of Saturn, has retrograde 
motion and high eccentricity of orbit. 

Jupiter has nine satellites of which the two outermost move with 
retrograde motion 

Some of the asteroids also have considerable inclinations and eccentricities 
Thus Pallas has an inclination of 34° 43', and Zerline (531) one of 34° 33', 
these being nearly five times the greatest inclination observed among the 
planets (7° O', the inclination of Mercury). Juno has an eccentricity of 
0 257 and Pallas one of 0 239, while a few smaller asteroids are supposed, 
although with less certainty, to have eccentricities of about 

Binary Stars 

2 We do not know whether uniformity of this kind extends to other 
systems m space, or whether it is a peculiarity of our own system. When it 
was first realised that the so-called fixed stars were essentially suns more or 
less similar to our own, it was natural to conjecture that they also might be 
the centres of planetary systems similai to that of our sun, but the further 
growth of knowledge has shewn the need for caution in such conjectures 

Of the nineteen stars whose parallaxes are less than 0 20"—i e the nine¬ 
teen stars which happen at the present moment to be within 96 x 10^^ miles of 
our sun ^no fewer than eight, or 42 per cent of the whole, are quite certainly 
binary starsf Although there is no special reason for thinking that these 
nineteen stars are not likely to be a fair sample of the whole, it is obviously 
desirable to try to get evidence from other regions of space Of fifteen stars 

Excluding the tenth (Themis) discoveied photographically by VV H Pickeimg in 1904 
but not seen since ® ’ 

t Eddington, Stellar Movements, p 41 
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2] Survey of the Problem 

examined by Hertzsprung^ m the Ursa Major cluster, nine, or 60 per cent of 
the whole, are certainly binary, while Frost f finds that in the Taurus cluster 
the corresponding proportion is 50 per cent Frost also finds that 40 per cent, 
of stars of B type are binary, while Oampbell| finds that out of 1600 stars 
considered by him, the spectroscopic binaries alone number 25 per cent 
a ratio which must of course be increased by the addition of visual and 
eclipsing binaries Thus there is every reason to suppose that throughout 
our universe fully one-third of the stars, and probably more, are binaries 

To an observer who was so far removed fi:om our system that the light 
from Jupiter was visible while that from the other planets was not, our system 
would appear to be a binary system From observations, either spectroscopic 
or visual, our imaginary observer might be able to determine the ratio of the 
masses, and would find it to be 00095 But when in the same way, we 
determine the ratio of the masses in the binary systems visible to us, this 
ratio IS found never to be very far from unity Boss§ has found that in ten 
visual binaries in which the ratio of the masses is well determined, this ratio 
IS never one of greater inequality than 0 33 to 1, the average being 0 69 to 1, 
while Campbell II finds for nineteen spectroscopic binaries an average mass- 
ratio 0 79, the greatest inequality of mass being one of ratio 0*39 to one 

Thus it appears that the binary system formed by our sun and Jupiter is 
of a very different character from the binary systems observed in other parts 
of the sky, and the same is true of all the planetary systems inside our solar 
system In these latter systems the closest approach to equality of masses of 
primary and satellite is found in our earth-moon system, in which the ratio is 
0*0123 to 1 Next, after a very long interval, come Saturn and Titan having 
a mass-ratio of the order of 0 0002 to 1, and Jupiter and its third satellite 
having a ratio of the order of 0 0001 to 1 

Thus, although it may be open to question whether or not our moon 
stands in a class by itself inside the solar system, there appears to be no 
question at all that the planetary arrangements inside our system stand in a 
different class from the binary arrangements outside 

Not only binary but also triple and i:nultiple systems are observed It 
IS stated by RusselH that of the double and multiple stars contained in 
Burnham's General Catalogue of Double Stars, combined with Lewis’ catalogue 
of the Stiuve stars, about 80(^appear to have common proper motion And 
of these 74 are triple or multiple, this number being 9 25 per cent of the 
whole The proportion in Jonckheere's more recent Catalogue and Measures 
of Double Stars^^ which contains 3950 stars is 9 7 per cent of the whole 

* AUro^^hys Jouin 30, p 139 i Astjophyb Journ 29, p 237 

X Stellar Motions, p. 245 § Pi el Gen Catalogue, p. 23. 

II Stellar Motions, p 259, 01 “Second Catalogue of Binary Stars,” Lich Ohs Bull 181 

H Astiophys Jouin 31 (1910), p. 199 P A.S Memoirs, Vol 71 (1917). 

1—2 
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After allowing Htatintically for the ot |m*jei*lioii oil I lie <ii'4 

Hphms Kuhh(‘. 11^ fmclH that triple h^'hteitiH coiiHiht lioriiialH of a 
with a third ntar revolving at a eonHidorablo diatuiin^ alitoii float 
of gravity* thc‘ ratio of the aeiual Hoparatioo*. hoiii^ iitioiii Hi to I I1i* 
btwing i>( thin on tpii^Hiham of eohon^gony will ltf‘ rf»ii^idori‘«l la!*'! * l^*i di* 
proHcait it in Hnthoiont to luhiet* tluit) the niultiple^^Nieiimol^toud m iu* 
nhow no romnnblanrc^ in our own aolar nysteni, 

Thim wo have* found a very dt'finito niiit«u*iidi\ of iif tn ^ jj 

Hynttun, an<l a very df‘ftnitc‘ uniformity of arrangemoni ifiiisnl*, but tuo 
arrangimumtiH ant ditlbn*nb Hud the *|iii%stioti of ttlifiloi* ttio|f um 
syBitanH arranged like our own has to remain iiii ojaii one, It may ji^ib p'‘ 
bt‘ nuaiiioned that Home, antronomers btdnw'e that there ntn jiiegnl if oj ,u 
tlu* motion of binary HyntmiiH wliieh are too «|e!inite to be UM-nbi ti lei u 
1‘rrorH of (dmervation. Tlu‘Bf^ may ultimately be found to poiiii tlo » 
enct^ of planetary bodii‘H nwadvingaf a great ijisl.niee loiiiid fheei nit a' Sen.ny 
Hynteng but th<* iwidtuiee in eertaiuly to«» vague at jiti^eii! toi ihfioii^ u 
cluHumB to In* drawn. 

# 

Our Hoarcdi outnide our own system Inu, Imwiaer, deodond the « No* < 
ofaHoctmd uniformity of ntrueture, namely that oflumti) me . 

not far from tajimh 


Spirit/ itutf i^llivr 

3. ThoHi* two uniftirmitieH, namely the plam-tary foiuuitioti iiii»! due 
doublo-Btar formation, altlmugli perhaps the striking, are In 
the only uudormities whudi have laam diNeoun’eil by ustroiiomy Ihiie gni 
among the rcunaitdng ones in the Hpiriil nebula foriimlioii wtiadi 4 p|i*"nH In 
very dintiiustive and unifiam. The ehmwtert^tie spiral iielnila eoii-ea>- |to 
variably of a tnudeua with two arum emerging frtati opjwisib* ih* 

eonvolutiouB of the two arnw are mniikr* the eiirve of emdi king iijifiiMii 
matedy an etpuangular iipiral+. This foriiiatinii is very iretdy ^ratfenu u® 
space: Ktader and hurine eHtimaie<l the number of iielmlae easily de^eiaf i ibk 
with thc^ OroHshy roHeetor to hi* of the order of half a iiiillioti, win!* 
found more than half of the rmbulae ree<»rded on tiis plait*'* to be spind'* 
Although the spiral mdnilae are only Hpt*eud iustaneeh of tie- iiioie gmiM.d 
nebular formatioim ftnind in the sky, they ^n*e neverlli* Inm tJn mt*^i m 
and the uumt dintinetive of thene formatioim known ; for eimiiif^goiiy t|<r \ 
the most interesting lamuHe the deliniteiiesH of their foiimttioii imra n+iiiaiii 
a valuable clue to their origin and eonditiom Besides Npinil nelniiat ih^ i* 
are other typim of nebulae, whieh are commonly ileHcribed in tin loilowji^^ 
teriim, 

^ A^trophyi. Joum. SI (1910), p. 200. f t, l%hlnh .Vutli, tVO 

X Campbell, AtflUr Mothm, |i. SO, 
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til IiTf‘|(n!iir tit*lml;if% Mudt an tb* iii‘hula in Orion tIITt!). 

f2l Fliitiofnry n«*lmliii% a vhsH riolnilin* of apjwfcroiiUy wpliortticlnl or 
oili|Hi»i«|ii! hhii|M% tiiiifn ff*at4irt*H rntnl forinntioiiH iit lulclitioin 

1lii*y iiro fow ill liiiitihor, !t»HH tliiin toO having diHoovi^rocl outi of IBCHifl 
Hii far iinoHligiitoil*. u nito tln»y nlunv bright'lino Kportrin Hitg- 
gfHling that an* ihh^ihi^h of hot gas, nhining by tlnnr own liglik Homo 
typioiil o)ifiiiijiloh of llaiiflary nohnlm* will found ithwtnitc*<l iin Flat.!* h 

f*l) Hitig nobtilai\ mioh I ho wn*ll knovMi itolnila in Lyra {Nihil fl720h 
Many m^ronotnoffi boliovo tlia! fhos«» ari* not trno ringa hnt tiltjiwdtln! hIioIIh 
N ooii III |irojtn»fion: tin* n^asou for Uuh \iow i?^ iniiinly that tJn^Ho formationH 
aro noon odgowini* or noarly odgowiso (%i»o Flnfo It 

Cll Lllijifioal, oloiigatiHb lontioulnr ancl H|ainl!o nolmlno, *T!ioh«» aro 
ooinniotily onijiloyinl to dohoribo fho ohsor\ocl Hhapc* of liolmlar miwson. 
A iinmhor of nolmlno originally rliw'^ifiod ih H|dndlo^Hhii|Hal am prohahly 
iiiii'oly >i|iirfdH mnm i*dgowiHa, an huH hooti snggostod by Hli|ihtT+ luid olhorw. 

1 to»*rri|ilioii%, with owilont photsographs td’ mid oilmr typi*H of mdndao 
will bo ffiiiiid in a r«*ooiit jta|H*r by M (L Fi^iho^ inor abi Ftat 4 * tilt 

4. fkyoiirl tin* information iddaimtbh* from tInnr npp(*ariutrn and Hporfra, 
wo hiuo but litfjo knowiodgi* ih to tlio natiiro, inolionH or roiiHtitutbuiH of 
thf‘N' variotw nolmlar ajHfotnM§. Many of tbo apirala havo vtdoritii*H in npaot* 
wltiiii tiro onormoiwly groator than any tdbor rliwa of vnloidtioa of whirh wo 
hitvf* any f*\{a*rif*noo. a rirtamihianro wldoh givon Homo Hiipport to tin* \iovv 
fliiif itioy may bo rogarclod aa “iHland univoraoH/' oaoh oompimddo in aoido In 
tho niii\orHo Ilf Htiira of wdiioh ourwun ina nnmibf*r\ 

11iUH for Itio Andromodii nobnla thoro in ooimintont ovidonro of a iolointy of 
iipproaoli of about dCHl kiiw a aonomi, Hliphor'; dotorminiiig thw votooity im JIdb 
kiir'** a p*ooomk Wright * an 3tH kinw a ^ooond and Foano'*^* an kmaii Moroml, 
Many ^-^piiabi liavo still groat or volooitioig thua Foiiao attributt^s a vidianty 
of roo»««^.^4oii of about IIHCI kmaa Hoimnd to tin* m*bula in Virgo {Niii l4f>fH)++ 
wtdii Hliphor fiiida a volooif) of ro<*oHaion of I kma a aooond for tho nobidii 
III C Vfus iXilfl IflllHiJJ. Tin* gouoral av«*rago voha^ity iw botwoi*ii aiid 
bin kfiia a H<*ooitd nay twonty tho gonoral avoriigo volooity of ii Hiar in 

Mfir Ib'gardiiig tlnw* nobuhto im ’* inland univorHOH/* it ought of 

ooiiiM* to bo poHsibio f<i doforiinno tho motion of mir own giilarfio ayntoin in 

w. \v, Sihwf itmu n* ^-1* 1 /dH Oh. iitiil Ko. mi. 

t Jimni, la p, Ui, Hoh alwi W, W. l!iuiirWI, 411 (tUtls 

It i 4 H. 

I V duat ratiiitmry will t#? ui tln^ /I Ls*. 17 ftlHTl. |i, *l7th 

iih. ifiiii. ]>«>. an jiang. i ivimiar 24 inii/iu iin. 

** Imifml \m\ OioonOn Hi'|4, iUia, 

ft Jtmm, ll♦iIal7tr* tl, 

n i mt'ii olo loiir Hii 



6 Introductory Chapter [oh i 

space relatively to their centroid Trutnaja^ and Young and Harperf find 
respectively velocities of 670 kms a second and 598 kms a second. 

Not only are large velocities m space revealed by the spectroscope, but 
also large velocities of rotation The first discovery of rotation in a nebula 
was Sliphersj discovery in 1914 of the rotation of the nebula in Virgo 
(N GC. 4594§)j PeaseII has determined the velocity of rotation to be about 
330 kms a second at a distance of 2^ from the centre, the velocity increasing 
proportionally to the distance from the centre Velocities of the same order 
have been found in other nebulae By a comparison of photographs taken at 
different dates Van MaanenH has found a rotation in the nebula M. 101*^ 
in Ursa Major which corresponds to a period of 85,000 years at W from the 
centre, this nebula does not appear to rotate as a rigid body, the angular 
velocity being greater near the centre Van Maanen finds that m this nebula 
the motion is along the arms and away from the centre, and similar results 
have been obtained by Kostmskyf-f* for the spiral nebula m Canes Venatici 
(M 51JJ) Slipher§§ suspects similar motion in the nebula N.G 0 1068||11 

5 Very large velocities such as we have been considering are a distinctive 
property of the spiral nebulae The large irregular nebulae, such as the 
Orion and Trifid nebulae are found to be almost at rest idatively to the stars 
of our system as a whole. The planetary nebulae have radial velocities 
ranging up to 65 kms a second The average radial velocity of thirteen 
measured by Keeler is 27 7 kms a second If these velocities are corrected 
for the solar motion**^, their average numerical value is 26 8 kms a second, but 
their average algebraic value is only 0 9 kms a second Thus these thirteen 
planetary nebulae, regarded as a whole, are almost at rest relative to our 
system, while their individual velocities, although slightly larger than those 
of ordinary stars, are small compared with the observed velocities of the 
spiral nebulae 

It must, however, be added that Campbell fft has found quite exceptionally 
large radial velocities for two planetary nebulae, namely a velocity of approach 
of 141 kms a second for N G C 47322, and a velocity of recession of 202 kms 
a second for NGC 6644 These velocities are not greater than a few ex¬ 
ceptionally high velocities observed for ordinary stars (eg 325 kms a sec for 

* Top. Astronomy, 24, p. Ill + Journal Royal Ast Soc Canada, 10, p 134 

t Lowell Obs Bulletin, No 62, § See Plate III 

11 Ast Soc Pacific, 28, p 191 *11 Astiophys. Jouin. 44, p 210 

See Plate II. ft M N. Royal Ast Soc 77, p 233 

tX See Plate 11. §§ Lowell Obs Bull 80 (1918) 

nil Two fine photographs of-this nebula wiU be found in the paper by Pease already referred to 
Astrophys Journ. 46 (1917), p 24, Plate IV. 

1T1F Publications of Lick Observatory, 3, 201 
Pemne, Astrophys Journ 46 (1917), p 176 
ttt Nat Acad Sci Washington, 1 (1915), No 9 
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Lalande 1966 and 242 kms a sec for Cordoba Z 5 243), but regarding the 
problem as a whole, it is clear that they approach nearer to the velocities of 
the spiral nebulae than to those of ordinary stars 

With the possible exception of special nebulae such as these last two, it is 
clear that we may, with good reason, suppose that the irregular and planetary 
nebulae form a part of our system, and are moving with it, while the spiral 
nebulae must be supposed to be systems independent of, and outside of, our 
own system. 

Further evidence of this essential difference between the spiral and plane¬ 
tary nebulae is afforded by a study of their positions in the sky The spiral 
nebulae are found to be concentrated towards the poles of the milky way, 
while the planetary nebulae are sparse near the poles of the milky way and 
shew a very pronounced tendency to collect in the galactic plane Now there 
IS every reason to believe that our system is of the shape of a coin or watch, 
our sun being near the middle, and the remote edges being represented by 
the milky way Thus the most obvious, although perhaps not the only, 
explanation of the observed differences of concentration of the spiral and 
planetary nebulae is this. The planetary nebulae appear to favour the milky 
way because, being inside our system and intermingled with the other stars 
of the system, we see most of them in the directions in which we look into 
the deepest layer of stars, namely directions in the galactic plane The 
spirals on the other hand appear to shun the milky way because the absorbing 
matter of our system blots out or partially obscures such of them as lie in 
directions near the galactic plane In confirmation of this view B. F Sanford* 
has recently shewn that spirals near the milky way are on the average less 
bright than those in other parts of the sky F G Brownf has also shewn 
that the spiral nebulae of larger angular size are in general the brighter, but 
this IS not true of spiral nebulae near the milky way where the visible 
nebulae are large but faint All evidence is consistent with the view that 
the spiral nebulae are uniformly scattered in the sky but are quite outside 
our system, so that of those which lie in the direction of the galactic plane, 
the brighter ones are partially, and the fainter ones wholly, obscured by 
obstructing matter in our own system 

Campbell and Moore J have recently found that quite a large proportion 
of planetary nebulae give spectroscopic evidence of internal motion Of 38 
examined, 16 gave definite evidence of internal motion, 12 gave no indi¬ 
cations and the lemamifig 5 were doubtful^ In a previous investigation! 
internal motions had been found in the two nebulae N G C 7009 and N G C 
6543, The motions are believed to consist in most cases of rotations about 

* Lick Obs Bull No 297 

1- Monthly Notices B A S 12 (1912), pp 195 and 718 

H Nat Acad Sci, 2 (1916), p 566. § Lick Obs Bull. 9 (1916), No 278 
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cotuUmHation towardn tho oontro. Thoy iirt^ a|>|ir*Kiiii:iit I) idobnl ii in 
although Poano and HlmployJ havt* rorontly found t-ha! oiii of 4% ojip<r^4.,( 
globular (daHtiU*« which it wan |Kmmblo to ntmly in dof^ib fiu-' 4i^ a*4 ^ 
pronouneocl doparturo from tin* Hpluaaoat form, limng ap|»*iiontlv of 4 fbiitriiMi 
or Hphoroidal form. A Himilnr nlmmmiMif t»otiiplot»’Mitiiiiotia iit tomo <br^t i 
had Iknui provioimly imtiood by Baihy§. P»ailoy ha^ af>o mmb f^oont ^ of Mo 
Btarn in womo of tht‘Ho globular atarodnMrrH, fiml it. {|;i,% Ino n dir^u* bi 
Plummoril and von >5oipol1 that tho law «if diMfibiitioii m aftpioMOoi!# Ii 
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* Van Ummn, Mm Pw, 171 {Oca. nil?). 

t Bhapky, (Umtrlbuiimm f\om the Mmmt Wilmm HnUt tPmiuthnu, 11$ il'itil-, m, 

w&lhnt nummary k given; ako P* J. kalotUs Cklalogiu »if Hlar elmhm" |. i 4 
(1915), p. 175. 

^ Mat Acad, of Scicfim, $ (1917)* p. 95* atai A^traphp. Jmmh V* 41 m 4 p *,irf 

^ Uurmmiaoll(PmmttoryAnimh,n,mh4. * Mmfkhi S%tm0 M 1.^ p |m 

H K. Mveuka Vetemk. Acad. HandL BU, 51* No. 5. 

Obeervatory^ B9 (1916), p, 452. 

It Harvard (HI Otmreatory Ammb.n, p. 49. 
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The distribution of globular clusters in the sky is somewhat surprising, it 
being found* that they are practically confined to one hemisphere of the 
sky Not only this but there is a very marked condensation about one 
point m the sky, 42 out of the 82 considered by Melotte lying within 30° of 
a point in the galactic plane of latitude 325° 

Slipher has recently measured the radial velocities of ten star clusters, 
and finds velocities ranging from — 410 to + 225 kms a second, the mean of 
the values, taken without regard to sign being 150 kms a second. It is 
clear that we have here to deal with velocities of the same order of magnitude 
as the velocities of the spiral nebulae 

Finally Shapleyf has attempted to estimate the distances of various 
globular star-clusters, by assuming the absolute magnitudes of the cepheid 
variables contained in them to be equal to those of similar cepheid variables 
at known distances He finds that probably, with one or two exceptions, 
no globular cluster is nearer than about 30,000 light-years, corresponding to 
a ]:)arallax of 0 00012 ''^; Thus the globular clusters, like the spiral nebulae, 
appear to bo independent of, and outside, our own system of stars 

The formation of moving star clusters also exhibits a certain, although 
not very great, degree of uniformity § A number of stars is said to form a 
moving cluster when their velocities are sensibly the same, both in magnitude 
and direction, and also when there is definite evidence of some further real 
connection between the members of the cluster The latter condition is 
important because, by a procedure which is familiar to every student of the ^ 
Kinetic Theory of Gases, any collection of chaotically moving s*tars can be 
resolved into parallel showers Observational astronomy reveals the existence 
of clusters of stars moving with equal velocities and also having physical 
characteristics in common which suggest that they have some bond of common 
origin The cluster formed by the Pleiades provides perhaps the most super¬ 
ficially obvious instance of a star cluster of this kind Here we have a 
group of stars, all of similar spectral type, all of approximately equal bright¬ 
ness, concentrated in one region of space and moving with a common velocity!! 

A more thoroughly investigated cluster is the Taurus cluster which consists 
of the Hyades and other neighbouring starsll A noteworthy cluster of 
special interest is the Ursa Major cluster, which contains among other stars, 
the stars /3, 7 , S, e and ? Ursae Majons of the “ Plough There is a very 


- Of Melotte, Uem B A S 70, p. 176, and A E Hmks, Monthly Notzees B A.S. 71, p 693 

4 P 10 C JSfdt Acad 8ci 3 (1917), p 479 , 

! By a miwlai method Hertesprung had previously estimated the ^stance of the le.ser Magel- 

lamo cloud to be of the same order (paraEax 0001) Cf Ast. Nach 4692 

5 On this subject in geneial, see Chap IV of Eddington’s Sullar Mevemnts 
11 \V W Campbell, Stellar Motions, p 181 

3o 88, Astrophyh Jouin 26 (1908), p 31 , „ „ „ nr*.,,, r. iv?: 

Ludendortf, Nach 180 (1909), 265, and W W Campbell, Stellai Motions, p 17 
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a flattiaunl Hhapo, tho flattening in the eiiHi* of fh* I jvi \| i|uir i tn i h 
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7 We ha\<' now inentionul five ditleiun tvi^ ^ nt uinlnn « uen ai 
Uu‘ nky, twh of which hIuwvh n nune oi Uss pioieannid imitMimt*. t >e 
ami of a Hcnentifie (OHmogt»n\ munt lie tti tinn tie and otloi nns’^am.^ - 
to tlunr Menu(‘H When we find a lonnalioti n^pi^nl^d noun lino on 

slight vanatioriH, we may fet»l taiily conhdenf that ougm in «v-di 
the same The piohlein of coHmogony ih to diHumi tltiM ue^ 

piove that they would hwl to the libniwvisl lorumtiom 

The vauouH umformitieH of ntructure lue h) no nn-imHol iqmd ue * 

A pmely oh)ecUv{» vu*w would jieihatm ic*giud the hiirlmg o| tin oin^m m 1 
planeUiy Hyntemn as the leant important pu^hlem ot u»emogotiv* lou t t 
leaBons which can leadily he umh'mfcood, eomiutgom Ioih U^n nr o- 

eoneeiiuut with thin npisnal piohlem ihiui with anv of tie *uli«r lieh^d 
until (pute reeent yeain not miongli wan known of the unnmM onf nn 
solai Hystmn foi the inohlmriH of eoHinogoiiy to havi* iiHauiufl i ih fmil? 
eKcept in tehnenee to our own Hyutein We now pr««ied to a 
account of some of tlu^ varumn theonen of plamnan ongm whuliht « 
propountltsl 


THKOttlKK OF OOHMOOt^XV 

I TiIH NkBULAR llYCnTIlIvHIS (IF KaK1 \\U f.AFt \f t 

8 Of all thetinoH of comnogonj, the most enduring, md tiiflnil# t% tie 
moHt famnuB, has Iksui the Nelmlai Ilypothewm,conummly fif^^wnaud mitli 
namoB of Kant and Laplace Kantn tiusiiy firnt given m tuN 
NaturgBHGhtchte und Thom (hn ffimmdn m ITfiri, Uiplmi piihls4nd do 
outhncH of luH theory m 17SH) m hiH Ktpmifioti da HtihUmr du 
developing hiH uhsiB finthei in latei editmim bvplau semirtfr* Inn. U. n 
tpiite nnacciuainted with the enihei sjiec ulntmrm of Kant, imh mI h p. m 
fically BtatOB that Buflon waH, ho fai an he knew, tin onlv pluheople i wL. 
since jtho tino nature of the nolai systeni hud heui known hud e 

to the origin of the planets and tluui Hak4ld(^s Thun we haii two th* mu. 
of distinct and mdepcnchmt oiignm, trying to expUm tlu^ sane phenono m 
KanVs theories, howevcw, attmnpted to t*xplam tin whoh HtOlu iiuivm . 
while Laplace InmtcHl himw'lf to tlu^ sohu Hystem 

^ See a tlescnption by n H Tamer, 2/o O/MmwUoi/a$ |lin l|, p %m 
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TlieO'iies of Cosmogony 

9 Kants Theory K^^nt supposed the umveise to have developed 
initially out of a cold nebula at rest He supposed this nebula to fall in under 
its own gravitation, and to become hot in so doing owing to the consequent 
compression He assumed, of course eironeously, that rotation would be set 
up in this process He imagined that the matter would condense into rings, 
and on superposing the supposed rotation, he armed at a system of rotating 
rings similai to the iings oi Saturn, to which he appealed as evidence of the 
tiuth of his theories In the second stage of the cosmogonic process, Kant 
supposes these rings to become unstable and form by agglomeration into 
planets The persistence of the rotatory motion results in this system of 
planets revolving round the sun The planets continue to contract under 
their own gravitation, so that the pieceding cycle of processes is repeated on 
a smaller scale, and finally we find the planets also surrounded by rotating 
satellites^ 

10 Laplace's Theory We turn now to the theory put forward by 
Laplace The great French mathematician was not likely to fall into the 
eiror of believing that rotation could be generated out of nothmg, and so the 
nebula is assumed to be rotating at the outset Laplace supposes it to be 
hot, without attempting in any way to account foi the heat and supposes it 
to be lens-shaped or flat, without attempting to justify this special choice of 
shape The mass is supposed to cool by radiation at the surface, while at the 
same time falling in upon itself as a result of the action of gravitation, the 
net iesult being a heating of the central portion and a general shrinkage of 
the whole Since the angular momentum must remain constant throughout 
the shiinkage, the actual velocity of rotation must increase, and Laplace 
believed that as this increase of angular velocity took place, the outer ring of 
matter ceased to be continuous with the mam mass A succession of repe¬ 
titions of this phenomenon leaves a series of concentric annuli of matter, 
lotciting about a central axis, as imagined by Kant, and from this stage on the 
hypotheses of the two philosophers aie in agreement 

11 It appears that both Kant and Laplace try to develop a theory in 
which a system such as the rings of Saturn represents a half-way stage 
bt‘tween the primitive nebula and the present state of our universe Neither 
thcoiy attempts to explain why the supposed ring system should become un- 
sLable and agglomerate into planets, and neither theory explains why Saturn s 
lings have not become unstable 

Pei haps an unbiassed judge, devoid of preconceived ideas, might expect 
a 1 ing of rotating matter to become unstable But, as Sir G Darwinf has 

* Fullet accounts of Kant’s theory will be found in Poincar4 s Legorts sur les Hypotheses 
Cosmooomques, Oh i and Baiwin’s Tides, Oh 21 An account is also given m Miss Cleike s 
Modem Cosmogonies (1906) 

i The Tides, p 410 
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pointed out, it such a nug aggknuemted uit/i* a phuitl, th«* piaic t 

ought to cmuoide with the centre of gravity of tht* ring and uhi mitli 
ou its perimeter The siability of Katum*K nng« wie* of tfoin* otphiite d In 
Maxwell m his eelohiated Adainn l*rui‘ hkmiy of IH »7* 

'nie theory of Liplnee, hk(» that of Kant, e«mlaua d htilo fail jini^ ^ n 
lation It IS however obvums that tlirnt* theutuf* adiint of niitlntnaUt d 
verihcation or disproof With the exeeplKoi of an In Ibsfo ^ 

m which the primitive nebula is H*p!esentecl bj a lienv iimliiH intoinabd 
by an aimospheri' of mhmtc*simal density, ahnosl all altempts to it* it lie 
queBtion mathematieall) have* lepieneritec! the mattei of tin rnbiih 

by a homogeneous ineompreHsible Hind This iliflfeiN by mi nnicb fr«uo fb» 
tenuous gas postulated by Implaee, that wc^ cannot vvith am ct il mti\ g ad 
lus theory as being oitlus vindicated oi condt tuned In ^ncti t* ^ ne!e ^ aha 
evei then result It may, Inmevm, bi* lenmiked tbiit tin r« asii ^ obi med 
from such lesearches hn\c‘ hnl to a conlmual nuMlifiiiifion of tin mail 

m Its piesent foim it contams little in the way of tlefail llmt ^^ould In n 
iubihI as hiH own by Laplaces ami peihaps nothing that would Iw i«iogiii mI 
by Kant But two oulHlantlmg featuie^ of the theoi\ hii\e “uinneti niiicH 
(j) t]ic‘ supposition that om sulai Hysieni oiiginat«»d out of m tmlMii 
mass of gas, 

(n) the supposition that the change fiom the primiln« to fb« 

prestait stage has been pioduced mainly b) the 4 gu««if of m 
eieasmg lotation 

Of those two suppoHitioim, the fornn^r recetvt*s alimwt uinvei^d ptme ^ 
at any late as a provisional hypothesis, whih the latter mu pndtetlilj elaNi 
mort^ adheients than tmy other theory of pknetaiy ongin In ordi r to 
th© very ambiguous teim “Nebular Hypothesis/* which m vnm m lie 
itmumerablo mocUfieations the hypothesis has undergone might; mean #ilnio^4 
anything, it will be eonvtauent to riTer to iht*i!ic tw'o rwuhid piitN itd lie 
hypothesis as the “Theory of Nebulous Orignd* and the - Kotationnl Tin 
These two theories eemtam about all of the (»rignml “ NebnUr 
which can survive seiious cuticmm, we shall imw considei fiienro^ 

in tuiii in the light of motkun aHtionomieal knowk^dge 

Tlw Theory of ]St4ml(nm (hntpn 

12 The gonoral belief m tlu» thcairy iif nelnilmw origin Ua Hi‘d iiiniiih 
upon direct observation of the sky, a rc*asomHl dcdemiMif it nenuH 

upon a consideration of the elassification of stam according tf* tial ii, js** 
those stars which aie believed to be m the (‘aihest stagc’^ of dfnelopincnti iin 

* On the BtabilUy of the Motion of Hatuni^^ Hlngn (Oftmlaulgi, ISiW) 

1 “EsHal Eur la OonEtUutiion et ronguii du «oiaio*/* imd $1^ Mrnfrnm^r, 

cles ScimcLS, rm (1B78), p 2H5 
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!«♦ hi ^tiHinus<h*(l \n gtnt*uU hs inriHHos oi wisps oi lubuloiiH iuatLoi> 
th« HtiU^ III till Cliiuti ui Imla aiul llu‘ PUnadts bcaug obvious inBlances 
Whuliu iM nut till >%« piiH f>{ u^astjuing au‘ sound, thou^ ih no (juestion 
that tin tbtHjis of m bubnis ongm iswnb*l\ iiud almost uuivcusallj held, 
bi itm Hiimi iHum tui dilb lomoh oi ijpmuui ns to wh(*ttlu‘i th(‘pijrnitiivo xubula 
HU^ht to bi tliimght ot uh a iiuiks o| gus, oi a dust cloud or possibly c‘ven a 
^%atm o| 4tuiis lAu uistnmi l^oid kihin sugg(‘sl(‘d as Lhe ulti¬ 

mate oiuiiii of astionomiuil biwlies, ,v eollts tiou ol m(*t(H)nc stoui‘s which woto 
^ ipMii 4t i| b\ t« jM it« d < olliHioiis and so gavi‘ phu i‘ in tunc to a gasc ouh m'bnla 
4 till Liplate m tspt Nu Nenmun hoc‘kYei suggc'sUul tliat many ol ‘tht^ 
Mbv*pid m bid o ai« 4dl in tlu utclcsnu states a vu'W which UHHuit spocko- 
tojin ha 4 m id» untciidib is a geme lal i‘\planation ol nebular 

tun tnu 

13 A tlM*a\ of flu oidti of stidlai dcvilopnumt UHHsil.ly put foxwatcl 
In H K Hu SI IP^ -itnki mit tho tout om* of llu‘[nine ipal H‘asonH lot bcdic'ving 
III tin mbillons oHgin *4 stius llefotc* the nppt‘aiau(c‘ ol Russtdl's tluoiy, 
tin* leti pti«l old* i of I volutiou* nanu'ly thiough tlie Hociuencc' ol npec- 

ttal tvp* w 

Ktlnda, Jh A. K <h A, M, 

ssm itlmo4 utidispHiHl In tlaa elassduatmn (*, tlu‘ A-typo ntaiH axo the 
Iiotbst and slam ol 1/ tjpt‘ (usl ntaiH) aie the cooleni Tho appxoxnnate 
ionipemtmes ol tin* tbOeunt t\pes, an dc‘tennui(‘d by Wdsing and Scluaner'j, 
tie as follows 
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Aceouhng to tin* oldm vn w of ntcdlai tnolulmn, Uu' A type was HuppoBcd 
to mdn ii« the slngt ni whuli tin* stiu wm hotU'St and oi lowest deiusity, and 
so UhsI ii moved Irom its oiiguml mdmhu (‘xmtemeu as the stai lathatod 
leaf d got coolet amt ro paHHcsl fhtough tlm vatioUH typoH in HueccHBion, a 
4 jiM‘tnun of »M f\pe WHS hUpptiHesl to ehniac U*nHt‘ the^ oldt'st BtaxH which woxe 

I lew to e*^tnn tioil 

Niiftt.tl tliHt llu- M hUuh tall Iiilc. 1,VV(. V('iy dcwly (httoiontialod 
.Ux.H fthiili l» ftllfil ’‘KiHUl,” anil "tlwatl" Htats, Uuhc namoH rdcnnng to 

• I <11 mi i>Ki>t ilpta Iilii.li<niwa l<y fruf Uimwtll himHuU non Natnie, O'), r W (H)14), see also 

I 1ht5 w die Um|Hs C’fiwUafniMii Hele>l>te4 Iw Uarvanl Olmwvatcay A brief biU cxoolleiii 
fiiumat 44 eliiieafuiitymiUH Kiven HI IMtlinaten’H V/«Z/fO pp 7 

Uf Smh IHa I mom, p H7 UeoMUid eOm'whfie* oaoh complete) Hpectuil (.Iiibh la amdod 
mulun miHlnmumn * lUn*. heUten a tt imu ami im t «tar are mippoHed to bo nine othor stages 
ih iH imOt I tM /U, /* /, ft U A sipcctruin t»f exat t li typo m oallod H 0, and hO on 

, iH lomd confembm I Imvc orintua die u or Wolf Uayot Tn»^ from cliHcttHHion altogether 
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a great cliffcioiice iii ahsolute hughtm sh, althmigh n<»t iien*»rtnh Jti 
An\ (Itmbt that may have lieeii felt an ta the meiuncv af jin'* lamliimeti* u 
lac‘t h.iH {uohahly been renaac'd by thi* invtHhgatidii** <if \V .S am* 

liaa tmmda jmielyhjH'c'titiwnpK uu<thiK|tit ch tttmintiigflH'.iU'.itlui. lat'htin n 
at a stai I'jN.auiiunig 6H leil Hfaia, Adaui'’ fbul- tliaf IS tri uj d» -tin', 

uiagmtndes bctwei'ii 10 aiicl .*{ t, wlnle tlie initutinnig l» it him 

luagiiitildes between *) H and 107, tin* duthieii betMeiit llu-*«lls < 1*1 ml 'md 
dwaii HtaiM tlnia being a eleai g.iji ej ll t inagiiitmlis \b«i« tuxiiiH Vd.sm 
and Juyf have s{ieitiiis(e|juallv lieteiiiinied ihi iih«tluti* magniluth > ut »(«• 
staiH ut types F, (f, K and M, and then ii*Hnlis eoitlnni Uu* 1 11« f t« j > mih 
| il(‘tely Of the fiOOHlars examined. 4‘2 weie ul fv{H< \{, ,ti these i'» ja.ni.l 
to be of absolute magiiit iideH bi ighter than 2 0 , one was of absolnt> imi^mt iid« 
H(), and till' lemaining 12 weie all ol abwoliile magniliidi s t.iniii i thim '» • 

Again theie is a eleai gap of about (1 nmgmludes bilwien ‘ gi.ml 1 nal 

"dwaifa” A Himilai, although lean proiioimreil dialintHon is found to js r e.i 
thiough typeH A'aud f/,but it Inw almost,if not i|mt< liiwjija mil fm !vj«. /* 
It la thuH proved beyond doubt that theie exisi, led stam of > %lr lotdin.n* 
biightuesH, foi which no place couhl he found m tin* oldn m henn of sH lin 
evolution, fm It IH, as lliiaHell retnniks, \i*ry impiobabh that tin e .tii. 
Hoim of them 100 iimea aa hnght as the sun, ate on the vi up of exHm tson 
tlnougli old age 

Russell Hccoidmgly miggoslH that a atai of H t\iM* in not at tin t« gun itm 
ol lbs caieer, but w half-way tinoiigh Theatai i««upjK>sii| fohavi otiginatid 
asugiantHtai of M tyfie to have piuiHed ihioiigh the iiejiei of ivjK'H 1/ A 
(t, y*’, A to IIm Htage J{, and then to proceed again tlirmigh tin m tm < ,l F, ft K 
until It hecomea a dwaif Him of type M Only (he most neissne si.u^ . v, 1 
attain to the dcgioo of uuatideHcent e repnwnted In a H tvta of •ineiinm . 
all otheiH turn bnokwarda hefote tliiH Htage ih leiwhed, a hyjKiflnsts vibuh 
givi'H at once a Rimple and pi-rfectly acceptable explanal.nm n(‘ the known f«t 
that iJ-type Htam aio of exceptional mnKH, wluh* at the same time ats'ouiitin.* 
foi the giadual diHappeaianee of tin* gap between giant and dwmf st ns in 
types K, (r and A’ 

It will be umlerHtood that thm htiel Btatenient dooh not give jui m< mint ol 
all the details ol Russell’s thooiy, neithei have we mentioned the m.iin lut, 
eisms which have been brought against itj Kor om p„^ont pmisMe. n 
enough to notice that tlu inclisputable facts on vvlneh Uitssolhi e 

based cut away to a laige extcait the* oiigitml giouiids ha the bi In t lli.n stai 
oiigimitc* out of nc-bulae It is not proved that tln-y do not, bid tin u is m* 
longer any chic.ct evulcau-e that tlu'y do, to letnm tin* tluoiv of m hulmi > 
ougxii, we have now to uiiagme the nebulous maltei to he l,or<ome m.,, 

* I‘W( Nat Arail If «»/o«j/loa, Marnli, lllll! 

t IHvophys .hmrn 41) (1917), ji Hl’t 

1 Hce tor iuHtanoo W W Campbull, S./ra,c, n (i*(i 7 j, ,, ij, 
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luminous and remain so until the mass hursts into incandescence as a giant 
M star But, as we shall see latei, Busseirs theory does not destroy, but 
actually strengthens, the belief that a star starts with a veiy low density, and 
this virtually brings us back by a different path to the theory of nebulous 
oiigm 

The Rotational Theory 

14 Th6 mam outline of what we are now calling the rotational theoiy has 
been sufficiently explained already This theoiy originated in an effort to 
explain the origin of the solar system In its application to this particular 
problem it has been subjected to many criticisms, one of which in particular 
his seemed to many to be unanswerable 

In 1861 Babinet* suggested that a criterion as to the tenability of the 
geneial rotational theory was provided by a calculation of the present total 
angular momentum of the solar system He argued that if the planets had 
been thrown off by rotation the moment of momentum of the original rotating 
mass must have been exactly equal to the total moment of momentum of the 
piesent system The mass of the original body must also have been equal 
to the total mass of the present system, so that on assuming a leasonable 
size for this original body, the dynamical conditions of the mass can to some 
extent^be reconstructed, and in particular wo can calculate the amount of 
lotation with which it must have been endowed Babinet pointed out that 
the aggregate moment of momentum in the solar system is far too small foi 
the original mass to have been broken up by rotation alone 

A simple calculation will shew that the greater part of the piesent moment 
of momentum of the solar system resides in the orbital motion of Jupiter 
Taking the moment of momentum of the sun’s present axial rotation as 
unity, the moment of momentum of the orbital momentum of Jupiter is found 
to be about 37, that of Saturn about 14, that of Neptune about 4 8, that of 
Uranus about 3 3, and the aggregate arising from all the other planets, 
asteioids, satellites, etc, is less than 0 1 Thus the total is roughly 60 times 
the present moment of momentum of the sun’s rotationf 

Now imagine the whole mass of the solar system concentrated in the sun, 
which can be done with only an inappreciable increase (about 0013) of its 
mass, and imagine the whole moment of momentum of the present solar 
system concentrated rn this one mass The moment of momentum being 

* 52 (1861), p 481 See also Moulton, Jomn (1900), p 103 

I These are the figures given by T J J See (Ast Nach 4053) See makes special assurap 
tions as to the inteiior constitution of the sun, but any othei reasonable assumption would lead 
to similai figures Pouohe (G B 99, p 903 (24 Nov 1884)) calculates the total momentum to 
be 28 2 times that of the sun, but he assumes the sun to be homogeneous Lord Kelvin has 
given a well known estimate {Popular Lectures^ i p 420) according to which the ratio in Question 
IS only 18, but he assumes the sun to be homogeneous, and also neglects the contributions fiom 
Saturn, Uranus, Neptune, etc , this lattei procedure being cleaily erroneous 
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men'aml (K)4bltJ, ami ilu‘ mim naniumng ^utmfatiiiallv thv it ^ 

that the aiigulai velocity will he nlmut iW tmun what it it. awI iii 4^ «tl 

of havmg a pt‘uu(l c»f lolatum "io da\% Uu tu w nna will h tv« }*i la ti i4 
ahotit 10 hoiuh HUighly tlu‘ name aa that Jiijitter 'Ih* naan ih 11 an ^4 
the min (1 HO) h umghH to (hat td Jupitei il JIOHo tint ifa |ainotn« 
him tt'eonhiitut(‘tl ni thin way will he \vi\ mmilai tt» tin pu * nl *hi|aM 
ot guaiter iuhsh Tht‘ mass ui a hocly, hm wt nIihII IhIoi, lut^ dmM/ no 
uitluenec' on its tendency to lut^ak up lotHtionalH » thi^ ih ml alino-t 
imtuelv m its angulai veloeify ami mean thai'Hitv Now tlupin i »!e w an 
(dhpticitv ot only alioui ih to all apjaaiarnHs %n\ iat Itom Ua 

up mulm the mfluenee oj itmotatioiu ao that we eanuot suppoNooin pumitH* 
Him to luvvc' luokcai up by lotatum 

In ihtH w(^ have Huppcwcl thc^ primitive mm to he 0 } ahmit tin >^ane’ m 
as oui own nun, it must ueitamly havt* been laigei nut thm milvo .tie u ^ ih 
Btill moie eeitamly trm* Tlu' lotational t!n*oiV' anmni^. that »htinhig^ 1 tie 
puniary eauHc^ of the uihet ol iriHlahilit) whieh icsult^ m tin fhtowmg *4} *4 
a HaU'lhte, ti the puuutive mm, wlum Hlinmk to the si/e i4 mn pr* i n! om 
tloc>H not thtow ofT a naUdhte, it i mtrunly eannot have fhiovvn off a !htj( ^ 
tlu' t(»sult ot lotation betoie the nlninkage t^iok pliiet^ wh«n its iliinMeen. 
may havi* Ikmui a thouHand or a humlietl thoumnd tnm^s what thev mm nu 

The diHeuHsion ol whetluo ot not thm eiiiunmn of (lie tolalional lh*ou i 
valid will naiinally bo (hderied until cuir matheumtiuil mvehtigiitmii' |yiv« 
piovidisl evidencH' on whieli to bane ajudgimuil 


IL Thk TinAmAcmov Titfuiiv 

16 SuggehfcumB have* at vaiiouB fcimc*H lieen made that tuhil um\ 
play the preponderating part in edfeaUng tin* birth of ?*atellitf»M, toi n m uh\ ion 4 
that^ when uul:)jc*c4,od to tidal foreea of Kuffieient tntenmtyii tmum *4 tbml mitv 
rewh abrc 3 akmg point at whicdi it dividt»a mto two or moie dt fimtnai 
The most complete fcmi of tadahactum theory mftumd in the ** tianeii mml 
Thooiy'’ of Chambeiliri and Moulton^ 

A non-rotating manB will m gemwl aHsumc* a mphiuieal hhfifa itiidu lie 
acjtion of its own giavitational forees, but wdl depatt ftom thm ftnm win n a 
HtH’ond body approacht^a neai enough lot its tidal udhiemn to Ite |auii pfible 
At the apptoach of a sc^cond body, the splu^rual shape* will at first jilam 
to a spheroid ol small elhptioity, owing to iulvn being ramed diretiH nmlt 1 
and dnectly away from the tule-raiamg body With the ehmetr apptoin h of 
this body the iuloa eontimuilly use in height, and (liamherhu and Mmdton 
suppose that ultimately two jets of mattei rush out from the two iyili{N«lal 

* A summaiy of a compxt^honaivo kind will bi& found in (JhambrrHn’i 0 / tii ! mth 

(XJmv of Oluoago ProsB, 19X6) 
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points at which the tides are highest But the tide-iaising loody does not 
stand still ^ it is always somewhat ahead of the diameter through the two 
highest tides, and so exerts not only a tide-generatmg force, but also a couple 
which tends to set up rotation in the primary body The two jets of nebulous 
matter are therefore being ejected from a slowly rotating body, and instead 
of foiming straight lines, form spiial curves 

The authors of the planetesimal theoiy claim that these conceptions 
explain the oiigm of the spiral nebula formation, which they regard as a half¬ 
way stage in the process of planetary formation, just as Kant and Laplace 
regarded the rings of Saturn The authors further believe that the ejection 
of matter will take place by '' pulsations ”—hence the nuclei observed in the 
arms of the typical spiral nebula—and that the condensations of these nuclei 
ultimately form planets by agglomeration If all this can be shewn to happen 
accoicling %o the authors' programme, then cleaily the planetary structure and 
the spiral nebula structure are explained at one sweep But whether all this 
happens or not can only be decided by exhaustive mathematical investigation 

Perhaps the most obvious criticism that can be brought against this 
and all other tidal theories is that they require the close approach of large 
astronomical bodies, and that such close approaches are very rare events 
Calculations which will be given later seem to shew that this consideration 
must lead to the abandonment of all tidal theories, including the planetesimal, 
as explanations of normal cosmogonic processes It must not of course be 
asserted that no system has ever been broken up by tidal forces—this would 
be contrary to all statistical laws—but it will be found that only a small 
proportion of the stars in the universe are likely to have been broken up in 
this way 

III Othee Theoeies 

16 In addition to the theories just mentioned, there are a great number 
of others in the field which claim to explain the origin of the solar system 
Many of these start from a nebulous mass or swarm of meteorites in chaos, 
and legard the spnal nebula formation as an intermediate stage towaids the 
development of a solar system Thus in addition to Moulton and Chamberlin, 
See"^ and Arrheninsf both contemplate the possibility of spiral nebulae 
forming out of the collision or near approach of two stars, the condensations, 
in the arms of the spiral being supposed ultimately to form planets circlmg 
around a cential nucleus Sutherland J has suggested that Bode's well- 
known law of planetary distances is readily explained in terms of a spiral 
origin j foi Bode's law, usually expressed in the form 

r=04 + 0l5x2»^ (7i=l, 2,3, ), 

* Reneai dm of the Evolution of Stellai Systems, Yol i 

i Woilds in the Making (London, 1908 ) X Astiophys Jomn 34, p 251 
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may be equally expiessed in the form 

r = To -h * (0 = 1, 2, 3, ) 

which may be taken to repiesent the distanceb of nuclei along the arms oi 
an equiangular spiral 

In a somewhat different class come hypotheses, such as those oi Faye^ 
and Ligondesf, which try to prove that our system originated out of a 
swaim of meteorites in which older has been produced out of disorder by 
collisions in opposition to the laws of statistical mechanics! 

Our task in the present essay is not to discuss these and other theories in 
detail 5 it is rather to obtain liiathematical evidence bearing on the gencial 
problem of evolution, incidentally perhaps examining to what extent the 
speculative theories which have just been described are tenable Many of 
these theories, however, have already been condemned by the recent advances 
m observational astronomy Foi in many cases the theories were not based 
on abstract knowledge of the properties of matter or on dynamical laws, 
they rather exhibited a tendency to be based on the latest obseivational 
knowledge with which their authors were acquainted Up to the discovery 
of the spiral nebulae, most theories of cosmogony tiled to prove that Saturn^s 
rings (the most sensational astronomical objects then known) formed an 
intermediate stage m the evolution of planetary systems since the discovery 
of spiral nebulae, the tendency has been to try to prove that the spiral 
nebulae form the link in question The more scientific method of pioceduie 
is to limit the mvestigation to the abstract problem of the behaviour of 
masses of astronomical matter under varying dynamical forces , when the 
solution of this problem has been carried to the limit of our mathematical 
resources, we shall be in a position to survey the different types of formation 
that may be expected to be evolved, and possibly not much speculation will 
be required to identify them with observed forms Thus the immediate 
object of the present essay will be to collect and arrange the results of the 
various researches which have resulted in progress towards the solution of 
this abstract problem, adding to them and amplifying them wherevei we can 

The dynamical forces which can act on astronomical mattei are its own 
gravitation, which must always be taken into account the gravitational 
forces horn other bodies, which we may for brevity describe as tidal forces 
the forces arising from rotation, the forces arising from collisions, impacts' 
bomba^ments, etc Our problem is to find out as much as we can about 
the behaviour of matter under such forces, paying attention especially to 
effects OI a secular or evolutionarj nature 

* Sut I Origtne du Monde (Paris, Gauthiei Villars, 1884-) 
t Fojnwtion Micamgue du Systeme du Monde (Pans, Gaathier Villars 1897 ) 

+ Of Poiueard, Legons svr les Rypotheses Gosmogoniguei, Chapters IV and V 
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17 In general the configuration of a dynamical system can he expie^ssed 
in teims of Lagrangian coordinates 

^2? (1); 

while its motion at any instant can be specified in terms of the corresponding 
velocities 

02, 0s, 0n ( 2 ) 

The potential energy W will be a function of the coordinates of position 
only, say 

d,, On) 0), 

while the kinetic energy T will be a function both of the coordinates of 
position and of the velocities, say 

On, 0., 02, On) (4), 

and this function will be quadratic in the velocities 0j, 0^,, On 
The equations of motion will be the Lagrangian equations 


* dd, ' 


(s = 1, 2, n) 


(5), 


where are the ''generalised forces'' applied from outside 

In a number of cosmogomcal pioblems, we shall be concerned with the 
motion of astronomical masses, and the equations determining this motion 
will be equations (5) or some appiopriate special form of these equations 
But in a much greater number of cosmogomcal problems we shall be con¬ 
cerned with astronomical masses which are either in a state of equilibrium 
or whose motion is so slow that then kinetic energy is negligible For such 
configurations, putting r==0, equations (5) reduce to 



These may be regarded either as equations of equilibrium or as equations 
deteimining the configuration of a very slowly changing mass Regarded 
as equations in 0^, 0^, , the equations will have a number of solutions of 

which a typical one may be taken to be 


= etc 


0 ) 


2^2 
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In this solution the quantities @i, @ 2 , will be functions of the constant*- 
which enter into the function W as given by equation (3) But in pioblom'- 
of cosmogony in which, changes of a seculai or evolutionary nature occur 
these constants must themselves he supposed to vary, they are bettei spoker 
of as parameters than as constants When equations such as (5) aie satisfied 
an astronomical mass has assumed a position of equilibrium for the moment 
but with the course of time the physical conditions will change, and the con 
figuration of equilibrium will give place to another Analytically this piocesf 
IS represented by slow changes in the parameters which occur in the speci 
fication of W by equation (3) 

STATICAL SYSTEMS 
Linear Series 

18 Let us consider in detail the changes produced in @ 2 , , th( 

coordinates of a configuration of equilibrium, as one of the variable paiameter^ 
say fjb, IS allowed slowly to vary 

A slight change in the value of say from //, to ya + d/n, will alter th 
values of @ 1 , @ 2 ? by quantities which will in general be small quantitie 
of the same order of magnitude as d/n Thus on making this small chang 
in fjLy a configuration of equilibrium such as that given by equations (7 
gives place to an adjacent configuration of equilibrium On continual! 
varying ya we pass through a whole series of continuous configurations c 
equilibrium, and these form what jPoincar4 has called a “linear series* ” 

We may in imagination construct a generalised space having 

01, 0O, d^j fM 

as coordmates Any one plane fju — cons will be suitable for the representatio 
of all the configurations which are possible for one value of ya, and therefoi 
for all which are possible for one definite physical state of the system Th 
particular points m this plane determined by equations such as (7) wi 
represent the configurations of equilibrium in this physical state 

The function W must, from its meaning, be a single valued function < 
and ya, so that the surfaces W ==cons in the (^ + l)-dimension 
space are necessarily non-intersecting surfaces The condition that a coi 
figuration shall be one of equilibrium, as expressed by equations (6), is exact 
identical with the condition that the tangent to the surface W = cons sha 
be perpendicular to the axis of ya Thus if for convenience we think of tl 
axis of ya as being vertical, the configurations of equilibrium are representc 
by pomts at which the tangents to the surfaces W = cons are honzonta 

* Pomcar6, Acta Math 7 (1885), p 259, or F%gme8 d'Equihbie d’une Masse Jimde (Pai 
1902 ) See also Lamb, JSydrodynairiics, p 680 
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let us for brevity call these “level points” On joining up a succession of 
level points, such as Pj, Po, P^ in fig 1, Ave obtain a “linear series” 


Points of Bifurcation 

19 The regular succession of such points as we pass along a linear 
series may be broken in various ways One obvious way is by a change in 
the direction of curvature of the TT-suifaces, resulting in the formation of a 
kink, such as is shewn occurring at 
the point Q in fig 1 On any surface 
on which this formation has just 
occuried, there will be three ad¬ 
jacent level points such as Pi, >Si, Pi 
in the figure The original linear 
senes PQ will accordingly become 
replaced by three linear series such 
as QP, QS and QT as soon as we 
pass above the point Q at which 
the kink first forms It is readily 
seen that at Q two of the series 
QR and QT must run continuously 
into one another, and so in effect 
form a single new series, while the 
senes Q8 may be regarded as a 
continuation of PQ We may accordingly suppose that there are two linear 
series PQ8 and RQT crossing one another at the point Q A point such as 
Q IS called by Pomcar6 a “ point of bifurcation ” 

Another and more usual way in which the succession of level points can be 
bioken—or rather deviated—^is shewn in fig 2 In this case, as /x. increases, 
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two linear series such as PiP^Q and UJJ^Q coalesce m the point Q and then 
disappear It will be convenient to refer to a point such as Q in this figuie 
as a “ tuming point ” 

Still a third possibility is shewn in fig 3 , this however is only a vaiiant 
of fig 1, and again leads to two linear series crossing one another m a point 
of bifurcation Q Other minor variations may occur, but the principal possi¬ 
bilities are those shewn in figures 1, 2 and 3 

Stability and Instability 

20 Every point on a linear series is a configuration of equilibrium, the 
equilibrium may be stable or unstable Confining our attention to any one 
of the planes = cons the condition that a particular configuration of equi¬ 
librium m this plane shall be stable is that the value of W at the point in 
question shall be a mmimum Hence, for stability, the concavities of the 
different vertical sections of the TT-surface through this point must all bo 
turned in the same direction, and this direction must be that of Tf-deci easing 

instance that in fig 1 TF increases as we pass upwards, and 
suppose that the concavities for all sections of the IF-surface through Pi are 
turned m the same direction as that shewn m the diagram Then the con¬ 
figuration represented by the pomt Pi will be one of stable equilibrium 

On passing along a series such as PQS in fig 1 or 3, it is clear that one 
of the sections must change the direction of its concavity as we pass thiough 
the pomt Q at which a kmk is first formed on the Tf-surfaces Thus con¬ 
figurations which were initially stable give place to unstable configurations 
on passing through Q It appears that a principal series such as PQS loses 
its stabihty on passmg through a point of bifurcation 

In fig 1, it IS clear that if Pj, Pg, Pg represent stable configurations, then 
the configurations represented by P„ Pg, Pg and P^, Pg, Pg will also be stable 
Thug stabihty, which leaves the principal senes PQS at Q, may be thought 
of as passmg to the branch series RQT Thus there is an exchange of 
stabilities at the pomt of bifurcation Q 

In fig 3, on the other hand, it appears that if the configurations lepre- 
sented by Pj, Pg, Pg are stable then those represented by P^, Pg, Pg and 
Pi, Pg, Pg will be unstable, in addition to those lepresented by Si, 8^, S^ In 
this case there is a disappearance of stability at the point of bifurcation Q 

In fig 2, It IS clear that if P„ Pg, are stable, then Ui, U,, must be 
imstable, while conversely if [7g, are stable, then Pi, Pg, must be 
unstable Thus m moving along a linear series there is a loss of stabihty on 
p^smg through a pomt such as Q at which /x is a maximum But in a 
physical problem, jx will continually change in the same direction, and the 
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physical phenomenon which will shew itself as jjb passes through its value at 
Q will he a complete disappearance of two sets of equibbrmm configurations 
The lesults obtained may be shewn diagrammatically m the following 
figures, m which thick lines represent series of stable configurations, and 
thin lines senes of unstable configurations, the series PQ being assumed to 
be stable in every case 



21 Suppose that changes very slowly in any physical problem, and 
loi definiteness let the direction of change of /i be that represented by an 
upward movement in our diagrams From what has already been said, it is 
clear that we have the following rule foi tracing out the sequence of stable 
states which will be followed by the system as (m varies 

Start from a configuration in the diagram which is known to be stable, 
and follow a path along linear series of equilibrium so as always to move 
upwards, and so as always to cross over from one scries to another at a 
point of bifurcation So long as we do this we are following a sequence of 
configurations which is always stable When it becomes impossible to do 
this any longer, a value of ^ has been reached beyond which no stable con¬ 
figurations exist, and when the physical conditions change so that attains 
to a still higher value, the statical problem gives place to a dynamical one, 
It IS no longer a question of tracing out a sequence of gradual secular changes, 
but of following up a compaiatively rapid motion of a cataclysmic nature 
At each point of bifurcation there is necessaiily a certain amount of 
mdefimteness m the path which will actually be followed For instance m 
fig 4 j (i), the system on airiving at Q may proceed either along QT or 
along Qli, both being equally consistent with the maintenance of stability, 
and so fai as can be seen equally likely In, actual fact theie may even be 
more indofinitenoss than this, our figures are two-dimensional diagrammatic 
representations of {)i + l)-dimensional spaces, and the line RQT in our figures 
may very possibly represent a surface in the (n H- l)-dimensional space 

These apparent complications cause no difficulty in actual pioblems 
They arise from the obvious circumstance that a general discussion of stability. 
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although competent to deteimine when stability ceases, cannot in general 
determine what will happen aftei stability has ceased In the same way a 
general discussion will readily shew that a stick standing vertically on its 
point IS in unstable equilibrium, but it cannot determine in which precise 
direction the stick will fall 

22 In his classical paper* m which the theoiy of linear senes and 
points of bifurcation was first developed, Poincai 6 used analytical methods 
to obtain results identical with those just found 

Consider a configuiation in which the variable parameter has the value 
The potential eneigy W will be of the foim 

and the configuiations of equilibrium are given by the equations 

^ 2 , On, /U.) = 0 , etc ( 8 ) 

As in § 17, let @i, @ 2 , be a configuration of equilibrium coiresponding 
to this given value fj, of the parameter, so that at the point @ 1 , @ 2 , ©», /i. 


de^~dd, ~den~^ 


(9) 


At any adjacent point @1 + S^i, + 8 ^ 2 , /j, + S/j., the value of W may 

be expiessed in the form 

+ + (10) 

The condition that this new configuration shall be one of equilibrium is, 
from equations ( 8 ), 


8^9 4 . M ^ 




and similar equations, Writing for dW/dO^dO^ and so on, the solution of 
these equations is 

8^2 _ _ 8/a 

I r “A 


8di 


W22, F, 2 , 


F, 


IF 


(12h 


where A is given by 


A = 




F, F, 
F, F, 


F« 


(13), 


and so is the Hessian of W with respect to the variables 9^, 9^, 9^ 


* I c ante 
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The values of the ratios 

hfJb S/i. hfx 

Wn 

determine the diiection of the linear series through the configuration 
® 2 , in our diagram At points such as Q in figs 4 (i) and 4 (in) 

one 01 more of these ratios must become indeterminate, so that we must 
have (say) Sfi/B9i= 0/0 At a point such as Q m fig 4 (ii) we must have 
(say) 8fi/B9i = 0 Thus the three points Q in figuie 4 are all determined by 


the single condition 

A = 0 (14) 

23 We must now try to connect this up with the analytical condition 
for a change of stability occurring at the configuration @i, @ 2 , and 

the value jn of the parameter Keeping /jl constant, the change of potential 
energy corresponding to changes B9^, m the values of @ 1 , @ , ^vlll, 

as in equation ( 10 ) be given by 

Wn^{B9,){B9,) (15) 


in which no terms of degree beyond the second need be wiitten down when 
89,, 89, are supposed small 

Let the coordinates 89,, 89, in this quadratic expression foi SF be 
changed by a linear transformation to new coordinates 0 i, ^2 ^ such that 

8 W becomes a sum of squares, say 

S F == I ( 61 (^ 1 ® + b2(l>2^ + + in^n) (16) 

and let the modulus of transformation be X 

Since the discriminant remains mvaiiant through all lineai transfoi- 
mations, we have 


hu 

0 , 

0 , 


Wn, 

Wn, 

W,n 

0 , 

K 

0 , 

==:X 

Fi 2 , 

F 22 } 



or b,k 6 ^ = \A (17) 

The condition that the configuxation (17) shall be stable is that SF shall 
be positive for all values of 89,, 89o, 89^t, or again that expression (16) 

shall be positive foi all values of cf),, ^ 2 , This condition is that 

b,, bn shall all be positive 

The coefficients b^b,, bn are called by Poincar 6 coefficients of stability 
A change from stability to instability occurs when any one of these coefficients 
vanishes, and the values of fjt, for which this occuis are, from equation (17), 
given by 


A = 0 


(18) 
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The position of the system may be supposed defined by a coordinate 
fixing the position of the axes, such that = co, and n 1 Lagiangian 
coordinates 6>i, 0^ ^n-i fixing the configuration of the system relative to 
the axes, so that the system has n degrees of freedom in all 
The equations of motion are (cf equations (5)), 

in which G is the generalised force corresponding to the coordinate yjr, and 
so is the couple about the axis of ^ which acts upon the system 

From the value of T given by equation (25), we clearly have dTjdf^O 
and dTlda>= M, so that equation (28) reduces to 

dM 


dt 




(30), 


expressing simply that the rate of increase of the moment of momentum M 
IS equal to the couple Q 

If a mass is rotating freely in space, (? = 0, so that M remains constant 

If a mass is constrained to rotate at a constant angular velocity while M 
changes, a couple Q will be necessary to maintain the rotation, and the 
amount of this couple will be determined by equation (30) 

Mass rotaUng with Constant Angular Velocity 

26 Let us first consider the problem when co is kept constant io 
transform equations (29) we notice that 

dx ^ ^ 

dt 


so that 


dw 


dx 




dV ^ f dy 
— = Xm nr “ 
des ^ dds 

dx\ ^ 

Vdd, ^dej 

so that 

d 

dt ' 

(d£ 

\90g> 

1 = Xm 

dy 

m) +[* 

d /^y\ 
dt \3^s/ 

d 

-yjt 

Also 


dU ^ 

fdx 

laT/- 

-^x 
d9, . 

^ j 


)-y\ 

so that 


(l(dU\ 
dt \dej 

dU 

dOs 

2Xm ^ 

' dy dx\ 





= 

2Xm ^ 


dy dy 
ddg d0, 

wy 
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Put 


^^Kzerde, de,de, 

so that 8s, = — 8n and 8rr — 0 Then 

d m 




(31) 


Using the value of T given by equation (24) and keeping « constant 
we have 




dT 

d 



'd 

1 

} 90,“ 

dt' 

( 90 ,^ 


dt V; 

90./ 9^.. 


-K 


3J 

de. 


so that the equation of motion (29) becomes, using (31), 

Thus the equations of motion relative to rotating axes differ fioiu the 
simpler equations appropriate to the case of © = 0 m two respects, first by 
the presence of what we may call “gyroscopic’’ terms such as /Sigco^, and 
second, that W — \oy^I replaces the potential energy W of the simplei 
equations 


26 The conditions for equilibrium relative to the moving axes aie 

=0 

and so are determined by the equations 

0 ^ (—-lo)/) =etc (33)p 

reducmg when there are no externally applied forces, to 

^^(F-KO = 0 (34) 

The difierence between these equations and the simpler ones for a system 
at rest is merely that W has become replaced by TT— The configuiations 
of relative equilibrium may accordingly be found just as though the system 
were at rest under a potential TT—and these configurations will fall 
into linear senes as before 


27 To discuss the small oscillations of such a system, let us return to 
the equations of motion (30), and suppose we are considering the oscillations 
of a configuration which is one of equilibrium under no applied forces, say 

^ 1 — etc 

Let the coordinates be replaced by 6^ - @i, etc so that the new values 
of 01 , 02 , all vanish m the configuration of equilibrium The values of 
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W- and of Tp for any small displacement may now be expressed in the 
forms 

2Tf^ — ail di + 2ap Qi 6^ -b 

2 ( F- = bu + 2h,, e, 6, + 

the condition that equations (32) shall be satisfied in the configuration of 


equilibrium requiring the omission of terms of hrst degree in 6i, By 

a lineal transformation, Tp and F — \ay^I may be simultaneously reduced 
further to a sum of squares, so that we may assume the still simpler forms 

(35), 

2 (F -- >^/) = b,6,^ + b,6.^ + (36) 

The equations of motion (32) now reduce to 

4-+ w (/3j2i?2 + + ) = i^i (37)^ 

^9 + Cl) (^si^i 4 "b ) = i^s, etc (38) 


Had the system been at rest, these equations would have reduced to 

etc 

and all the properties ofprincipal coordinates'' would have been immediately 
deducible But a glance at equations (37) and (38) will shew that these 
properties no longer persist when the system is in rotation A disturbance 
in which exists alone at fust will soon set up oscillations in which d^y 6^ 
have finite values, and the coordinates ^i, d^y no longer correspond to 
independent vibrations 

Since equations (37) and (38) are linear with constant coefficients, it is 
clear that there will be a system of separate free vibrations These may be 
found by putting = jPg = =0, and assuming 6^y each proportional 

to the same time-factor The equations reduce to 

r(ciiX“ 4* 6i) 0i + ci)X/3i2^2 4“ (»X/3i3^3 4* =0 


{(oX/3gi $1 4- coX^s^ ^2 4- 4“ (ctsX' 4- &§) Os "b 

Eliminating the O's, we find as an equation for X, 
ctj^X" 4” ^X0i2y ci>X/3j3, 

) CtgX 4" ^2> COX/^gSj 

coX^Qi , ci)X/?32 , u-sX-H-^s, 


= 0, etc 



(39) 


Since /3,s = — if appears that this equation is unchanged when the 
sign of X is changed Thus the equation is an equation in X^ just as when 
the system is at rest But the roots in X^ are no longer all real as they are 
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than its value when at rest m the equilibrium configuration by a small 
constant amount c Thus throughout the subsequent motion can nevei 
increase beyond the value c, so that the motion is absolutely stable This 
aigument cannot however be reversed to shew that the system is necessarily 
unstable if IF —is not an absolute minimum 

Let us examine what happens when the relative motion of the system is 
atfected by dissipative forces, such as viscosity The right hand of equation 
(40) will be negative except when the system is relatively at rest, so that 
Til + W — I will decrease indefinitely If TF - was an absolute mini¬ 
mum in the position of equilibrium, this condition can only be satisfied by 
Til being reduced to zero, and the system coming to rest in its position 
of equilibrium But if Tf — was not an absolute minimum in the con- 
figuiation of equilibrium, there will be a possible motion in which W 
continually decreases while Tj^ remains small at first, but may increase 
beyond limit when W — is sufficiently decreased The system is now in 
a lestricted sense unstable 

Instability of the kind just discussed is called ''secular instability” The 
conception of "secular instability” was first introduced by Thomson and 
Tait^ It has reference only to rotating systems or systems in a state of 
steady motion, foi systems at rest secular stability become identical with 
oidinary stability It is clear that a system which is ordinarily stable may 
01 may not be secularly stable, but a system which is ordinarily unstable 
IS necessarily secularly unstable 


Mass rotating freely in space 


29 As Schwarzschildf has shewn, the conditions of secular stability 
assume a somewhat different foim for a mass rotating freely in space Here 
the late of rotation is not constant but varies with the moment of inertia of 
the mass, if we refei the motion to axes rotating with a uniform velocity 
the rotation of the freely rotating mass may lag behind that of the axes and 
the relative coordinates y, z may increase without limit although the 
configuration remains stable It is therefore important to express the con¬ 
ditions of stability in a foim which does not involve the constancy of o) 

When the mass is rotating freely in space, (? = 0 so that (equation (30)) 
M IS constant The elimination of o) from equations (25) and (26) leads to 


where 




T.^Tn- 


1 ^" 

2/ 

IP 

21 


* Phil 2nd Ed ii p 391 ' 

f See Schwarzschild, “Die Pomoar4’aohe Theoiie des Gleichgewiehts ” Neue Annalen d 
StBinwdTtB MunchcTii 3 (1897)} p 275, oi InauQUTdl DiSbSi tdtioii Miniclieii (1896) 
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Various forms for the Equations of Eqmhhiinm 

31 The preceding theory has reduced the pioblem of determining a 
sequence of stable configurations to the simplei problem of mapping out all 
configurations of equilibrium For thus latter problem the conditions of equi¬ 
librium may be expressed in whatever foim is found to be most convenient 

We have already seen that possible forms are 

S(Tr—= 0 (o) == constant) (47), 

S (F + -^M 7 /) = 0 (M = constant) ^ (48)^ 

Another form is contained in the ordinary hydrostatic equations of equi¬ 
librium 

dp dV , 

in which V IS the gravitational potential and p, p denote the pressiue and 
density respectively 

For a mass of uniform density p, equations (49) have the common 
integral 

^ = F -f (a? + 2 / 2 ) -j- cons 

P 

and so the equations reduce to the single condition that 

F-f-+ 2/0 ~ (50) 

over the boundary of the fluid 

32 In the classical treatment of the rotational problerp by Poincar^^ 
and Darwinf, the equations of equilibrium are introduced in the form (48), 
while LiapounoffJ treats the same problem by means of equation (60) 
The method of treatment of the present book finds it convenient to use 
equation (50) for the incompressible mass, and equation (49) for the com¬ 
pressible mass, this lattei case not being discussed at all by Pomcar6, Darwin 
and Liapounoff 

Thus, so far as the treatment of the pioblems in the present essay is 
concerned, it was unnecessary to introduce equations of the type (48) for the 
discussion of figuies of equilibrium, but the theory of secular stability could 

* Acta Math I c ante, also “Sur la Stability de TEquilibre des Figures Pyriforraes atleot6es 
par une Masse Fluide en Eotatioa,” Phil Trans 198 A (1901), p 333 

t “On the Peai shaped Figuie of Equilibrium of a Eotating Mass of Liquid,’’ Phil Trans 
198 A (1901), p 301, and subsequent papers These will be found in Vol iii of Sir George 
Dai win’s Collected Works 

t “ Sur un Probl^me de Tchebyohef,” Memoir es de VAcademic de St PStershonr g, xvii 3 (1905) 
and othei papers published by the Academy, 

JO ^ 
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hardly have been satisfactorily discussed without the help of such equations 
Now that this theory has been established we can discard equations (48) 
We have found that stability can be lost at a turning point oi a poinl 
of bifui cation on a linear senes The characteristic feature of a turning 
point IS that the variable parameter attains a stationary value at such 
point ^ the characteristic feature of a point of bifurcation is that correspond 
ing to a smgle value of the parameter, there shall not only be a single 
configuration of equilibiium, say @ 2 , but also a small range o1 
configurations of the form 

, @1 + 01 , 02 , @ 8 , 

♦ 

for all values of e so small that e*' may be neglected 
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ELLIPSOIDAL CONFIGURATIONS OF EQUILIBRIUM 


33 The best-known configurations of equilibrium of a rotating homo¬ 
geneous mass, namely Maclaurin’s spheroids and Jacobi’s ellipsoids, are both 
of the ellipsoidal form, and this form will piove to be of primaiy iinportaace 
m all the cosinogonical pioblems we shall attempt to solve We accordingly 
devote a chaptei to the subject of ellipsoidal configurations 

Looked at merely from the point of view of convenience in the develop¬ 
ment of the subject, the ellipsoidal form has the advantage that the potential 
of an ellipsoidal mass is known and is comparatively simple, and that the 
ellipsoidal configurations pro\ide admirably cleai examples of Poincare’s 
theory of linear-senes and stability These leasons alone might justify our 
studying ellipsoidal configurations in some detail, but there are weightier 
leasons, as we shall soon see 

Ihioughout this chapter and the three succeeding chapters the matter 
under discussion will be supposed homogeneous and mcompressible, the more 
complicated problems presented by non-homogeneous and compressible masses 
will be attacked in Chapter VII 

We shall deal m turn with three distinct pioblems—the first, that of a 
mass of liquid lotating fieely under its own gravitational forces, the second, 
that of a mass devoid of rotation but acted on tidally by another mass, the 
thud that of two masses rotating round one another and acting tidally on 
<ine anothei Ihe first problem is of course of interest in connection with 
the rotational theory of planetaiy evolution, the second is of interest in 
connection with the tidal theory, while the third is of inteiest as linking up 
the two former problems, and also in connection with some double-stai 
problems In every one of these problems, we shall find ultimately that 
the only stable configurations arc of the ellipsoidal form, or are ellipsoids 
slightly distorted by tidal inequalities 


34 Notation When one ellipsoid only is concerned, we shall take a, b, c 
to be its semi-axes, so that the equation of its boundary will be 

+ + = ^ ( 51 ) 

Ab 111 iiiciny ellipsoidal problems, it will be convenient to think of the 
surface (51) as being the surface \ = 0 m the family of confocal ellipsoids 

cb' 

-I- X W+X + X ^ 


3—2 
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36 To Himjilify tho punting of integnilH of the tyjn jumI wnW.ii do«n 
ww shall intioduce an ablneviated notation. Ia‘t uh wiite 
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I FREELY ROTATING ELLIPSOIDS 

36 The necessary and sufficient condition that the standard ellipsoid 
(51) shall be a figure of equilibrium for a homogeneous mass of density p 
freely rotating with angular velocity <o is that 

+ + (02) 

shall be constant over the boundary, F, being given by equation (57) Con- 
aider the function 

F + W + 2/“) + ^TTpabc 4-^ (03) 

where ^ is a constant, as yet undetermined Operating with we find 
that this function will be a spherical harmonic, if 


— 47rp + 4- 20*7rpabc 

and this can be satisfied by assigning to 6 the value 





(64) 


Giving this value to d, expression (63) becomes harmonic The necessaiy 
and sufficient condition that the standard ellipsoid (61) shall be a figure 
of equilibrium is that this function shall have a constant value over the 
boundary The function being harmonic, this is equivalent to the condition 
that the function shall have a constant value thioughout the interior of the 
ellipsoid We must accordingly have 

- irpabc -J) + + f) 

+ dirpahc (^ + ^ + ^2 - l) = cons 

whore 6 is given by equation (64) Equating coefficients of V, and z\ this 
equation is seen to be eepnvalent to the three separate equations 

T d 

^irpabo 

Jo -f, (67) 

By addition of corresponding sides we again obtain equation (64) which 
gives the value of 6 Thus the three equations (65)—(67) contain within 



38 IMlipm^dal ConJigHmtiom of Kqui!ibiduin |(’U in 

thi‘nis(‘lvt‘H iht‘neccsHaiy and stifificuaii (onditioii Unit tlu* slundaul tllipHonl 
(51) shall be a (igiuo of (‘qtulibrmm under a toiaiion to 

37 On mibtiaciing corn^sponding Hidt‘H ol (Hjuaiions (tl5) and (bin 
obtain 

{in - in) J ui^ 1 

and the elimination ol 0 bidween thm and (sjuation (d7) leadn 1o 

{a? — h^) [ aHn j« 0 (bH) 

It accordingly appeals that ec|uations (65) to (67) can be witiHlusl in 
ways 5 finst by taking 

(b!o 

an<l st^cond by taking 

(nlnj^n^cKfc (701 


]jn[acl<mnn!H Sphevouh 


38 Let UH exanuuc' the former alternative hint Wlum n h, tlu si uen 
of olhpsotdH become a senes of nphenuds which mtlude tin Hpluut of’ b ^ e 
for which a}^^0 


Kiluation (65) now becomoH identical with (66) The* (‘hinmatnai <6 0 
between this ocjuation and equation (67) gives 


aM^ (fJ a 


2iTp(tk 


(n-r^rXdX 

or o I “ i I A ^ /y O 1 ) 

zTTpabe Jo AAO 

Hmee cd'-* iruint l)t‘ poBitive, it appears that a’ nnmt be gieatei tinui 
the spheioulH are all oblati' On evaluating the* integial m cspiatiuit ciU 
the value of 0^ m found to be giv(‘n by 


27rp 




(1 



{7*il 


wheie e is the eeecmtacity, dc*hned by e^s2.(a^- rb/o® 

Thus the cc'ecmtncity of the* s[)heioid clependH only on tin* latn* of m to p 
as it iH appanmt fiom a eoiiHideiatum ol physical dmieuBioUH that it uuihI 
The following table ol (‘onespondnig valui‘H of unjp and e is gnmi by btiub*^, 
bcung eompilod from valu(‘H caleulated by Tliomson and ^^iitf 


IlydrodynamicH (Uh Kcl), p ti7a 1 hava lawaUd into thm tables I)arwni’« valuta Un 
e H12()7t tlui pomt of bifwroation 
I Nat Phil § 772 
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The Rotational P) oblem 


39 


e 

a/ro 

c/’o 

w’ 

2Trp 

Ang Momentum/ 

0 

1 0000 

1 0000 

0 

0 

1 

1 0016 

9967 

0027 

0255 

2 

1 0068 

9865 

0107 

0514 

3 

1 0159 

9691 

0243 

0787 

4 

1 0295 

9435 

0436 

1085 

5 

1 0491 

9068 

0690 

1417 

6 

1 0772 

8618 

1007 

1804 

7 

1 1188 

7990 

1387 

2283 

8 

1 1856 

7114 

1816 

2934 

81267 

11972 

6977 

18712 

30375 

9 

1 3189 

6749 

2203 

4000 

91 

1 341 

5560 

2225 

4166 

92 

1 367 

5355 

2241 

4330 

93 

1 396 

5131 

2247 

4526 

94 

1 431 

4883 

2239 

4748 

95 

1 474 

4603 

2213 

, 5008 

96 

1 529 

4280 

2160 

5319 

97 

1 602 

3895 

2063 

5692 

98 

1 713 

3409 

1890 

6249 

99 

1 921 

2710 

1551 

7121 

1 00 

00 

0 

0 

00 


Jacohi's Ellipsoids 

39 Lot 118 now examine the second alternative, lepresented by equation 
(70) in I 37 For these configurations a is no longer equal to 6, so that the 
integrals do not admit of integration in finite terms They have been dis¬ 
cussed by C 0 Meyer*, and also reduced to elliptic integrals and treated 
numeiically by Dai win]* 

lb is found that the eljipsoids fuim one single continuous series, they 
are generally known as Jacobian ellipsoids, their existence having been first 
demonstrated by Jacobi m 1834J The maximum value ot ca2/27rp is found 
to occiii lor the particular ellipsoid for which a = this value is 18712, 
and the ellipsoid for which it occurs is one in which a==& = l7l61c This 
configuiation is also of couise a Maclaurm spheroid, and so foims a point 
ol bifurcabion on this latter series It is the configuiation punted in heavy 
type m the table above 

As we pass along the Jacobian series, the ratio a/h may be supposed to 
vary continuously fiom 0 to co, and the point of bifurcation occurs when 
az=b The two halves of the senes aie howevei exactly similar, either one 
changing into the other on intei changing a and 6, so that we may legiti¬ 
mately confine our attention to one half, say that for which a>b We now 


* OitUe’^ Town ^4 (1842) 

I Ptoe Poy Soe 41 (1887), p 819 oi Coll Woils, in p 118 
1 Pogg Ann 83 (1834), p 229 
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legaul Uic at'iicH of Jacobum c'lli|woi(ls as Htaitmg at tin* valm* o '/i (iln 
pomli of bituication), and the latio a/b (ontinuallj ini’nnHcs fioui 1 fo f hh 
W(‘ paas along the aoiios Tlu‘ following minunual valin * an* givut li\ 

1 )ai win * 


a 

b 

< i 



h) 

Nt 

Oi 

i?r/f 

Muiut^niuw 

1 lOTii 

1 1972 

6977 1 

1871 ^ 

303f*» 

1 216 

1 179 

697 ^ 

1870 

301 

1 m 

1 123 

696 

186 

1 mt 

1 38 n 

1 0154 

6916 

IH12 

i 3131 

1 (KK)7 

9215 

6765 • 

1659 

, 39n 

1 8858 ) 

81498 

65066 

11200 

989H 

1 891) 

8111 

6491 ' 

1109 

39 

1 2 )4() 

7019 

6072 

lOTi 


^ 1291 

5881 

5 131 

0661 

6 Ih", 

5 0406 

1516 

1193 

0259 

i iMIHi 

X 

0 

0 

0 

t 


40 Wo havo foumi that thoio aiv two linour aoiio-^ nf i llipHudnl lou 
figinatioiiH- tlu' Mac'lauim aphoioida and tho .JaooUiaii illip«tuh» Tin* 
atabdity of those hguios uiti now bo invoatigaU'd bv iho nulhod** dnadv 
explained 


Hlahhlitii when ancjiilai wUuottf h tin'mtml, tit m 
Platmu’t (\tpcniiicntfi 

41 In 1842 Plateau deviaed an expeiinieiit in whieh In* .itt«jnptod Im 
obaerve dnc'ctly the Heipience of eonfigumtioim. in a n<tatitig <4 fluid 

with a vi(‘w to tiiating whethei they were at all wmihii to iluwe hs.ium. d In, 
Laplace as the baaiH of his nelmlm hypothenis Plateau nnxisi vmur and 
alcohol until they wcio of piat tho light deiisitv t<t float frtelv in olu« oil 
A glolmh' of thiH nnxtme waa them wet in rotidion in the «iil In i<jiit»ning a 
wiie thiough itH ceiitie, the glolnile- being kept in positioti «iii the win 
a disc loimd which it climteied Ah tlie speid of i..latt.»n iiu If 4 a.-«l the 
globuh' was obseivetl 1,o flatleni itsedf iiioie anil mon* until fiiiallv a‘liinph 
foitned at the cemtie, and tlii> globule didaiheii itsidf from fin* di*a ui tie 
loiin of a perleect ling l'hi> conditionH of thia e‘XjK‘ruiient w«*r«* vet\ dith te’tit 
fioiu those contemplate'd in the tiedmltu livpothewH, ftti thi glohttb' Mh»<* no! 
lu'ld togethei }>y its own giavitational attiactions bnt h\ sinfan- tern ions 
and was not made to shiiiik wink' moving freelv in wpaie but hael ii^ 
angnlai velocity mi'thanicallv mcicasi'd hy the tnedmiii of ilu wm ,iiid iIim* 


^ Tol/ in p LHI 
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The RotaUonal Problem 


41 


42 As a problem suggested by Plateau’s experiments, let us examine 
what would be the sequence of configurations if a mass of gravitating mattei 
had its angular velocity continually increased by some mechanical means 
such as the spinning at an ever increasing rate of a pole through its centre 

The configurations of equilibrium are those already discussed, so long as 
the mass is constrained to remain ellipsoidal, they consist of Maclauiin 
spheroids and Jacobia^ ellipsoids To examine the stability of these figures 
we draw a diagram in which the angulai 

velocity IS the vertical coordinate (see / 

fig 5) / \ 


We find at once that the Maclaurin ^ 

spheroids remain stable until the ro- ^ 

tation IS given by = 18712 At 

this stage a point of bifurcation occurs, ^ c/) 2 

the branch series being the Jacobian ^ 

ellipsoids The Maclaurin spheroids ^ a ^ 

accordingly lose their stability, and ! ^ ^ N 

since the Jacobian ellipsoids turn down- / ^ 

wards from the point of bifurcatiou, ^ co p 

these also are unstable Thus there ^ 

are no stable configurations of equili¬ 
brium for a rotation greater than that given by (ol^wp = 18712 When the 
rotation exceeds this amount, the problem ceases to be a statical one and 
becomes a dynamical one here we shall not attempt to follow it 


43 Suppose, as an alternative problem, that the mass had been con¬ 
strained to lemain a figure of revolution The Jacobian series of figures 
would then have no existence, and the point defined by ay^j'^irp— 18712 pn 
the Maclauiin senes would have no physical significance except as being the 
point at which the newly imposed constraint first came into play The Mac- 
lauDn spheroids now remain stable up to the point defined by cd'j^wp = 225 
This IS the maximum value which ay can have for a spheroidal configuration, 
and when ay exceeds this value there are no possible configuiations of equi- 
hbriiim at all subject to the constiamts which we have supposed to be 
imposed Again the pioblem becomes a dynamical one, and again we shall 
not attempt to trace out this part of the motion 


StabiUtij ivhen the angulm momentum is increased 

44 The problems just considered are of interest as illustrating the theory 
of points of bifurcation, but fail entirely to represent the conditions postulated 
in the rotational theoiy of planetary evolution To represent these conditions 



42 


Ellipsoidal Oonfifiuiatiom of Eqidlihnam jut m 

the mass musi} b(‘ BuppoBod te lotate freel} ui spacn* si» that ils luiKtiLii iim 
tnentum remamH cunstaut Ah it shnnkH, its deiwity w ill (Had 
and this may oi may not tosult m an memaHc^ oI angulm sAm il\ Tn sttul\ 
the pioblom by the most direct nu'thod, \\u Hlundd have* to Inuk Un m iuh ut 
cMnihguratioiiH of constarib angulai luomontiun and vatymg denstt\ It how 
evei a convenience' to siijipoHC that the dmiHity leuuunH csinht.ud v\hil« tin 
angulai momentum mcreuseH, and \l is eandv set^n lliut tins hsids » \atllv 
the same mathmnatieal pioblem WtuuTordmgl} ptoeeecl tnslmh tin M i 
bihty of the Madauim and Jacobian Hc^ncH, stippfimng p to lemiun ionstunl 
while th(' angulai momentum ih made tsmtmually io intn'aHC' 

In Ihxa problem thc^ angular momentum m given in tin hmt tolmnn. m| 
the tables on pp 89 and 40 , and m a dmgiam m which tin* angulai mo 

t 

I 

i 

I 



mimturn is taken tor oidmaU*, the Ht»rieH will bt^ found to be m in fig tl C %mh 
the Maclaunn Hplieroidn will be ntabh* up to the* point at whn h tlnn nn? i ftn 
Jacobian cdlipsoids At thiH point of bdurealum they low* tin n ami 

since the Hi'riOH of tlactibian I'llipsoidn tmnn ujiwatd at thin if 

that stability passc'B io them 

rr the maHH ih couBtiamed to remain cdlipHoidal tlasi* ih no hut In t point 
of biluTcation on tin* Jacobian hcuu'h, and, an tin angulai mommituni 
timially mcioaHC's along tins nenen, it folloWH that all configiitalmnH on if m 
stable Bub it will be lound latei (dh V) that \vlun tie couHtuimt to n m tin 
(‘llipsoidal IB lomovcHl, the Jacobian Hems hmes its stalnlit\ at a eeitinn afag* 
by meeting a Hones of non-cdhjisoidal (pcat-shapisl) eouhguralionH 11 ns ha^ 
boon anticipated m our diagiam 




The Tidal Problem 


43 


44-47] 

46 It will be understood that the foregoing discussion of stability has 
been concerned only with secular stability, this being the only kind of stability 
which is of interest in problems of cosmogony The conditions of oidmary 
stability are quite different ^ for instance it has been shewn by G H Bryan* 
that Maclaunn’s spheroid remains ordmanl} stable until its eccentricity is 
given by e = 9529 


II TIDALLY DISTORTED ELLIPSOIDS 

46 We now pass to a problem in which the distinction between secular 
and ordinal y stability disappears 

A distant heavy mass will raise tides in a spherical mass of fluid, so that 
the fluid assumes the shape of a prolate spheroid As the heavy mass 
approaches, the eccentricity of this spheroid will increase, and the question 
arises whethei the spheioidal form remains stable no matter how great its 
eccentricity The bearing of this problem on the planetesimal theory and 
other tidal-distortion theories is obvious 


47 Suppose that a mass M of fluid which we shall call the primary, is 
acted on by tidal forces originating from a second mass M\ which we shall 
call the secondary Let us at first suppose that the mass M' of the secondary 
IS collected in a point, this being of course a legitimate approximation if the 
secondary is at a great distance from the primary 

Let the centre of gravity of the primary be taken for origin, and let the 
secondary be at a distance iJ, its spherical polar coordinates (r, </>) being 

supposed to be JB, 0, 0 The tide generating potential at the point r, 6 , ^ 
will be 


M' 


2Ri COB 6)^ 




(cos d) + P 3 (cos 0 ) + 
(73) 


The first term on the right M'jR is a constant and so gives rise to no 
toices on the primary mass The second term gives a unifoim field of force 
of intensity M'IR\ which produces the Newtonian acceleration M'/R^ in the 
pnmaiy We can neutralise this term by supposing the axes of reference to 
move with an acceleration Jf'/JBS the centre of gravity of the primary will 
then always remain at the oiigin 

Wo are left with a tide-generating potential 

P, (cos e) + ^P 3 (cos 0 ) + (74) 


0 


* Phil loans A 190 (1888), p 187 
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When R is great the ratio of successive terms is of the ordei of inagintudc 
of r/iJ, so that when R is very great, the tidal potential reduces to its fitst 
teim 

(cos (9), 

01 , wilting fM for M'jR"^ and transforming to Cartesian coordinates, 

(75) 


48 When the iidc-geiieiatmg potential reduces to this simple fonn, it is 
at once clear that ellipsoidal configurations are possible for the pnmaiy The 
condition that the standard ellipsoid (61) shall bo a figure of equilibrium unde i 
a tide-generating potential (75) is that at every point of the boundary 

F, H- /X (P — = cons (76) 

As in § 36, this is equivalent to 

+ (oo^ - if - iz’‘) + d-n-pabc - l) = cons (77), 

where ^ is a constant 


Equating coefficients of and we find as the equations to bo 

satisfied 

/X ^6 

9 


Jc 4- 


Trpabc 

H' 


27rpabo b' 

pL _^6 

2nrpabc 

The addition of conesponding members of these equations gives 

2 


aho 


^9 


11 1\ 
.a^ 6’ cv 


m. 

m, 

(80) 

m, 


while on. subtracting conesponding members of equations (79) and (80), wo 
obtain 


The elimination of 0 between this equation and (81) gives 




■ 2 

/i 1 1 

\ 1 

ab^c^ 

U + + ? 

-{ 


= 0 


(82) 


It IS at once clear that as before (§ 37) there are two sets of ellipsoidal 
configurations, and these are obtained by satisfying respectively the two 
equations 

f = 

2 




= (~+J,2 + 


Jn 


(83) , 

(84) . 



The Tidal Problem 
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47-49] 

Obviously these two senes of configurations correspond loughly to the 
series ol Maclaurin spheroids and Jacobian ellipsoids m the rotational 
problem 


49 Eliminating 6 fiom equations (79) and (80) and dividing out by the 
factor h- — 0 ^, we obtain 

2irpabc Jo £CA 

This does not give the value of /t on the spheroidal series, for on this 
series the factor ¥-c‘' vanishes It gives the value of p. on the ellipsoidal 
series, and shews that p is necessarily negative throughout this series Since 
p IS positive in the physical problem, it appears that these ellipsoidal con¬ 
figurations cannot actually occui , only the spheroidal series remains as a 
physical possibility 

To obtain the value of p on the spheioidal series we may eliminate & 
between equations (78) and (81) and put 6 = c We find that the spheroids 
corresponding to positive values of /it aie prolate (a >c), and for these 

^=ac'i“ 




(85), 


in which e is the cccentiicity, given by e® =• (a^—c")la^ 

Equation (85) shews that = 0 when e == 0, as it ought to be, it also shews 
that ^ = 0 when e = 1 On treating equation (85) numerically, it is found 
that /i continually increases from the value /x = 0 at e = 0, until e has the 
value 882579, after which fi decieases down to the value ya = 0 at e = 1 The 
maximum value of yu is 1255047 ryo 

Clearly the configurations of equilibrium which correspond to positive 
values of form a diagiam similar to fig 4 (ii) It follows that all spheroids 
for which e < 8820 are stable, while all others are unstable So long as 
^ < 1255047ryD, there are always two spheroidal configurations, one stable and 
the othei unstable when ya > 1255047ryo, there are no spheroidal oi ellipsoidal 
configuiations at all 

When a tide-generating mass approaches the primary mass, ya may be 
supposed to increase continually We now see that if changes slowly enough, 
the primary passes through a series of prolate spheroids of contmually in¬ 
creasing eccentricity, until ya reaches the value 0 1255047ryo After this value 
of ya IS passed the problem becomes a dynamical one We shall give the 
solution of this dynamical problem in a later chapter For the present we 



40 ElUpmuM ao'nfi()imttUmH of {('U n 

nokpc- that the cntical Hlagi' at which tins mi.lum hcguif. ih < 1 . l. i 

inuK'd by 

il/' 

", -0 1*25*50tTTp. 

01, Hiucc M « dl'tl'numcd b\ 

M‘\*‘ 

Whoa the sc'coudaiy ap{*uinclu's Ion dintaiun* lens timii this ihcic ju« it 
conflguiatioiiH ot ctiuilibnuta (oi tin* iminaiy When tlic wccinuhn\ i^nt tin 
cutiuil diHtancc, the puiuaiy haa the gieateat tn’cciilm ity constMionl v,n 
Htabihby TIuh ih given by e » HK‘ 257 » and the lengths of tin* «a*ini axes jut 

£6“ I OSHSKlio) /(HO 0'777571,,, 

these lengths being veiy a])pioximatelv m the latio 17 K K 


Ill TIIK DOUBLKKTAIt PHOlIbKM 


60 We now pioceed bo the thud jirobletii-' that ot two IwHlies 
loutid one another without any change of relative jitmilion 'I’hih jttobh'i 
has boon Htudiod m detail by Roche* and Darwinf. 

Lot thi- two bodies bo Hpoken of aa jirunaiy and Heeuiidiuy. and let the 
inaHHes be M, M' respec.bively , let the dwtanee apart of their cent res of graxil 
be H, and let tho angulai velocity of lotation of tin* hue )oiiung flusn In* w 

It will be sufficient to fix oui attention on the loiiditioiiK of etjuihUimin i 
one of the two maasos, say tlie pntnaiy latt Rh eeiitie of gmvity 1 k< faht 
as origin, lot tho lino joining it to thi* centre f»f the Heeotulaty la* axi« of 
and let tho piano m which tho rotation lakes plate be that of a if 'riu'fi tl 
otpiation of the axis of lotation is 


Tho pioblem may be reduced to a Htatiial one <ef ^ .'il) by supjtosmg tl 
inasHca acted on by a held ol loice ol potential 



M' 

F+l/ 


■") 




or 


I 1/^) 






m7i 


^ E iloolie, ‘*La Eiguie tVmu Mam* ttitida soiunim* a Tattiatatoii thm dnigtn 

Acad dc Montpellier t (IH50), p 24*J 

I G- H Barwan, “On tlu5 Viguio and Btability of a htjiud halpUiu, Phti MU 

(1906), p 161, and OoU THnAff, in p 4*10 
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The Douhle-Stai Tn oblem 


47 


Roche’s Problem 


51 The simplest problem occuis when the secondary may be tieated as 
a iigid sphere, this is the special problem dealt with by Roche As in § 47 
the tide-generatmg potential acting on the primary may be supposed to be 

M' M' M', 

J? + (88) 

We shall for the present be content to omit all terms beyond those written 
down The correction required by the neglect of these terms will be discussed 
latei, and will be found to be so small that the results now to be obtained are 
hardly affected 


On omitting these terms, and combining the two potentials (87) and (88), 
It appears that the primary may be supposed influenced by a statical field of 
potential 




x{ 1 


co’B^ 


M' 

M + M') ~ ~ + 2/0 


The terms in sc may immediately be removed by supposing co to have the 
appropriate value given by 

, M+M' 

^>^ = -^3- (89), 


and the condition for equilibrium ib now seen to be that we shall have, at ever) 
point ol the surface, 

V^ + fi (<!•■“ - — JaO + }w’ (ai* + = cons ( 90 ), 

wheie /t again stands for M'/B^ 


62 Equatmg the left-hand of equation (90), as before, to 


-7rpahcd(^,-h|;-|-e-l), 

WO hnd, as the conditions of equilibrium, 

j _ Cc)^ _ d 

^ rrpabo 27rpabc a' 

J + ^ ^ 

^ ^irpabc 27rpabG b^ 


J (J ’j- 




27rp abc 




(91) . 

(92) , 

(93) 


It will bo seen that these equations aie more general than either of the 
two sets we have consideiod before, each of which aie indeed included as 
special cases m the present set Putting /i, = 0 we obtain the equations of the 
rotational pi oblem, while on putting a) = 0 we obtain the equations of the 
tidal pi oblem 



4h Ellipmndal of fCquilihi'huH {( ii in 


It. IS tunvcniicnt k) put M'M' - p, so thut 

ft)-’-a {X 4 . p) p 

The u(}uafcu)tiH then r<’chue tu 

/ 

^ tirpafir 
^irpaht " 


Cf4^ 


tiriK 

OHm 


4 . 


p 0 

. f m 

ZTrpdoc i? 


(5f7i 


and l.li(> HjKsml tascm aio now ohtaimsl on piUfcing p x (tin* tutation il pm- 
blt'ui) and /)!» — I (tho tidal problem) 

Elimmatmg $ funn wpiationH (!)«) and (1)7) we obtain 


<'•' - (t- + M 4 " 

whili' Hiuulaily tho ehmuiatum of 6 from (1)5) and (1)7) yieldn 

Tlfoso two ptiuatmna arc identical, except for differenccH of notation, with 
the two oipiabiona which Hoche takes as tho basis of his discuwiion* 


63 If W(> now rcuiovu 0 liom oiiuatiima (1)8) and (!)!)) by tin* Htilwtiliittt.n 
c -^u'lab, the losnlting oiiuationa will give «, b lu k'uiia ol p and p, 

In those csiiiatums the* value p *« 00 has alri'ady been fully disctiSBiHl, anti 
found to give tho sorios of Maclaunn spheroids and Jacobian elh)»oids Koi 
all other values of p, the value » 0 leotls at oiuu^ i.o u ^ b ^ r, and st» gives a 
sphencttl configuration. 

For values of p obhoi than pmO, the elimination of p fuun ciiuatiotm (f)H) 
and (90) loads to an equation which gives p imuiutdy in knins of n and b, and 
either equation then gives p imuiuoly Thus all solutions ot equalioim (DK) 
and (99) may bo lepiosonted on a graph in which u and 5, both mwessiiidv 
positive, are taken as abscissa and ordinate Each point m this diagmui will 
correspond to ono and only one value of p and p ()n drawing the hs*! 
p =s constant, wo obtain tho various linear senes coireH{H)nduig to difleienf 
values of p or M/M' in Roche’s problem 

Since the value ol p for any value of a and h has been seen to he unique. 
It follows that no two of those Imeai senes conesponding to diftVn-nt values 
of p can ever mtersect The median line is already ooeupicHl by the 

* Kiioatlons (4) and (6) (p 247) of EooIio’h momolr 
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evoT to crL^^hTsImT totHn f 

Moreover the values of « and , , , side oi the other of it 

continuously in the a, b plane ^ ’'^lously vary continuously as we move 

% y ™ch a diagram is represented The noint/Sto — A \ j. 
the spherical configuration the line OSM (n - M ~ ^ * “> represents 

sphoioids, and the line T;ST'to/')'’- n +i ^ “^he senes of Maclaurin 
po.nt 01 hlnocfon on tL It “'T »'*■“ “P''-;"" -S" ‘1>« 

of Jacobian ellipsoids ™ spheroids and JBJ is the series 

All points winch are on the side T' T' n i 
configurations foi which b>a and therefn O/SJf represent 

maiy is broadside on to the secondarv Tt K the pii- 

aro unstable, for they would be unstable e configurations 

to iem.un iigid Thircrfi.L7 ^ were constrained 

the hue SU Rernemberimr th it i we l ® for p = ~ co is 

the senes foi a very lanreTOsihve 

SBJ All the seiiZs from p = + oo' T ' - _ f asymptotic to the line 

aioa bounded by the lines ,7,8 BB ST l!® *^^® 

senes forp = -00 coinciding wSrthThne ^ '' negative, a second 

ICC t at infamty Thus each senes begins with a sphere and ends with an in 
finitely long piolate spheroid As we pass along any one of these series a 
changers while p remains constant The value of which is given by equatio^ 

(. ) accordingly changes also, this giving the value of a real angulL velocity 
w len p IS positive, and being regarded simply as an algebraic quantity when 
J iH negative The value of w" vanishes only when p = - 1 or when^a = 0 

JisTZ? “ ““ f It feiZ 

1“ ;„t ,zrf ““ “““ “s", “ 

Since 0 ,^ vamshes at both the ends S and {JT)^ of every senes, it follows 
that on passing along each series at first increases, and then after passine^ 
a maximum value decreases Eoclie'*, treating equations (98) and (99) by a 

* 2 c p 251 


S 0 
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or.rm o“„‘ .fe .tr* f 

.n the d.!g»„, the X 7^“ thXl'XT?^' X ''" 
the of„7^, on othe. X On L X^.o°the 7 XfX 

of wCrbe^'016 Id'Z? i >■' «”<i“ ■”»■">»» value 

that m ,lch o _ 1 X J . ,r occurs .s 

diagram When ® - 1 “i-ho ^ is lepiesented by the point R" m the 

e i—T.>;•.—*"£ ;"='=• - - - 

Stability 

fnli t fi problem in which increased continuously it would 

ow, fiom the principles already discussed, that all configurations L the left 
01 diis line would be stable, and all the configurations onTe nl w^ 

brstlbihtv configurations on the left would of course only 

lb bm crl ^ ^ 'Configurations were constrained to remain ellipsoidal 

although we shall sec later that this lestiiction makes no difteience 

not r!mesrterbltn problem, the change in physical conditions is 

Teisc i^d shrinkage, and consequent Les of in- 

uuisc in density will in all probability be quite different for the two masses 

Dosf'd* artificial problem in which the density, if sup- 

Tw Xbre 1 throughout the shriiage. L 

dwlti ^ i f If not supposed equal to begin with, change so as 

< Iw js to retain the same ratio The physical conditions are now represented 

luiii.s '"f V'' ^ ? densities, while the moment of momentum re¬ 

mains constant and, exactly as m § 44, these conditions may equally be 

ropu sciiLed by supposing both densities to remain constant while the moment 
01 luoineniuin mcioases 

56 Let us hist consider the general problem in which the secondary is 
1101 iog<udo<I ineiely as a point 

The moment of momentum of the primaiy about the centre of gravity of 
the system is e, j 


rt 



r>2 Kllipmidal V<>nfigumtiom of hit ill 

whole h m the ladiUH ol i^yrutum cd the piiiH u\ Addui^t ihM te tie iiiiil n 
uxpH‘SHion {oi the seeoiulfuy wt‘uhtaai ha flu* tuint aeiiuuU ol iieiiy* nintii 
M ui the syHlein 

M ( 1// • f <1/ r-' I w ‘ t'«" 

tn, u‘j)lucing /{ hy tin valte* (J/ } l/')Va 

M ' Hfth 

i^f i y'i^ 

66 Wlu'ii the jwimniy M im iiilimliH iimMiixt' (‘imijuitiii wuli ii(< 
Ht'coiuliuy M\ ttlu* total luoinoiit of uiounailiim IVI lian iho va!ii«' M Ml m 
and tlio vanation of M is piooisoly that of a fiooly lotatiiig , \t nu r* a < > 
steadily hoin M — 0 at »S’ to M - x at •/ in hg 7 

For finite ViiliieH of tlu' lalio file value «<1 giv«u M li\ ojiHtien 

(lOl) beconu's iiihmLe vvhen m-O le at the two ciaK of tin hiaai muih 
of c oiihgiuatious Himilai to thoHe Hhewn m fig T 'I'lius «»« h iving ,V, 
IVI (leereasoH until a mmnnnm ih leaehed, and all eonhgtiradoie !te\<aid thi- 
uimunum will be unatable Thus the enived line HH”T' vvhieh dnid«d 
Htable hoin unstable eoiiligurafionH in fig 7 luitat umv lie re|>laiid h\ an..tlai 
emvod line passing tluough iS' 

It aeeouhngly appeals that when MIM' is large the limat setie*. l»toia« •• 
iinstiible very near to /S', the range of Nlability vamNlniig altogetla i vvlim 
M/M' IS infinite If both inasHOK aie ngid, so that A' and A'* an’ u*ii4aiif. 
tho Imubof this lange is easily found fiom etpmimn {1»1) by nmking AM - f) 
Tlio limit of stability is found to bi< given by 

3»‘(«e+juT') ... . ,,,12, 

(M I M')^ 

01 , in toims of H (using oqimtion (Hf))), 

) • f HM > 

and the range of stability is again seen to Im> infimteHiinal le Itmititl t,* 
very gioat values of Ji-when /l//il/' is infinite 

The result shews that them can only be sea ular stability of a htrgi and 
small mass rotating lound oiu' another when the sniHllet niaiw i« at a viiv 
groat distance from tho huger* Wo aie dealing, it must Is- tutlmsl. with 
Hoculai stability only, the cpiestion means nothing except when disstmtiv. 
forces am present When thewe are no dissiiHifive forces. a« for iiwtan... 
if both bodies are perfectly ngicl, a circulai mbit of no matter what mdnis m 
thoroughly stable, tho orbit r-n giving place when slightly distml«.d to 

* Of SI* O Darwin (Ml JVwkt, m p 44». 
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the slightly elliptical orbit r = a(l-ecos^) And when frictional forces 

1-1.^ “Stance hy making the masses fluid, or by supposing 

the solid masses covered hy shallow oceans, the instability is one of orbital 
rnotion only and not one of the configurations of the masses When the 
secondary IS supposed wholly fluid so that k'^ is variable, the fluidity of the 

inttlflf'^ri- ^^ stage at which instability sets in, but introduces no new 
instability of its own The mechanism by which this instability is set up is 
that which has been studied by Darwin under the name of “Tidal FricW’* 
It produces a secular increase or decrease in the mean radius of the orbit ’ 

It 18 important to notice that the case of MjM' = oo, m which M' is of 
infinitesimal mass, is not, fiom our present point of view identical with the 
case of _ 00 m the diagiam shewn in fig 7, in which M' is supposed 
to disappear altogethei The foimer problem is one having one more degree 
of fieedom than the latter, and this one degiee of freedom happens to be 
ocularly unstable for all finite values of , In the latter probleZ m which 
the system i^ supposed to reduce to a smgle rotating body, the angular 
moinentum increMcs steadily from 0 to oo on passing along the path SBJ m 
hg 7, so that the configurations on this path are all stable so long as the 
mass IS constrained to remain ellipsoidal 

67 A special problem arises when the rotation of the secondary is not 
affi cted by forces exerted on it by the primary The primary, which is the 
body whose configurations and stability we are specially considering, may 
now be a small satellite rotating round a massive planet, which our choice 
of teims compels us to call the secondary The term in equation 

01) may now be replaced by MW, where is the angular velocity of 
the secondary and neither this noi ^ is subject to variation The angulai 
momentum is accordingly 

IVl = m“a, + ^^:^^^„-i + cons (104) 

A similar problem occurs when the secondary is treated as a point so 
that /i,-‘ = 0 This loads back to Roche’s problem discussed in § 51 The 
moment of momentum is again given by equation (104) in which the final 
constant now vanishes Let us investigate the stability of systems in which 
till moment ol momentum is given by equation (104) 

^^68 A case of special interest arises when the piimary M is infinitesimal 
The value of M now becomes infinitesimal also, but MjM remains finite 
being given by ’ 


CD^ + cons 


* Bn G Daiwm Ooll Woihs.yoX ii 
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li]lU})Hoid(d i\f hhfiidtbtiitm ni iii 

Thc‘ uummiiiu vahuM)! M im\ rrnmndis wtth th* lu.niiititiu x^hu 4 m 
Th(' staios t)f (onhguraiuaiH \uv Itaist' d on itn tin i/# in 

fig 7, and the immmutn value* nl m tKvur*^ at tin iwaiu it lift* t ,n 
figuratiouH nn tlu‘ biauch Sli'* art Hlabh* whtio !h vnud it nt 

urmtabk* 

The actual value oi m at the* point ir in gnmi h\ 

(o^ltirp m)mm^ 

The gtaieial value* ut uu this Munii in 

il/' 2//A 1*1,^ 
iTrp'^^ZirplV /^ 

HO that in the* critical conhguratioii we* havi* 

ii*. 2 4f»r4(p';; 4It,, 

ThuH a small satolhUs njfcating abimt a ngitl pimiHrv «*< H 

,^tc‘atior than ibs own caimot, ho m ,tjuililnniiti m na\ ounhfpn iUmu vh tu ,, 

if iLs (ImLanoo fimu Uio cont-iv of its jilam 1 h !,»<>« limn L’ 1 .k4 i.ft j.t'i., 

ul blu' jilnriob This diH<,aiKH' ih oommojiH ajHikott ol hi 1{,« Ik . hnni 

'^riic cntioal valuo of li may also ho put ui th, foitri 



Tim may ho compaiod witli i*(pmt.i(m (Hill %hi,h d.*t< luiiii. d lio hii..' ,.| 
oIohohL appioadi iind(>i fcho tidal forooh fiimi a Ntiondart iiii» *i„ 

bodioH wt‘10 not, in total,ion. Tho ordio.il vitlii.' of H j,iH| i,.,.,,.! , d„„,t 

twolvo por (Old, gioator than that found in tho fonm I piothm ih« d'tn*-io. 
of Qourao lojirosoiitH tho diKtinhuiK offoct of lotatmn on th. pnmtn 

69 In tho mmo gtaioial law* m whioh Jil o* not infind. in««i in<! ih. 
anxnlar momontmn la givon hy tho (omphti* ..pi.mon (KHi »!,. nu-o, 
valuo foi ft) IH not ho oiuiilv found hiihh A'will v uv wdh m I* i .i 

tl(‘ai that M will ht* mfinito whon w (hand ihul m will 'litain nnii,, » , , 

maximum and again dooroiiMo. mo that M will p, ihiou,.!, « mmm, ,t , «> 4 . 

whioh will again divido Htalih* fiom unatahh (onfiguiati.iio. 
will ho a linuting valuo of R Himihu to U.h’Ik hnul and lh«i. wid 1« lo. 
(cmligmationH of otpulihimin at all foi mmilh i vain, . ..f H thm tin 

* llfiohf Rdve 0 010, Iwtfi tiiTC ami m Kiimti.ii, { 105 ) i ,||. 

iliidiiu'il fioiu Diirwm'H (•akulatwiiit {toll Hurh.tn ji 1 ,( 1 ,) 
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Darwin's Problem 


60 In a paper of very great importance, Sir G Darwin* has discussed 
the double-star problem in the case in which both masses are supposed fluid 
so that each is subject to distortion from the tidal forces generated by the 
othei The discussion falls naturally into two parts—the determination of 
figures of equilibrium and the determination of the stability or instability of 
these figures 


In Roche's problem the secondary was assumed to be a rigid sphere, so 
that its potential could be written down in the form of formula (88), 


R 



M' 


(107) 


In Darwin's problem, the secondary is a mass of fluid of a shape deter¬ 
mined by the mutual tidal actions between the two bodies, and an expansion 
such as the foregoing is no longer permissible To a first approximation 
both bodies may be legarded as ellipsoids Darwin assumes the bodies to 
be distorted ellipsoids and expresses the distortions in terms of ellipsoidal 
harmonics The amount of this distortion is found to be in eveiy case quite 
small, so that the supposition that the figures are actually ellipsoidal is 
found to give a tolerably accurate solution In illustration of this the 
following figures may be quoted from Dai win's paper j*, they express the 
proportional increase Sa/a in the semi-major axis of the primary which 
would be produced by the removal of the ellipsoidal constraint when the 
masses are at the closest distance consistent with stability (cf § 64 beloi\) 


MIM' = 

04 

07 

10 

ha/a in direction towards secondary 

tV 


■^V 

ha/a in direction away from secondary 

-h 




The amount of these corrections is shewn by the dotted lines in figures 
11 , 12 and 13 (p 64 below) 

For configurations in which the masses aie further apart than this 
minimum distance the error in the ellipsoidal solution will of course be 
less, so that the assumption that the figures are ellipsoidal is seen to give a 
very fair approximation 


* Phil Trans 206 A (1906), p 161, or GoU Works, in p 436 The actual paper occupies 
88 pages m each place, so that it will be understood that only the merest outline of it is given 
here And, to avoid the complicated methods of ellipsoidal harmonic analysis employed by 
Darwin, I have substituted a simpler discussion of the fundamental equations, deriving them 
in a form analogous to the equations of Roche already discussed 
t Jc p 610 
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dv ^ sr . 

• tt"? ^tc, SO that -tt” = ^ 
dw dydz 


be neglected Or we may, if we please, regard the pioblem as one m which 
the primal y is constrained to lemain ellipsoidal, m which case the forces 
of constraint must be just sufficient to neutralise the omitted terms in 
foimula (112) 

The coefficients in formula (112) are precisely those which have been 
already evaluated in equations (110) and (111) For we have 

dcu 

and similarly 

62 Let ^ denote for the moment the distances of the centies of the 
primary and secondary from the axis oi rotation Following oui pievioiis 
procedme, the piimary must be m equilibrium under a statical field of foice 
of potential 

[(*-??+ 2/“] 

01 Jm’ (a;^ + y^) — + a constant (113) 

and the condition for equilibrium, as m ^ 51, is that 

dV 


b + + dz' 


(of + 2 /”) ■ 


■X 


dx' 


(o^^x = a constant 
(114) 

ovei the boundary The teim m x on the right of this equation is removed if 


dx' is (»'’■ + A-) A' 

The similai equation for the secondary is 


(115) 


(116) 


Since ^ + it IS clear that equations (115) and (116) suffice to 

determine f, and o)’ The ratio is obtained at once by division of 
coiiespondmg sides of the two equations 

These equations, as has been seen, lefer to masses which aie constrained 
to remain ellipsoidal by the supposed application of small external foices 
Had the bodies been rotating freely in space, the ratio would have been 
given duectly by the condition that the centic of giavity of the two masses 
must be on the axis of lotation, namely 

M' 


(117) 


The two values of obtained in these two different ways aie not found 
to bo identical, tjieir diffeience giving a rpeasure of the error introduced in 
supposing the masses to remain ellipsoidal If we put 


dX 


(^cf + \) A 


poo 

J 


dX 


+ X) A 




(1X8) 
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then equation (117) gives = M'jM, whereas equations (115) and (116) 

give 


f M' r 
I 


The difference between the two values of consists of a multiplying 
factor I'll 


Now / can be put in the form 


A<0 

J ET ' 


du 


^ ['w — {a^ — b^)]^ [u — (a® — c^yf 


(119) 


while I' IS ohtained on replacing a, h, c by a\ h\ d Since is large in 
comparison with — and — d, it is clear that the two integrals do not 
differ by much from one another, both approximating to 




The integrals agree more closely with one another than with this limiting 
integral, and when the ellipsoids are nearly equal, I and I' become very 
nearly equal to each other while differing considerably from 2/3-R® Let us 
suppose that 

i(-f+J'')=^(i + r) (120) 


then it IS clear that J and I' may, without serious erioi, be taken separately 
equal to the quantity on the right ^ 

Using this approximation for I, equation (115) becomes 

M' 

while equation (116) assumes the similar form 

®^r=f,(i+o 


These equations are now consistent with equation (117) and by addition 
we readily find 


ft)“ 


M+M' 


(I + O 


( 121 ) 


This determines <o, and f is now seen to measure the proportional increase 
in 0)2 produced by the ellipsoidal shape of the bodies 

To balance centrifugal force, the gravitational attraction between the two 
bodies must be a>‘^RMM'/(M + M') or, by equation (121) 


MM' 

R^ 


(1 + 0 


It will be readily vended that our j'ls identical with the ^ used by Darwin 
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so that ^ also measures the proportional increase in the gravitational attraction 
between the two bodies produced by their ellipsoidal forms 

63 The terms m ^ have now been made to disappear from equation 
(114) and the condition for equilibrium is seen to be that 


V,+ 






( 122 ) 


9^'^ + 2/^ 9 S^ + ^ j + + f) = cons 

ovei tho boundary 

Comparing this with equation (90), it appears that the second degree 
terms which were used m Eoche’s problem, namely 

M' 

(«' - hf - k') 01^ (®" - - K) 


must now be replaced by 

- iM' ^a,4\) A' ~ 

in which the lower limit X,' is put equal to R' — 

Following the former procedure (§ 52) we find that equation (122) may 
be replaced by the three separate equations 

(124) , 

(125) , 

(126) 


M' 


M 

M' 




Ja 

j. wr _ 

M}k' (&'= 

w 

M 


d\ 


+ X) A' A( 
dX 


Jo 


t pOt 

J 


+ \)A' 
dX 


2'7rpOjbG 0? 
27rpaho 

^6_ 


I 

These are the equations of equilibrium for the primary, and there is 
a similar set for the secondary On solving the set of six equations we 
obtain a solution of the problem There is unfortunately no method of 
solving these equations exactly except by laborious numerical computations 
But they are of the same general form as equations (91) to (93) already 
discussed m connection with Roche’s problem, whence it is readily seen that 
the general arrangement of figures of equilibrium must be the same as that 
already found in § 53 for Roche’s problem 

Stabihty 

64 The problem of stability demands a more detailed discussion 

Tha a^igdar momentam of the system M sUll gisen by equation (100), 

■ MM (12,), 


M = f -1- 4- JIf 
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but the value of R is now given in terms of m by 

iJ = (ilf + Wf (1 + ^ (128), 

so that M, expressed in teims of co alone, becomes 

MM' 1 

M = {Ml(r + M'¥^) (o + - - (1 + 0)" (129) 

This differs from the foimer value of M obtained in ^ 55 only through 

the occurrence of the factor (1 + ^)^, and as this is nevei fai from unity, it is 
clear that the general discussion of stability given in 56 and 57 will remain 
valid, at least in its general features Always, except in the special case ol 
p = 00 , there is a configuiation in which M is minimum, starting out of 
this are two series of configurations along each of which M increases in¬ 
definite!} up to M = 00 , these end configurations each being configurations 
of zero rotation (co = 0) One of these series ends in two spherical masses 
rotating infinitely slowly round one another at an infinite distance, and this 
series is stable throughout At the end of the other series the primaiy 
IS an infinitely elongated Jacobian ellipsoid, and this senes is unstable 
throughout 


Instead of eliminating R from equations (127) and (128), and so obtain¬ 
ing M as a function of ct), we might equally well have eliminated co from 
these equations and obtained M as a function of R The equation obtained 
in this way is 


M = 


MM' 


(1 + 


When M is not veiy different from M\ the value of M i educes to its last 
term when R is laige Even for configurations in which the ellipsoids are 
almost in contact, it is readily seen that by far the greater part of the value 
of M comes fiom this last term, so that M varies approximately as It 
follows that the configuiation for which M is a minimum nearly coincides 
with that for which i? is a minimum, this latter being the configuiation of 
closest approach of the centres of the ellipsoids 

Let be the distance of closest approach Then for any value R^ 4- hR 
which IS just greater than R^ there will be two configuiations, in one the 
ellipsoids are more elongated than in the configuration of closest appioach, 
while in the other they are less elongated In the foimei configuiation, 
then, liP', h"' and f are all greater than m the latter, so that, as the values of 
A aie the same in both configurations, it follows that the moie elongated 
configuiation has the larger value of M 

Now the diagram of configurations, drawn with M as vertical cooidmate, 
lies as in figure 8 Here 0 is the configuration of minimum angular mo¬ 
mentum, the less elongated configurations OP are stable, while the more 
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elongated contigurationb OP' are unstable We have seen that at the 
configuration of closest approach R, increasing elongation goes with mcreas- 
mg angular momentum, it follows 
that R IS on the unstable bianch OP' 
of the series 

Thus the configuration of closest 
appioach is always unstable, it is 
faiily near to 0 when M and M' are 
nearly equal, but is far removed from 
0 m other cases Passing to the 
limit of configuratiops of greater 
elongation, it is easily shewn that 
in the extreme configuiation P' in 
which M = 00 , w = 0, the two bodies 
must overlap, thus this configuration, although satisfying the mathematical 
equations, is physically impossible At some stage between R and P', there 
must be a configuiation 0, in which the bodies are just in contact, but without 
overlapping , this configuration, which we may call the contact configuration, 
IS the last one which is physically possible It is clear that all contact con¬ 
figurations are necessarily unstable 

Darwin calculates in detail the configurations 0, R and 0 m the case of 
p == 1 or if === #' In the case of configuration 0 the calculation is not very 
accurate, foi his senes do not give good approximations when the masses 
are in or close to actual contact 

For the configuration 0 of limiting stability, Darwin finds in this case 
a = a'=:0897, 6 = 6' = 0771, c = c'-0723, r = 2638, 
the unit being the radius of the sphere formed by rolling the two masses 
into one, and the cross-section is shewn in fig 9, which is reproduced from 
Darwin’s Gollected Works* 



p' 



Pig 9 

* Vol III p 513 I am indebted to the Syndics of the Cambridge University Press for per¬ 
mission to reproduce this hgure and also figures 10-14 from the original blocks 
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For the configuration R of closest approach, Darwin gives the value of r 
as 2 343, but he does not compute the axes 

Foi the contact configuration (7, Darwin finds ^ 
r = 2372, a=:a' = 1186 

In these solutions the figures are assumed to be ellipsoidal, the harmonic 
deformations which have to be superposed will of course bring the vertices 
closer, so that actual contact will occur before the vertices of the ellipsoids 
touch Darwin gives the following figure, which he describes as highly 
conjecturar’ for such a case 



Darwin calculates the value of R in the configurations of limiting stability 
and of closest approach (i e the minimum possible value of R) in some other 
cases, from his results we can compile the following table 

1, 08, 05, 04, 0 

R (limiting stability) = 2 638, 2 574, 2 59, oo 

R (closest appioach) = 2 343, 2 36, 2 457 

Partial Stability 

65 The entry p = 0, ii = oo means, as has already been noticed, that 
there cannot be seculat^ stability for an infinitesimal planet until it has 
been driven off to infinity The agency by which this driving off is ac¬ 
complished IS, of course, tidal friction, the satellite M raises tides in the 
primary M ', the dissipation of energy in the tides provides the dissipation 
necessary for seculai stability to have any meaning, and the tidal forces 
lesult in an acceleration of the small body at the expense of the eneigy of 
lotation of the laige, this piocess continuing until the bodies aic infinitely 
fai apait 

Appioximately I have extiapolated to get initial contact in Darwin’s table on p 614 of 
Coll yVorks Vol iii Stiess shonld not be laid on exact values, as Darwin specially draws 
attention to the bad conveigence of the series used in this and similai calculations 
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On the other hand, if the big body is regarded as a point or rigid sphere, 
tidal friction cannot operate, and the problem now becomes identical with 
Roche’s problem already discussed The value of R in limiting stability 
when ^ = 0 IS no longer oo , but 2 455 7 Thus tidal friction in the primaiy 
can increase the value of R from this value to infinity 

Darwin describes a system as partially stable ” when it is stable except 
for the tidal friction arising firom the tides in the primaiy And he remarks 
that, inasmuch as tidal friction is a slowly acting cause of instability, paitial 
stability of this kind is from the point of view of cosmical evolution of even 
greater interest than the full secular stability of the system 

Again, a slightly different problem occurs when the big body is supposed 
to be an ellipsoid petrified in its configuration of equilibrium, so that the 
masses aie both in equilibrium but tidal friction cannot act on the primary 

Darwin believes that the limit of partial stability of a senes of configura¬ 
tions, such as that represented in fig 8, can be found by discovering the 
value at which 

/ MM' \ 

IS a minimum, this value representing all that part of the moment of 
momentum which is liable to variation when tides cannot be raised in M' 
A slight modification of the argument of ^ 64 will shew that the configura¬ 
tion of closest approach cannot be even “ partially stable It accordingly 
appeals that the configuration of limiting “partial stability” must he at a 
point intermediate between 0 and R in fig 8 Darwin calculates some 
configuiations of “partial stability,” and gives the following table of values 
for jR, the closest approach consistent with partial stability, and for the axes 
of the primary and secondary when m this critical position, a being the mean 
radius of the combined mass 


p 

Mja 

Axes of primary 

Axes of secondary 

W^/^TT/) 

aja 

b/a 

c/a 

a'ja 

h'la 

c7a 


2 457 

1 — oO 

0 511-00 

0 482 — 00 

1 030 

1 010 

0 942 

0 0449 

u 

0 4 

2 484 

0 843 

0 603 

0 562 

0 988 

0 886 

0 815 

0 04 lo 

0 5 

2 485 

0 870 

0 642 

0 597 

0 979 

0 860 

0 792 

0 0434 

0 6 

2 490 

0 888 

0 674 

0 627 

0 969 

0 836 

0 772 

0 0432 

0 7 

2 497 

0 901 

0 701 

0 652 

0 958 

0 815 

0 763 

0 0428 

0 8 

2 502 

0 912 

0 725 

0 673 

0 947 

0 796 

0 737 

0 0426 

0 9 

2 508 

0 921 

0 744 

0 691 

0 937 

0 778 

0 722 

0 0423 

1 0 

2 514 

0 927 

0 762 

0 708 

0 927 

0 762 

0 708 

0 0420 


It appears that changes in the ratio of the masses produce surpiismgly 
litile change m the ciitical value of i2/a Whatevci the ratio of the masses 
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it is approximately truu that a nak^IIiU* (»ammt r«itate willi p.iiliiil HtHmlitr 
stability round a planet wlum within a diHtanet‘ lehH than iiboiif radii «»f 
tlu‘ coinbm(*d nuuss, the (kmsitieH iHung the* nmiw, 

Thc5 critical fig‘un\s forp- (H, 0*7 and I Dare shmvn in ftifurth II, 12, i:i 
which MV ta.kcn, by pmnuHsion of th(‘ SyndicH of tin* Preas, from Hir i #. I tit w iifs 
(hUected Worh^, 


^ B - am 





1%. II (/. 0 l|. 




• H '«!« 



J' 


|«| 







Fig. 18 (/.. 1 -Oj. 

• Vol. HI. pp. « 0 H, 5 (K>. 





CHAPTER IV 


THE GRAVITATIONAL POTENTIAL OF A 
DISTORTED ELLIPSOID 

66 The last chapter contained a discussion of the ellipsoidal configurations 
which can occur in the various problems we have had under consideration, and 
it was found possible to investigate their stability or instability subject to their 
remaining ellipsoidal A configuration which is unstable when subject to an 
ellipsoidal constraint will of course remain unstable when this constraint is 
removed, but a configuration which is stable before the constraint is removed 
will not necessarily remain stable We can only discuss whether such a 
configuration is stable or not when we have a complete knowledge of all con¬ 
figurations of equilibrium adjacent to the ellipsoidal configurations, we then 
know the positions of the various points of bifurcation on the ellipsoidal series, 
and the stability of this series is immediately determined 

A first condition for being able to discover configurations of equilibrium 
of any type is that we shall be able to write down the potential of the mass 
when m these configurations Thus it appears that before being able to dis¬ 
cuss in a general way the configurations of equilibrium adjacent to ellipsoidal 
configurations, we must be able to write down the potential of a distorted 
ellipsoid 

The method of ellipsoidal harmonics at once suggests itself It has been 
used by Poincar6^,'Darwinf, and SchwarzschildJ to determine configurations 
of equilibrium adjacent to the equilibrium configurations In this way the 
various points of bifurcation on the ellipsoidal series we have had under dis¬ 
cussion are readily determined 

After determining the position of points of bifurcation on the ellipsoidal 
series, the next problem is that of determining whether the bianch senes 
through these points are initially stable or unstable, and this, as we have seen, 
demands a knowledge of the direction of curvature of these branch series at 
the points of bifurcation We can only discuss the curvature of this series 
when the configurations on it are known as far as the second order terms of 
a parameter e, which measures the displacement from the original ellipsoidal 
configuration. Poincaid§has devised a method of using ellipsoidal harmonics 

^ Acta Math 7, p 259, and Phil T'l am 198 A, p 333 

1^ Coll Wo?/cs, Vol in papers 10, 11, 12 and 13. 

:} Meue Annalen d Stermoarte Muncheoi^ 3 (1897), p. 275, or Inaug Disse7t Miinchen (1896). 

§ Phil Trans 198 A, p 333 
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so as to give the potential of a distorted ellipsoid as far as second Older terms, 
but on attempting to apply his method it is found that the second order terms 
m themselves are inadequate to determine the stability or instability of the 
branch senes, a knowledge of third order terms is demanded 

As Pomcard’s method does not seem to admit of extension, or at least of 
easy extension, to the calculation of third order terms, it is found necessary 
to develop some other method of writing down the third order terms required 
Such a method is now given In the present chapter we confine ourselves 
entirely to this problem in potential theory, the determination of the con¬ 
figurations of equilibrium being reserved for Chapter V. 


GENERAL THEORY 

67 In our discussion of ellipsoidal configurations of equilibrium, the 
ellipsoid was supposed to be the surface X = 0 in the family of surfaces 






- -j- 


2/- 


- -f ■ 


If we write 




Trpabc 


-1 = 0 


TTpabc 

a”" 


.(130) 


(131), 


{(a^ + X)^ (f + X)^ {& + \)^ 

then the potential at the point od, y, z of the solid ellipsoid of density p is, as 
in equations (54) and (55), given by 


1^0 = J y}r(\)fd'K 

.QO 

yjr (X) fdX 
J 0 


. (132), 

. . (133), 

where the lower limit X m equation (132) is the positive root of the equation 

Suppose the family of surfaces determined by equation (130) to be dis¬ 
torted so that their equation becomes F=^0,F being ^ function of (r, y, js and 
X., and let the distortion be such that the surface X = oo remains at infinity 

We require to find the potential of a homogeneous mass bounded by the 
surface X = 0 in the distorted family of surfaces Let us examine under 
what conditions it is possible for the external and internal potentials to be 
given by^ 

V)=J^ ir(X}FdX . (134), 


V. 




FdX 


(136), 


The forms of these egnations are of course suggested by analogy with equations (132) and 
<133) For a diieot derivation of equations (134) and (13S) see Phil Trans 215 A, p 29 
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the lower limit in equation (134) now being the positive root of the equation 


F=0 . . 

By differentiation of equation (134) we obtain 

which, in virtue of equation (136), is equivalent to 

while differentiation of equation (135) gives directly 

die J 0 ^ ^ ^ 


(136) 


(137), 


(138) 


At the boundary, X = 0, whence it is clear that F, = F at the boundary 
and that all the differential coeflEicients of V„ are equal to those of F. At 
infinity X= oo, whence it appears from equation (134) that F = 0 at infinity 
It accordingly appears that equations (134) and (135) will give the true values 
of the potentials provided 

V“F = 0 . .(139), 

V2F = -47rp . . . (140) 


68 By further diffeientiation of equation (137), we have 


^0 

dx'^ 


d^F 


dFdX 




dx doc ’ 


so that 


V^F =ff (A) V^Tdx -1 (A) S gg 


while, for the simpler function we have 

yfr(X)V^Fd\ . 
Jo 


Now suppose that F is such as to satisfy at all points of space the equation 

> dF dX 


^ (X) V^^FdX +1 (A) 2 

Suppose further that F is such that 

dj 

dx dx 


= — 4!7rp 


(141) , 

(142) . 
equatK 
(143^ 


^(X)2?^ = 0 . 


at infinity—i.e when X = oo 

Then at infinity equation (143) reduces to 

f (^) ^^FdX = — 47rp 

Jo 


(144) 


(145), 


5—2 
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in winch ihc lt‘ftrhan<l iifi{‘inlM‘r is now a ftua^iion //ami oii!\, Siijipn.i 
F to (‘(nisist of a. st‘rit‘h <^f nitoyfrnl al^ohruic tcnnH in a//, , liion tin* It^fi lioini 
nuanlK'r will canisisf ofa st‘ri(‘H of su<*li tonus, and if tliis <‘\|a‘osHiiin plus 1%*-^ 
vanishes a,t itilinity, it. must also vanish at. all points of spats*. 

Thus if F is sucli tha,f otjuatitai (I4d) is satisfied at every point *.f span 
whil(‘ (‘<|iuition (144) is satisfied at infinity, tlaai e<|nation i I4ol iniea ah^* K*. 
satasfitKl at (‘Very point of spata*. Suht^act!n,^ correspondiny^ ^alrs f*f finer 
(spuit.ions, we obtain us a third (‘tpun itm, which must In* sat isfjei! at e\eiv puint 
of span*, 

f'f(\)VF,/K f 0 . 

J A (\r ea* 

i$y c.oiiiimriHt.ii with ('((Uiilinnh (I-U ) iiiid (14*2), iJic last. iw<i .■.luaii.m- aiv 

satai f>() 1 ) 1 ' i‘<iuiviil('iil, f,n 

va’„ 0, 

ve',. -4irp. 

Hi‘lice it. ji ppi'iu's (.h.it. if A' is a Karich of al}.i'l)r!iii* povvor,*. ‘‘at iifyiiiji' cipiat loti 
(14!}),iuid in .sticli l.lint. i-ipuU.ion (14t) iw aii(ii.sru'if at iiifiiiit), tiioii (lio potfiili.d'- 
ofMii' hoiiiu,trfiii'unHhoIid lioiuidi'd hy l.liohiuf.nr A 0 will Ix-fjiu'i' '•.fuali..ir. 
< i;{4) nnd (Ido). 

ISclon' icaviiif. (.Iuh n'Midi, w.- nmy notu-c t.hn) th.' llmil of inli'j'r.Uioii \ 
is I'onnocli'd with ./•, y, thf point nt wdiicli tlif potent iul is cvalujitod. li> tho 
n'lnt.ioii 

C 0 . ll4Tt. 

whii-h IS true at. iwcry [loiiit, of space. On liifleivniiatioii we ohfain 

flA’ fiA’AA 

hr; ' <iA hr' 

which is idso true at every point of space. Thus eipmtion (l td) which nnrl 
be satisfied hy A' may he written in tlie ulterimtive form 


i|r (X) V-'A’dX ~ ■\jr (\) 


'-O 

d/' 


tTT/) 


.( !4.H). 


69. The various possible .solutions of this equation, whieh are sueh th.ii 
the second U'rm vanishes at infinity, determine the honiidarii's of nulids w luo' 
potentials can he written down in the form of equations (l:}4) mid 1 1.4.')), One 
such solid is already known, namely the ellip.soid. For this m, ih.il 

A'=/muHt he a solution afeipiation (148) and we must have 


r 





<lf 


fix 


= ” ‘irvp 


(14!l|. 
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This equation ought to be an identity That it is so is easily seen -with 
the help of the relation 

.(-) 

Now assume that a more general solution of equation (148) is 

. (151), 

111 which IS any function of x, y, z and X. The equation of the family of 
surfaces X = cons, is now supposed to be 

/+^ = 0 

Since IS so far supposed to be perfectly general, the solution we have 
under discussion is in reality perfectly general, although written down in a 
form which is specially applicable to surfaces obtained by distortion from the 
ellipsoid/=0 

Equation (149) is true in any case If/+ ^ is a solution of equation (148) 
we must also have 

'a 

y. I 


[ -^(X.)V2(/+^)-'f (X). 
J 0 


'bx 


(/+<!>) 


dX 


(/+<!>) 


■ 4iirp . ( 152 ) 


On subtracting corresponding sides of equations (149) and (152), and sim¬ 
plifying with the help of relation (150), we obtain 

0 


dX 


(/+ «/V(X) A. t W (s § g +1) +S (I)] (153). 


SOLUTION OE EQUATIONS 

70 This equation does not admit of direct solution, but may be effectively 
broken up by assuming a solution 

(p = u+fv .(154) 

in which u and v are functions of x, y, s and X On substitutmg this value 
for ^ and simplifying, equation (153) reduces to 

0 


A (/•+. A) r (X) (u +,fv) dX + 4<^jr (X) V 
5X * L'/o 

= (x) 1^' 


4 (1 -H d) 


(f^xdu 


^ V0« •'0«. 


and this will be satisfied if we can satisfy separately the two equations 


yjr (X) (u + fv) dX + 4\/r (X) -y == 0 

Jo 


= 0.(155), 




X dv dv 
2 0^"^^ 


dii7 . dv\^ 

'bx bx, 


= 0 (156). 
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71 Let us consider equation (155) first On substituting for this 

equation reduces to 

Lr“+/’’’ + *ZS + ^’(x+3 + c)} a+a“0 

We have, however, 

/I ,1 1\ c^X. d (I 

£^g) A Jo^^axlA 


dX 


4v /4v 


==-A + 


/4v\ 

VaJ^.o 


• 4 dv 




so that the equation becomes 

This must be satisfied for all values of X, and therefore, in particulai, for 
the value X = 0 Hence we must have 

^ = 0 when X = 0 (168) 

It will be remembered that the boundary of the distorted ellipsoid is 

supposed to be 

^2 y2 ^ 

.(159), 

and equation (158) shews that reduces to M;^=o Thus different values 
^A=o determine different boundaries, and if iix^o can he made perfectly 
general we can solve the potential problem for the most general boundary 
possible 

Smce V must vanish when X = 0, equation (157) becomes 

+ + . 060 , 

in which V is momentarily used to denote the value of X given by the 
equation/+ <p=0 


The most general way of satisfying this equation is to make 




^A^~ 

dX 


.(161), 


where ir may be any function of ai, y, ^ and X which vanishes when X = X' 
and also when X = 0 

Regaiding this as an equation for v, let us try a solution 

v = w +fw' +fw" +..+/« + .( 162 ) 
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We find, on differentiating and simplifying, 

CO 0 


71 


/V^ + 4 I » 4- 


CO d 0 


- 4/xA, 


—-,— 

0/r^0W ax 

so that, on substituting the assumed value (162) for 


y2 4 _j_ X )yn ji _j_ 


A 




{n) 


V-^4 + /V-'y + 4(1/— ™ + 


= + fS/^w + + .. 




A dx dX ) 


+ 


^9X 


{fw' + 2/^^" + + + . ) 


(163) 


Let us now assume w, w\w" ... to be successively determined by equations 
of the form 


. X dw dw 

^'^3S + 3x 


— V..-a|... 




, X dw' dw\ 

n^3i;+5xj—. 




71+1 


y 2^ (71-1) 


..(164), 

(165) , 

(166) , 


where 0 is as yet undeternciined With the help of these assumed relations, 
equation (163) becomes 

■ ' ‘0 




=-/i 


dX 


ff + ^(f^o' + 2/W' + ... + n/’^wf^^+ . ) . (167) 


A 


Clearly equation (161) will be satisfied if the quantity in square brackets 
on the right of equation (167) satisfies the conditions which must be satisfied 
by o- in equation (161). It must therefore be made to vanish when X = 0 
and when X = X' 

To satisfy this condition, let us now choose for 0 the value 

^ = 1 Iw' + 2>" + + (n +1)/" wi«+« + .. ] .(168), 

then the expression in square brackets on the right of equation (167) 
reduces to 


I \w' + 2>" + ...+{n+l)f ^+ . ], 
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and this vanishes when \ = \' through the factor 

^ l-\-v 1+^** 


,(169) 


It must also vanish when X = 0, and v given by equation (162) must also 
vanish when X = 0 These conditions are most easily satisfied by making 

w=^w=w"= =^ 4 ;^=: =0, whenX = 0 . (170) 

Thus equations (164)—(166) will contain a complete solution of the 
original equation if w, w\ etc are all chosen so as to vanish when X = 0, 
while 6 IS given by equation (168) 


72 We now turn to equation (156) It is convenient to transform to 
new variables t), X connected with the old variables x, y, z, X by the 
relations 

x=x.(171). 


Differentiation with respect to the new variable X is given by 


8 _ _9_ ^ ^ .V d 


(172) 


Expressed in terms of these new coordinates, equation (156) becomes 



In this we may put/ + ^ = 0, or, from equation (169), 


■ (173) 


and the equation reduces to 


/=- 


u 

1 +/’ 



.(174) 


Theoretically, this equation determines uj{l^v), so that a solution of 
this equation combined with the solution for v obtained in § 7l will yield a 
complete solution of the problem For our present purpose it is convenient 
to examine solutions in powers of a parameter e 


SOLUTION m POWERS OF A PARAMETER 

73 Equation (174) may readily be solved in powers of a parameter e 
on assuming a solution of the form 

u 

= egl + + - .(175). 
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Inserting this value into equation (174), and equating coefficients of 
successive poweis of e, we obtain 


dX 


0 , 


^2_ _ i 

ax ^ \dV ’ 

(o ^ 

0x V a? 


etc 


The fiist equation shews that gi must he a function of ?/, ^ only, say P. 
Write P^ for dPjd^ etc and put 


A = 


1 



. (176), 


so that 


ax 


A- 


etc 


Then the equation giving r/.^ becomes 




so that ^2 = -J(AP|2+BP,2 + CPf^)+Q ■ •• (I'^T’), 

where Q is a function of f, tj, f only Similarly we find 

g, = I {APfPt^ + . + 2PCfP,PfP,f + ..)-h AP(Q( +•••) + -R (178), 


where R is another function of rj, ^ only, and so on. 


This determines the value of y ' " To find u, v separately, we return 

1 +v 

to equations (164)—(166) of p 71 

Assume for u, v expansions of the form 

u = eui H- e^U 2 + + . . . (179), 

V = evi-\- 6^2 + + • • ( 1 ^ 9 ) 

The coefficients in these expansions are of course not independent of 
those m the expansion (175) already assumed for uj(i H-v) The relations 
between them are readily found to be 

«.-S,-P.(181) 

'M2=5'2 + Mi . 

%=S'i + + ^25 'i> . 
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Let tiH now aHHunie for ,,, expanniiUiH of the form 

w ^eWi I (fWi + 

w' ewi I 4"{ ..., 

Th(ai th(‘ vahu> of $ given by tM|nation ( KtS) lH‘o(nn(\H 

2 1 ''“//i («ii + i/ieP + '\fW t ...) 


+ «■'1*70'«)' +2M"+ :{/■>/" I ...) I i'-i/io" I ...i: t ...j 

Equat.iiig (uictliciciiUs of [lowers of c in ions (lU-f) (IfilJ) vm< now 

ol>t.ain 


V"'.i (h- 


1 fir ^ (IX ) 


( ,r dw, ?)«•,' 


.(IS'lt. 

<•(,(•. (180 1 . 


A ar'^fU 


■ - 4A 


? 

<% 


Hi 


{//'.' t t ...1 


,..( iKd), 


H*".! fir ^ 'ex) 
and himilar <‘<(ua.tionH. 


otr... |IH7), 


74. L(‘t us now introdu(a‘ an o|H‘rator 1) (lofiiu*d by 

+ .OHH). 

On (lifltTenliation wii.li rosporl. t,o X, we fuul 

D/l I ri“ 1 ((» 1 ie 

(IX ' / 1 » /fi 

HO bhat<3/l/f)X Ih Hitnply V'^ tranHfoniK'd info f,f coonlinateM. 

Traimforined iiit.o f eoonliriabeH, eqiialJoUM (184) ete. heeoiiie (ef. 

ecjiiabion (172)) 


dfPi 

dp 


(Ik 


..1 |H!f I 

(IX . 


Om/ 

, dD 

. 


(fk 


run/' 

dk 

,a/> , ^ 

box"'"""’. 



We have alnauly found that, «,■»/*, a fniietion of f, f only, ho that. 
e<[nation (180) has the. integral 


w, - I DP. 
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no constant of integration being added since must vanish when X, = 0 
Integrating equations (190), (191)... in turn, we find 

1 


Wi 


w. 


(2 i)H2 
1 


mp. 


w 


(«) . 


(3!)' 4= 

(-1)"+^ 


- p 


{{n + 1) Ip 4“+> 

If we suppose expanded m powers of the parameter e in the form 
<p — e^i + + ^4‘i + • • 

qf>i = -Ml +/wi +fW +pw" + . 

= p 


we have 


(i/) DP + QfY 1>P - ~ W D^P + 


(192). 


75 To evaluate terms in we proceed to equations (186) and (187) 
For brevity, we shall limit our discussion to that particular type of distortion 
which ultimately proves to be of importance for the problem immediately m 
hand. For this, as will appear in the next chapter, Ui is of degree 3 in 
7 ), f Equations (184) and (185) accordingly shew that w, must be of 
degree unity, and Wi must vanish Similarly, U 2 will be found to be of 
degree 4, so that W 2 is of degree 2, of degree zero and W 2 ^ — 0 Again 
will be of degree 5, of degree 3, wj of degree unity, = 0, and so on. 

The value of Vi is accordingly 

IDP = - i (AP^^ + BP,, 4- CPc^).(193) 

Proceeding to the determination of second order terms, we have from 
equations (182) and (177), 

^2 = gz + 

= i (AP/ + BP,^ + CP^^) 4- Q - iP (APf^ + BP,, 4- CP^^) 

= - iDP^ + Q .0^^) 

The value of Wj can next be found firom equation (186). The right-hand 
member reduces to - V^Uj, and the equation, expressed in f, v, K coordinates, 
becomes 


dw 2 dD 1 n P 2 n 


9X 


so that W 2 = ^IPP^ — \DQ ■ ■ 

while similarly equation (136) leads to 


....(195), 
... (196) 
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Thus collecting results, we find for the second order terms, 

w.+A=Q - +f {- tsw-d’-p^+ 

Proceeding in the same way, we find for the third order terms*, 

% +/l»j = «3 +f{Wi + fWs) 

- If (TQ) + DB} 

+ (BQ) + hD^R}, 

and this completes the solution as far as the third order of small quantities 

76 The solution which has been obtained is found, on collecting teims 
to he 

4> = e(u, +>i) + (u, +fv 2 ) + e* (a* + fv^) 

= e[P-lfDP] 

+ e^[Q- ^DP^ +/- iDQ] +p {- j^D^P^ + ^P^Q}] 

+ [P - i DPQ + - if - iiPPQ + PPj 

+ -hf - i^IPPQ + iJD^-B}] .(197) 

Putting X = 0, the value of <f) at the boundary is seen to be 

^0 = eP„ + e-Qo + ^Ro . (198), 

and since Pq, Q^, P, are entirely at our disposal, this value of <^5 is capable of 
representing a general distortion of the fundamental ellipsoid as far as the 
third order of small quantities 

This same distortion might of course have been supposed to be merely 

^o = eP„.(199), 

It being at once possible to pass to the general form (198) by replacing P„ 
by Po + eQo + e^R,. We have introduced Q„ and R, separately on account of 
the limitation which has been imposed that P, shall not be of degree above 
the third 

77 When this limitation is removed, equation (199) may he regarded 
as representing the most general distortion of any kind which can be ex¬ 
perienced by the fundamental ellipsoid. By analogy wuth equation (197) 
the corresponding value of is seen to be 

4>=^e P-J/PP + l(^/)^P=p_^^(jy)3 2 >p_ 

+ . .] 

+ —i/P*P’ + 7 ^j/^P<‘P‘'- ..], etc. ( 200 ). 

* For details of the calculation, see Phtl. Trans 217 A (1916), p 7 
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I have not succeeded m obtaining a general direct proof of this formula, 
but it IS easy to verify it a posteriori for all the cases in which it is used in 
the present book 


It may be noticed that if 


then the value of P is 


P„ = P 


y 

b^’ &)’ 


'=P(- 

\a 


y 




4- X ^ 6^ -f- X ^ 4“ X/ 

It appeals that a term of degree n in Pq gives rise to 
first order terms of degiees ti, n — 2, n — 4, , 


second 

third 


27^ — 2, 2n — 4, 27^ — 6 , . 
3n — 4j Zn — 6 , 3n ~ 8 ,... 


and so on 



CHAPTER V 


PEAR-SHAPED CONFIGURATIONS OP EQUILIBRIUM 

78 In Chapter III we discovered the existence of a number of series 
of ellipsoidal configurations of equilibrium We were able to examine the 
stability of these configurations subject to the restriction that they were con¬ 
strained to remain ellipsoidal When it was possible for them to be dis¬ 
torted from the ellipsoidal shape, it was not found feasible to examine their 
general stability because we had no means of writing down the gravitational 
potential of a distorted ellipsoid. 

The investigation of Chapter IV has now provided us with a formula for 
the potential of a distorted ellipsoid, and we can proceed to search for con¬ 
figurations of equilibrium which are of the shape of distorted ellipsoids In 
this way we discover the points of bifurcation on the ellipsoidal series already 
discussed, and so obtain a complete knowledge of the stability of these 
series 

Let us take the equation of the general distorted ellipsoid to be 

+ + = 0 .( 201 ). 

As far as first powers of e, the internal potential of the solid whose boundary 
IS given by equation (201) is 

V,= -Trpabc . . .(202), 

where 

<f>,^F-i/DP + ia/yD^F- .(203), 

and the potential at the boundary, is given by the same formula. 

GEIGERAL THEORY 

79 Let us apply this to the general double-star problem discussed in 
§50 So long as we are concerned only with the search for configurations of 
equilibrium, this problem, as we have seen (§ 52), includes the rotational and 
tidal problems as special cases, although the problems become separate when 
questions of stability are discussed 

The condition that the surface (201) shall be a figure of equilibrium for 
the primary mass in the double-star problem is (cf. § 51) that 

^ - i2/'‘ - + i(o^ («!"- + f) = - wpabc^ - 1 + eP^j 

.... ( 204 ) 
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General Theory 


at all points of the boundary This equation must be satisfied when e = 0, 
and for all values of e for which may be neglected Equating coefficients, 
wo obtain the necessary and sufficient conditions of equilibrium, 


j _ 

jrpabc 


J /f + 


J li + 


/■ 




^TTpClbc 

2^17 pa be 
dX 


co^ _6 
2iTpahc 

co^ _ 0 
2'irpahG b^ 

^0 


= ^Po 


..(205), 
(206), 
(207), 
.(208) 


Equations (205) to (207) arc naturally the same as equations (91) to 
(93) of § 52, it follows that 0 is the same as before, and that a, b, c as 
fiUK*i.ions of /X and 6)“ are also the same as before. 


Since the value of given by equation (202) must satisfy V2F, = * 
we at once have 


Attp, 




giving, on differentiation with respect to e, 


V' 


■rtdx^o, 

Jo A 


so that, in virtue of equation (208), = 0, and Po is a spherical harmonic 


80. Not every spherical harmonic will give a possible value for Po 
For, from the gonoial value of <pi as giveli m equation (203), it is clear 
that a term in P„ of degree >i m x, y, z will give rise to terms of degrees 
51,51-2, a —4, ... in and so to terms of similar degrees on the left-hand 
of ecjuation (208) From the form of equations (208) and (203) it is readily 
seen that the most general form which will be possible for P„ will be a 
.spherical harmonic containing terms of degi’ecs n, n - 2, 5i - 4, , these terms 

only differing from one another by even powers of 2/^ z^ There will be as 
many values for P„ as there are independent spherical harmonics, for when 
the terms of degree n are given, those of degrees 5i -2, 5i-4 can always be 
determined Thus the values of Po correspond exactly to the different 
spherical harmonics, although not identical with them 

81 This result can be obtained rather more simply by direct harmonic 
analysis Poincar6* has given the requisite analysis for the special rotational 
problem ; and inasmuch as the form of equations (203) and (208) have nothing 
to do with special values of &)“ and /i, it is equally true for the more general 
problem now in hand 

* Acta Math 7 (1886), p 259 
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The condition that equation (208) shall be satisfied for any value of is 
exactly the same as that Poincare’s "coeflScient of stability ” (cf § 23) shall 
vanish, and Poincar6 gives, in terms of harmonic analysis, a very full account 
of the conditions under which this can occur*. The discussion is too long to 
insert here, and too intricate to summarise, the principal results obtained 
are the following 

(i) The only type of harmomc foi which equation (208) can be satisfied 
(or Poincare’s “coefficient of stability” vanish) is the zonal type 

(ii) As the ellipsoid lengthens, the first harmonic for which equation 
(208) can be satisfied is the third zonal harmonic, and beyond this point the 
equation can be satisfied in turn for zonal harmonics oi all ordeis from 
4 to 00 

Poincares discussion, being concerned only with the lotational problem, 
deals only with the Jacobian series of ellipsoids, but for the leasons stated 
above, is equally applicable to all our ellipsoidal configurations 

It follows, that on each of the series represented m fig 7 (p 50), as we 
proceed from 8 to (JT)^, we must pass an infinite number of points of 
bifurcation Each corresponds to some value of P^ m equation (201), and 
the different values of Po are all zonal harmonics, the first point of bifurca¬ 
tion IS that for which P^ is of the third degree 

82. The necessity of this result can easily be seen from physical con¬ 
siderations, although it would piobably not be easy to construct a rigorous 
proof. 

Let W denote the total potential energy of the fluid mass under its own 
giavitational forces and the statical field of force (fictitious or otherwise) 
arising from rotation and tidal action When a displacement occurs such 
that the equation of the boundary is altered by the addition of the term ePj, 
as in equation (201), let the new potential energy be Tf 4- STf 

Since the original configuration was one of equilibrium, STf will neces¬ 
sarily be of the second order of small quantities, and the original equilibrium 
will have been unstable if STT can be made negative for any value of P,. 

If TO IS the mass of any particle of the fluid, and V its potential in the 
original configuration, the value of W can be put in the form 

TT = -J2mr 

Now let a displacement occur such that the typical particle of mass m is 
moved to a position at which the potential in the old configuration was V', 

Coll Wol’Jin r'.anv , 0 ^ (1896). and Darwm, 
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and in the new configuration is V'\ The new potential energy will be 
“ so that we may write 

8W = ^Xm(V^r')+itm(r'^V") .(209) 

The first term (F —F') represents the work which would be done in 
effecting the displacement if the equipotentials remained fixed in space The 
boundary originally was an equipotential, so that the work done will be that 
of moving certain matter from positions inside this equipotential to new 
positions outside It is therefore necessarily positive, and the ellipsoidal 
configuration will be unstable if a displacement can be found such that 
—V") is negative and numerically greater than the first term. 

In the displacement just considered let hi denote an average normal 
depth of matter which may be supposed excavated from one part of the surface 
and piled up on other parts, so that phn is the average mass removed per unit 
area of surface The mean change of potential F' — V" for such matter will 
have an average value comparable with (3F/9n)S?i, so that the work done 
Will be of the order of magnitude of 

. ( 210 ) 

The integral is only taken over those parts of the surface where the dis¬ 
placement consists of a depression, this may be supposed to be half of the 
entire suiface Eemembermg that 

when the integral is taken over bhe whole surface we readily find that ex¬ 
pression (210) IS of the order of magnitude of 

^27rpM(Sny . . .. (211) 

This IS the negative value of the first term on the right of equation (209) 
We now proceed to consider the value of the second term 

Values of Po which are of degrees 0,1, 2 in a;, y, ^ result in displacements 
which give rise only to new ellipsoids, so that we need only concern ourselves 
with values of Po which are of degrees 3 and higher. Displacements in which 
Po IS of degree higher than 2 produce a furrow or system of furrows in the 
original ellipsoid W^hen there are a great number of furrows, either the 
ellipsoid must be very long or the furrows very close togethei In the latter 
case the second term on the right of equation (209) becomes very small, 
through the gravitational effects of successive elevations and depressions 
neutralising one another No corresponding effect occurs m the first term 
on the right of equation (209), of which the value is represented by expression 
(211). Hence it is seen that the ellipsoid can only become unstable through 
a many-furrowed distortion when it is itself very long. It is easily seen that 
the more furrows there are in the distortion the longer the ellipsoid has to 

6 


a c 
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be before instability can set in through this distortion It follows that the 
ellipsoid will first become unstable through a distortion in which the number 
of furrows is the fewest possible, namely one, and this is the third zonal har¬ 
monic distortion 

83. The value of P at the first point of bifurcation on eveiy ellipsoidal 
series must accordingly be of the form 

P= |^(ap +/c) . 

and the corresponding value of Po is 


^ X f ^'u- z- \ 




. ( 212 ), 

..(213) 


We obtain at once from equation (203), 

, X { S(P‘ ^ 7“ . 

= ^ a- + /3^, + 7 


0^ 


-^U + « + r7 c^C) A 


\A^B^G 

SO that we may write 

rh 


X X 

+ ^ "T 


. (214), 
(215) 


I . dX-x (aiX^ -t- + a^) 

Jo ^ 

Equation (208) can now be satisfied, and on equating coefficients we 
obtain 

ai = ^ - 

a® 

1 fC 


a.== I 




.(216). 


If we introduce new functions of a, b, c defined by 

r ^dx _ f" \dx f ” \dx 

IXABG’ AA^G’ 


AA^B 


then equations (216) are found to assume the form 

2^. (c^+cs)- ^ ‘’s - 27^ ^ a“ . 

ic8 + ^,(3c3 + Ci)-^Cj = dA . . . , 


3a 

3a 


2c= 






.(217), 

• (218), 
...(219), 
• (220), 


r dX _.K 

2a^Jo AA^ 2b^]o AAB 2d‘Jo AAG'^'^Jo AA~^a‘' 
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Tidal Figures 


83 


Mutiplymg equations (218) to ( 220 ) by 3, 1 , 1 and adding, we find 


A.1 

(A 


= 0 ... 


( 222 ), 


which IS of course merely the condition that Pq shall be harmonic 

The elimination of a/a^, and 7 /c^ fiom these same three equations 
gives 

+ p- -1- (cida +’'CiC3 + ScgCg) 
c)Q 

- + c") + + c') + C 3 (3a= + h^)] +-1=0 (223), 

(t \Oj J 

in which we may insert the value of 6 obtained by eliminating fi and co^ from 
equations (205) to (207), namely 

+ .(224). 

Equation (223) now becomes purely an equation in a, h and c, it is the 
equation which determines the first point of bifurcation on any linear series 
of ellipsoidal configurations 


84 Let us limit our discussion to ellipsoids such that aho = On re¬ 
placing c by r^jah, equation (223) becomes an equation m a, h only, and so 
may be represented by a curve m a diagram such as that in fig 7 (p 50) 
We may examine in particular the points m which this curve will meet the 
spheroidal series of tidal figures and the Jacobian series of rotational figures, 
or, more directly, we may search for the first points of bifurcation on these 
senes 


Tidal Figures 


85. On the tidal scries of spheroids, 6 = c, so that Ca = c^, and for a zonal 
harmonic distortion we have also /3 = 7 Thus equations (219) and ( 220 ) 
become identical, each reducing to 


3a , 3/3 . 


A 


while equation ( 222 ) becomes 


3a^^ 
c" * 


Eliminating a, /3 from these equations, and inserting the value of 6 from 
equation (81) we find. 


2(9 4 

(3c' + 'M) a (3c' + 2a,') (c' + 2ci') 


(225) 


6—2 
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In the special case of 6 = c the integral can he integrated in finite 
terms, and equation (225) is found to assume the form 


4 5 6 - 3e^, A + _ 4 


.(226), 


where e is the eccentricity, given hy = (a® — d‘}jaK On numerical treatment, 
it IS found that there is only one root of this equation, namely 

e =-947741 . (227) 


The corresponding values of the semi-axes are 

a = 214175ro, 6 = c = -6833077-0 .(228), 

and the value of /x is yu, = 1091311. 

On comparing this with the discussion of the spheroidal series given in 
II 48—51, we at once see that this first point of bifurcation is beyond the 
point at which ji reached its maximum. It accordingly follows that all con¬ 
figurations on the spheroidal series are stable up to the point at which ji 
reaches its maximum (e = 882579, = *1255047rp), and all configurations 

beyond this are unstable 


Rotational Figures 

86 The determination of the first point of bifurcation on the Jacobian 
series is a much moie arduous task The integrals cannot be evaluated m 


A 



Fig 14 
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finite terms, and the equations can only he solved by trial and error. The 
calculations have been carried through by Sir G Darwin*, and the solution 
he obtains is 

a = l-S85827r<„ 6 = -814975r<„ c= 6506o9ro. . (229), 

the corresponding value of (o^j^irp being •1419990 The shape of the 
ellipsoid, together with the pear-shaped figure derived from it, is shewn in 
fig 14. 


Double-star Figures 


87 The two points which have just been determined enable us to fix 
with fair approximation the curve given by equation (223), which is the locus 
of all first points of bifurcation. 

For in fig 15, which reproduces that part of fig. 7 in which the series 
of ellipsoidal configurations he, the two points just determined are repre¬ 
sented by the points B' and B". These points are so near to one another 
that we may regard the straight Ime B'B” as a sufficiently good approxi¬ 
mation to the position of the locus in this pait of the plane. 

The curved line 8R''T'' represents the locus of points at which the elhp- 
soidal configurations were found in Chap III to become unstable through 
the angular momentum becoming a minimum. It is clear that the line B B 
cannot cross into the area marked off by this line, so that all configurations 
on the lino B'B" must already have become unstable in the double-star 

problem. 


88 The results which have been obtamed can be now summarised, with 
reference to fig. 15 (on the next page), as follows 

In the tidal problem, only the part ST" of the spheroidal series is stable, 
the part T"T is unstable. The range T'E" is unstable through a spheroidal 
displacement only, and the range beyond B" is additionally unstable through 
a pear-ahaped displacement. 

In the double-star problem, only configurations represented inside an area 
such as SB"T''S are stable; all others are unstable. The configurations 
inside the area SR''T"B''B’B8 are unstable through ellipsoidal displace¬ 
ments only, while the range beyond B’B" is additionally unstable through a 
pear-shaped displacement. 

In the rotational problem, the range SBB' is stable, while the range B J 
IS unstable through a pear-shaped displacement 


» On the pear-shaped figure of Equilibrium of a Eotatiug Mass of Liquid,” Phil. Trans 

198 A (1901), p ^01, or"oo« TFor.. m, p 288 I S) 

was obtained by harmonic analysis, satisfies my equations ( ) ( ) 

215 A, p 53. 


See Phil Trans, 
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STABILITY iW THK PLAR-SHAPLl> FKJUIIKS 


89» II iwH»«irtliii|^^!y <T‘nr that in iht‘ tidal and <ltnibl(‘“Hiar pn»ldt‘inH 
itirn^ all* iiM stiddi* l•H^lt^^l!r^dl^)ns h<*y<aid ilu* aplua’oidal {iiid tdlipHoidal 
aln atiy Hpt*ritirtl: tlin iHntrnhapad rnnfigtiraiitauH an* in i‘V<*ry tw* 
iiiiMliitiii* liavtiig uuHtabla baton* fimfiguratriiaiH an* 

rt‘iiidit*tl. Ill tlo'^ rnfatiiainl pndilonn on tin* othar haiul, tin* bi'iT'h out ol 
ttliiali tiia |i»‘i*r ^4**riaH bifurautoH in ibscdt niabli* up to tlu* p<>inti ot 

bitumit 1 * 01 , flint flta paar-KtuiptHl figun*H^ an aln*ady (‘xplniiu'd in ^ 21, 
tiiin hv lit liar *Hf4b!i* or niiHfabli!, 

Ttif‘ arilaiioit nf stability for thana, paaixshapiil figuroH lias alnwly lanii 
gUiii ill I 21 ; if on paHsing along t'ha harian from flu* point of lutui(*a.tion, 
tha angular niomtmtum fouml initially to inaraana, than tin* Hguras an* 
stabla; if on ftio oilirr ham! it in fotind initially to daaraaHi*, tlum tin* liguran 
nra iiiHlatib*. Ah fir an firnt ordar tarnm, it in obvionn that tlia angnlnr mo- 
iiiantiim ^ull ba ilia HUfua iiH at tha ptiiut of bifuraation, ho that to apply thin 
rritiiioiu nniHt proaaail an far an haaond orihi' tarmn in our daUumination 

of I h*' i*'H, 


This probloiii Ina. tbrmad tha nnhjaat of a, hcuT^h of claHniaal papcu'H by 
Potm'ai»\ Iftrumand LiaponnotT. Tha gmnu’al problam wan firnt 
PoiiiaaraH inomoir in VoL 7 of tha A<i(t MuthfUHtttwu (1HH5), to whicli 
rafan noo has alnwiy baim mada. Tha aritarion of ntahility wan not aaanrataly 
Htiilad haiv, Mild tlif‘ tiaat*Hwny modifiau.tion wan annoimaiHl by Sahwa,ty,- 
Haloidin IHtlll Thabiaauraay of HalnvaimdiildH aribu’ion of ntability wan 
admittad !n Poinaara in a papar piiblihluHl in IbOIf; in thin wum‘^papar 
pifiitanra da\alopatl a mathoil of mrrying allipHoidal harmonic poicmtialn m 
far as tha naaond ordar tarms, and raduaad tlu* aritoriou of Htahiliiy to an 
jilgabraia forim ^Ulhoui howavar umhTtaking tha naai^sHary computafionH. 
At itiiH tha prohlatii was tiikan up hy Ihirwin, who, afb*r praparing tha 
ground by pridimimoy invi^HliguiionHj, publiMltad in 1902 a papt'r|, ‘*lh(*^ 
Stability i*f flta Paar Sliiipad Kignra of K<|uilibrium of a Rotating Muhh of 
FlitidT^ !n itia papar tha aipiation of tha pi^ar-Hhapad figure* wan found an 
far as iwtm of tha haaond orflm*; and its inoimmt of momantuni aah*ulatc‘d. 
This was fotimi to inaraiisa on pitHsing along tin* Ht‘ri(% ho that tin* pt*ar- 
Hliapof! ligiiro \vm nniioum*arl t4i In* nbihla* 


* |%» Hf!littiit^wln!fi. MHiifheufr Imntfh K^hmert* (IHIMI). ^ ^ 

t 111 Hiiaiiho* rnifiiUUm’ <bH n>aHt(»rmcM fttliHUeW par mm Mtw«» Fltiidi^ an 

ryfaliaii/' Plal. PI/ AiiaUl), ta Jm. ^ 

j I’hil. Trnm. 197 A (19011, p. 401; "<)n th.. 

«lt»ir.i (.««»■■ »f KquiliOriinit <.f H UotatitiK Miwh of I.itiuiil." I'hil. 7’m)h 19H A (IWH), p. .till. 

I P/iil. tmm. *illU A flWit U* ‘ial \ al«o paiww m PhiL Tmm, 20H A (UtOH), |n I, aiui 

/'(!«•. Iti'it. Sw, HU A (I'.MKIt, jt. IHH, nil (■omUltiHil ill <»nt( piipor in Cult. Snentijlr I’dpfn, Vol. in, 
p. 817. 
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Darwin’s investigation had not been long published when doubt was 
cast on the accuracy of his conclusions A paper appeared in 1905 by 
Liapounoff^ in which he stated that he could prove that the pear-shaped 
figure was unstable LiapounofFs method was very different from that ot 
Dai win, and a large part of his investigation appeared in the Russian 
language, owing perhaps to these circumstances neither investigator was 
able to announce the exact spot in which the erior of the other lay, and the 
problem remained an open one The method of treatment given in the 
present chapter will, it is hoped, shew the source of the divergence^ of the 
results obtained by these two investigators 


90 As far as the first older of small quantities, the pear-shaped figure 
has already (§ 83) been found to be 


where 
so that 


+ + .(230), 

P = ^ + 7^2 + k) . (231), 




(232) 


The potential of this figure can be found by the method already given in 
§ 70 of Chapter lY, As regards the internal and boundary potentials, the 
terms in e will be of degrees 3 and 1, those in of degrees 4, 2, 0, those in 
will be of degrees o, 3, 1, and so on. It is at once clear that the general 
equation of equilibrium 

Fj + (®2 + 2/2) = _ Trpaic d ^ ^ - 1 + eP„) . (233) 

cannot be satisfied as far as e®, for terms in of degree 4 in os, y, z occui on 
the left of this equation, and have no balancing terms on the right H’o 
satisfy the equation of equilibrium, it is found to be necessary to add terms 
in ^ of degrees 4, 2 and 0 to the left of equation (230), and such terms then 
appear also on the right of equation (233) 


91 Thus, to calculate the pear-shaped figure as far as second ordcu 
terms, we assume the boundary of the figure to be 


^2 y 2 ^2 


where 


+ . (234), 


q = I ^ -t- 2«f+ 2 (pp -p qyf + + s] 

(235), 

* “Sui un ProbUme de Tehebycbef" Mimoires de VAcademie de St tUmhourg, xtii, 3 


( 1905 ) 
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o n nTo. 


+2b;? + n. 


Z- 

h^ c 




... (236) 


The constant term in this value of Qo is not necessary to satisfy the 
conditions of equilibrium, but is introduced in order to keep the total 
volume of the distorted surface equal to that of the original ellipsoid 

The potential of the figure determined by equation (234) can he written 
down by the method already explained We have for the second ordei 
terms 


<^2 = 'Wa + /Ui 

= Q _ - IDQ] +/^ {- tfVit ' (2^0 


If we now put 

I = CiiX^ + C223/^ + Ci3Z‘^ + Cj2 ^'Y‘ + Cqj y'^z^ + c^i 

^ 4 - dix^ + 4 - d^z^ 4-^4 .( 238 ) 

m which the coefificients Cn, .. are determined by comparison with equation 
(237), then the potential at the boundary of the figure (234) will, as far as 
be given by 

-== x^J^ 4“ B d* d0"“ d 

TTpabc 

4- ex (aiX^ 4- (hy^ + + U 4 ) 

4- 4- 022^" + C33^' + Ci2^y + C23J/V + 

4 - dix‘^ + d^y^ 4 - d^z^ + ^ 4 ] . . . .( 239 ). 

The value of co^ m this configuration is not necessarily the same as m 
the ellipsoidal figure, although it must obviously differ only by terms in 
Let us assume the new value to be co^ 4- e^Bco^, where the first term refers to 
the value of co^ m the ellipsoidal configuration Then the equation of equi¬ 
librium becomes ^ ^ 

Vn + i (w^ + eW) (x^ + f) = - Trpahc ^ ^ ^ 

and this must be satisfied for all values of x, y, z and for all values of e 

' Equating terms independent of e we obtain merely equations (65) (67) 

of I 36 These are of course simply the equations which determine the 

* We miglit have obtained an appearance of greater generality by replacing & m this equation 
by an expression of the form e + ed'-^e^S", but it would have been only an appearance On 
equating coefficients we should have immediately been forced to put 0' = O, and the generally 
introduced by the undetermined 6" adds nothing to that already involved in the presence 0 e 
coefficients p, q, 0 and s 
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series of Jacobian ellipsoids. Equating terms in e we obtain again equations 
(216) which determine the position of the point of bifurcation and the ratio 
of the coefficients a, 7 and k On finally equating terms in we obtain 
the system of equations. 


1! 

0 

OM 

— I > 

, eN\ 

Cis-? gS 

1 

^4^4* 

11 



.(241), 


djQ ■ 


d ^ = 1 ^ 

^ ^irpabc ^ a** 


^irpabc 


■ ^ 




— 1 


... . (242) 


92 In starting computations, we may first determine the ratios a jB ^ tc 
from equations (218)—(221), which are equivalent to equations (216) Assign¬ 
ing to a the arbitrary value a = — the values of a, /3, 7 , fc are found to be 

a = --3*556343, /3 = 0 204689, 7 = 0 0679189, a: = 0 506278 (243) 

The potential coefficients Cig, may now be evaluated in equation 
(238) These coefficients cannot be completely determined, but they reduce 
to linear functions of the still unknown coefficients Jkf, N, I, m, % so that 
equations (241) become a series of six simultaneous linear equations in the 
SIX variables i, M, N, I, m, n. 

Solving these equations, the values of these six coefficients are found 
to be* 

£ = -11 71505, ilf = - 0 00583504, = - 0 000808592 

I =-0 00214448, m= 0 232659, n =0 653198 

The values of d^, and d^ may now be evaluated from equation (238), 
and expressed as linear functions of p, q and r Equations (242) now become 
three linear equations connecting the three variables p, q, r, and on solving 
these, we find 


p = 2-278960 + 113-9697 . 

ZlTp 

. (245), 

g = _ 0 044997 - 7 83600. . .. 

ZTTp 

.... (246;, 

» 

r = -0 0140132- 1647351 .... 

Zirp 

.(247) 


Details of this computation and of the checks on its accuracy will be found in a paper 
already referred to. Phil Tram 215 A (1915), p 27. 
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!»i !«j 

Wlirii 111 liHvt* tht*ht» vahu'H, all ilu^ eoiulitioim for o(iuilibrium 

art* H.iiisfif'il Tti** vnhii* «tf h ttm\ ntill in* aiiythiuj^ wt‘ plc^anc, Imi only otK‘ 
\ii!in* Ilf Hill ki’f*]! lla* \ohimi' of tla* <‘<jual to th(5 initial volume, ami 

iJiis \uliie it4 fiitiml to 1 h‘ 

.V - Oi .-iWiH 14 - 1 :{-29!IH!):5 .(24H). 


83 


«Ill'll* 


Ki|ii!iii>iiiti (2 t.'i t 


CiW) itiay l»i‘ wnt.U'ii in Un* {bnn 

() p’ J p"^. <‘U‘. 


r- 


aw" ,, 

.) ' 
iTT/J 


(249), 

,(250), 


iiiiii tin* v.ihn* Ilf (/„ hy (‘iiu.it.iiiu {2.1li) may .similarly bn (‘xpn'HHi'd 

III llii- Ibrm 

V,. q: I cQ"- 


Till* oijiijilion of the houmlary (tnjuation (2114)) now lH‘eonu‘H 


L I 

fH 


\ eJ\ \ 




lliiH will lio ii ft^nro i»f oqtnlihritun whatever the* valm^H of e and f, 
j»ro\iti*‘#l only that they are Huf1i«nt*ntly Hinall. If we* put e »-() hut retain f 
the rt|ltHfn*n hiH*onieK 




lind Itim IS iiii ellijiHoiti whone nmai-axen a\ h\ c' niv givt*n hy 

■■ 1 - IWIMVf. 

1 »{(;;;-I'l-,) - I t 

1).! I - if (."j + s*e' 

flearly then, m f vari<*H with ^l®0, the lignri' oi (*(iuilibriuni cc)inei(h‘H 
with tlif‘ ^arifOiH tlacohian ellipHcadn near to the ptanti cd bifurcation. 

< hi fiiitting ^ * 0 blit fedaining ^ in ecpiation (2*>1) we obtain a Heri(*s of 
tigiireH Ilf equilihriiiin for all of whicli the angular v<*locity h the*. Hame an 
flint lit the jioinf of bifureatiom 

Idle two MerioM of eonfigumtiouM obtaiiu*<l by putting and ^=*0 in 
iHjiiatiofi (2ril) niay be reprimmibal by two int(*rHeeting ntraight Hm*H nuch 
iii 4 Q(H/ ii/fig. Hi, the point 0 being of courne the pointy of bifur- 

eiitioio But the general figun* of isquihbnum repr(*Hented byeipiation (251), 
in witieh e and C linuted only by the condition that and p Bhall be 
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negligible, will be represented by all points inside a certain rectangle ABCD 
surrounding the point 0 in fig 16 They do not fall into linear series, as it 
was assumed by Poincare and Dai win that they would 



Fig 16 


That the two linear series will lose their identity and give place to a 
two-dimensional area seems to be predicted by Poincare’s analysis of which 
an account has already been given in §§ 22, 23 of Chap II For the 
condition that a point of bifuication shall occur at 0, namely A = 0, is also 
the condition that the direction of the linear series shall be indeterminate 
at 0, or, what is the same thing, that the two linear series shall become 
merged into an area as they approach the point of bifurcation 

Thus it now appears that an expansion as far as is not adequate to 
reveal the direction m which the 'second linear series turns on starting out 
from the point of bifurcation 0 The difficulty is introduced by the artificial 
method of expansion in powers of the parameter e, the linear series are in 
reality completely determinate, but an expansion as far as only does not 
suffice to determine them A precisely similar complication occurs in con¬ 
sidering the direction in which lines of force start out from a point of equi¬ 
librium in an electrostatic field^ 

94 Sir G Darwin seems to have carried out his investigation under 
the impression that there would be a unique configuration of equilibrium 
when the calculations were carried as far as and this led him to introduce 
a spurious condition of equilibrium, the effect of which was to limit him to 
one of the doubly infinite series we have discovered f In point of fact, 

* JShil Trans 215 A, p 74 
t For details, see Phil Trans 215 A, p 76 
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Darwin s extra condition of equilibrium could only be satisfied by assigning 
to ^ a special value, namely ^ = — () 015988^^, and this value gives a figure 
whose angular momentum is greater than that of the undistorted ellipsoid. 
Darwin accordingly announced the pear-shaped figure to be stable 

But we shall now see that this special value for ^ makes it impossible to 
carry the linear series on to third order terms at all The condition that it 
shall be possible to carry on the senes to third order terms requires that ^ 
shall have a special value, but this special value is not the one assumed by 
Darwin, it is a value which shews the pear-shaped figure to be unstable, as 
we shall now see 


95 We proceed to calculate the pear-shaped series as far as the third 
order terms. 

An argument similar to that of § 90 shews that the boundary (234) can 
only be made a figure of equilibrium as far as third order terms by including 
in it additional terms of degrees 5, 3 and 1 We accordingly assume for the 
boundary of the distorted ellipsoid, 

5 + |! + 5 - 1 + = 0. (253), 


where Po and Qo have the values already given in equations (232) and (236), 
and 


-R = 1? [KP + + 2V?" + + 2nfY + 2 (pp + + rp) + s] 

. (254), . 

so that 


P„ = i- 


le* . y*‘ . ^ . ni 








^ xhp ^ 


+ s 


.. (255) 


96 We can calculate the potential of this figure as far as e® by the 
formulae given in the last chapter Calculating the terms in e® in formula 
(197) in terms of the values which have now been assigned to P, Q and R 
we find as the value of <p,, 

<^> 3 = S' [15fA2a» + 2|AB«2/3 + 2 |ACaV + 4 . ^BCa/37 + 

+ IV [13^AV/3 + 7-|ABa^/3 + 2|ACa/87+ +fBC/3^7 + 

+ PP [13^A%V + 2^ABa/37+7^ACa7" + |B=>/3274 f BC/S7^ + l^Cy] 

+ [ 1|AV^ +l|AB/3= + tAC^7] 

+ IP [ liA=a7' + |AB^7^ + 1|AC7»] 

+ [ 3f A^aid7 + 2-^AB/3“7 + 2:jAC^7'*] 
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+ f»/c [J:^iAV +2iABa/8+5i.iACay + f- ^C'V'I 

+ [ :i;JA-^a^ +2.1AB/9->+ ''JAC/371 

+ r •‘ 5 'lA“a 7 + ■'|AB/^7 I 21 AC 7 ’‘| 

+ r nA'-’a + iJAB/iJ + ;iAC7l 

— p I SJA/^a + iB(M I (■ 10 {Lj i 

-fV r MAC/^i^-l 2 "«) + ']B(i/a I -Iiifi) f \C{lft j «7)| 

f I'iA(/.7-1 2 wa) + IB (/a ( t *(7) t ■,*C(A'a t 'i«7)l 
r 2A(il/« ^ 2n/i) ■{ UBil/^ ! iCcA/y I 

I ilA(iVa + 2//7) + iB(A7:J + *2/7) I-I/.C.Vy) 

— I •:!A (la -t n>li ny) t IB (My f- 2//i) I '{C (Nfi i Hy) \ 

— [ 1 iA (//« 4 - 2 a/)) ■) jB(///e h aij f fip) + JO (;«« +7/) ) (»>ij 

[ i|A ()/« 4 «)/ I-/i/>) + i[B ) ,JC (/« +7«/ t/^r)! 

f ;[A ()/)«• + 7/) 4 «/■) t JB(/«' I 77 fir) +■ jC (.W ■> 27/‘)j 

— ^ [ iJA (2/)«: + .va) ) iB(2(/A- 1 .s/-i) t >C(2)'*‘ 1 m7)| 

+ .1 f lltr f- Mv' + t ‘iU/t’ I- 2mrf* ’V'* f - ipf't W + rfO + »! 

-^■y | 2 (I 1 AV+ ('JtBM" f cy t (i,‘:,A''’ 8 a 7 -i f (i «,A-'C «-''7 

+ UABXa/fcl'' t 1<AC’«7-'+ l|ABCa/i7 ♦ ,'„B'‘0/i"7 f ,1,80^ 
-Hf l«.”.|AVi3 t AgA'-'Ba^’ + 1 JA''-Ca/^7 t 2};!AB'y » l\,kO‘fiy'> I 1 ‘ABC/f^7i 
-ffy [<iniA-V 7 +UA»Ba/S 7 4r.5A'’'Ca7'' I ;;,AB)f4^ ) 2i,|AC'7' ( IiABC/^ 7 '| 

— If [ (i I’kAW* +1 JA'‘Bo/9/e +1 ’A*Ca 7 r t- 1 /J.ACyv i 'ABC^V 

t if Ml/'rtA=/:« 4 -i 3 flB^(Jl/a 4 (\iOHNa k-iny) } jJABCM i 2«a) 

4' ^AC <7*7 (■ 2/«a) } |BC </« I md > « 7 j| 
+ L}llA»(/v/« +2«.a) + 2|«BW/i+ frtC»(-V/» t 2 / 7 ) (• 1 JAB (4/a ( tiuiS 

+ iJAC (la 4 - m 0 t uy\ + jJBC (4/7 ( 2 //:J)l 
+ H''f [}iJA=(A7 + 2 w/a) 4 - i\B^My ( 2 // 7)4 ‘il.jC'.W/ t JAB (/«4 /«rf+ «7) 

4 lJAC{A'a ( “hiyi \ iBC(X)d I 2/7}) 

+ if ri,'lA“(///K+2a/>) f /J, 8 “( 4 //f 4 ' 2 / 7 f/) + ,i,C''’(.VAr! 'Ayr) ( aAB(«« H»f/ »/ 7 /i 

+ jJAC («)« 4 yp } ai'l »' JBC {/«■ ( 77 (■ 0r) 

-if [ll 1 LA 4 -.lnB 4- JmCl 

-iff L ^lA +-imB+ lie I 

-ffy[fmA + llB 4 - jiWCl 

-if [ JpA +l(iB 4- ircl4-f/«r7 


(2r»(i). 
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■where/ stands for + Bif + — 1, and G is given by 

G = k 4- 

+ t|AC%/ + ^ABCaBy + 

- - ^A=B (L^ + 2na) - JfA^C (Ly + 2??ia) 

- {Met + 2n/3) - ^AC^ {Not + 2ny) - ^ABC (la + + ny) 

- BW/3 - i^C=Ny - i-^B^C (My + 21^) - (NB + ^h) 

+ ilA^H + ^B’‘ilfil + + ^i^BCl + ^ACm + ^ABn .(257). 

With this value for <f>i, let us put 

[ 'hdX = x (C„a>‘+ t^y^+ tss^H Ci2«'/+ tuAx‘‘+ + 1'4) 

^ ... (258) 

The value of Fj the potential at the boundary is 

d\ 

Vb = - x-pabc j ^ [/+e(f>i + e^(pi + e^(l>s]-^, 

the condition that the figure (253) shall be a figure of equilibrium is, as in 
equation (240), 

( ^2 /^2 

-, + f, + -,-l + ^^o + e^Qo + e^Ii, 
.(259) 


r in 


On equating coefficients of terms independent of e, and of terms in e and 
this equation -we obtain precisely the systems of equations which have 
been already obtained and discussed, on equating terms in we obtain 

-r (Cnx* + £ 22 / + 








+ 2n^;+2(p^, + qfi + tJ) + 0_ 

On equating coefficients, this is found to be equivalent to the separate 


equations 


til = i ^0 ^ > 


= 1-^-1, 


£28 = ^ 


a^b*c* 


^•1 — ■! Tie P : 


r =i± 

£22 t(j2jl,8- 


f _ 1 ___ nt 

£3l-^„6g4"F 


7l4 = i|8 •• 


* a'^c^ 




. (260), 


£i2--i-(je64« 

f3=i^t -• (261), 


.(262), 
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and these equations, in comhination with the first and second order equations 
already discussed, express the condition that the third order figure (253) 
shall be a configuration of equilibrium 

97 The numerical discussion of these equations proves long and tedious^ 
We first write down the values of Cn, C 12 , etc. by a comparison of equations 
(256) and (258) As a typical coefficient may be given the value of C 12 which 
IS found to be 

Cl, = [” [ISiAV^ + 7|ABa/3^ + + |BC^^7 

+ |C®/37®—l^A(Z/3 + 2?ia)-|B(Ma+2j?iS)—:JC(ia + m/3+n7)+^n]dX. 

- + 6xiA=Ca^7 

+ l|AB'a/32 + IfAC^OT" + liABCa/37 + T®5B'^Cy3'7 + dX 

- j” ^i^‘[6x®5A'*a^/3 + SIA^Ba/S'* + liA^Cafiy + 2|fAB'‘;8= 

® + ^ffACW + liABCiS^7] dX 

+ Lit(i/3 + 2na) + 2if B^Jlf/3 + + ^ly) 

+ 1-^AB {Mol + 2ti^) + ■^■AC (lo. + 991/3 + ?^^) + ■! BC (ilfy -1- 2^/3)] d\ 

+ J" [ 6 T\A“ia + ^B^ (Ma + 2n/3) + (i"a + 2 re 7 ) 

+ lAB (i/3 + 2na) + |AC {Ly + 2ma) + ^BC {la + + ^ 7 )] dX 

- Jo ^ 

- /' aZ* 

and on computing the numerical values of the various terms this reduces to 

Cl, = - 0 00027991L - 0 0093206i*l + 0 0103775N 

-0 00458151 -0-0016151m + 0 0040268n + 0 0042388 

The remaining e-coefficients may be similarly evaluated, and equations 
(260) then become a system of six linear equations from which to determine 
the SIX unknowns %, JM, 'N, 1, m, U The solution of these equations is 
found to be 

1L = - 12 6275, iW = -00307056, H =-0 0044636, 

I = -00116194, TO = 042602, n = 1 15365 


* Por fuller details than are given here see FhiL Trans 217 A, p 20 
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98. We proceed next to the three equations (261) On comparison of 
equations (256) and (258) it is found that the values of bj, bj are of the 
forms 


rcc 

b, = s,- 

Jo 

Jo 

J 0 


5^ afAH.i,B + JrC)<iX+H/• -2/) JX, 

S^(J,A + i,B + i,0)dX + J,/;^*^-2/;^iX. 

^,J,A + i,B + JtCXiX + ir/; 12/; ^„<ix, 


m which Sj, S 3 are quantities which do not depend on p, q, r, S. The values 
of §1 and 5.2 are as follows 


= J ^2 [«( 13 ^ + 2J ABa;8 + 24 ACay + 16 ^/ 3 = + 1 BC/37 + ICV') 


— 1J A (Lk + 2ap) — -|B (nic + aq + /3p) — (m« + py + ra) 

+ 261 A“a^ + + TlfC-’7^ + A^Ba=>;8 + 6j%A^Ca:^y 

+ 1|AB^a^2 +11 AC<'a7'^ + li ABCa^7 + -ftB^CySV + 

pCC 

~Jo [6TS-A®a^+l|A^B«^ + l|A2Ca7+T-\AB^^N-T]fACV+|ABC;S7]dX 

/.» j 

“Jo [SykA^-^« + f\B^ (Ma + 2,1/3} + (Wa + 2 ^ 7 ) 

+ IAB (X/3 + 2wa) + |AC (Ly + 2?na) + -IBC (la + m/9 + 117 )] dX 
+ ^2 [fffA-' (Zk + 2ap) + -jV B'-* (M/c + 2/3$) + (Wk + 27 r) 

+ |AB(n/c+a$+/3p)+fAC (mA:+ 7 p + ar) + ^BC(Z/e + 7 $ + /3r)]dX 


- f A (n/c + aq + /3p) — |B (Mk + 2/3$) — JC (U + 7 $ + /Sr) 

+ 6T^A“a“/3 + 5 2 A^Ba/8^ + l|A“Ca /87 
+ 2|^AB=/9'' + y'VACW + ^ABC/3V] 

00 

- 1^ ^^[6^AV+llA^Baj8+liA^Cai8+i>^AB^/3^+^^^ACY+iABC/3y]dX 

~ /o* + 2||BW/9 + (i \^/8 + 2 ly) 

+ 1-|AB (Ma-h2//j3) 4- -lAC (la + mj 8 -j-ny) + f BC (My + 2lj8)] dX 
4 - |AB (n/c+ aq-i-/3p) + ^AC(m/c+yp~j~ar) + ^BC(l/c + yq-i‘/3r)]dX 

+/o'” KIb^ + IBiW+id] dx, 


J c 


7 
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while t.h(‘ value of S, may Ix' at, oiuv writ.t.e!i <iown by iut,ereha,u-e of leller.s 

III 

The t.hrcw (>(|uat.iiuiH (‘idDeau now he writ,feu in Uu‘ fm-iu 

Cf/A. \ 

A.r ^ 



["MX .f 

lo Ad“ -Jo 

' • >^C 

id 




" (\ ' 

f '' A<l\ 

1, 0 ■ 

. f' Br/X , 1 

dX ^ 

Jo AA/{ 


M„ AA/i 

„ AA/r-i 


r. S..-‘2 
■' Cdh 


, r Ci 

A. 

/' 


0 AJ 
Cf/h 
AO/^ 
(/ 

AA/{ 
</\ 


Vcihn). 




f K A/le+XiJ. + a.'k, ij„ A.ii;-) 

juul p, q, r il(» not, oeenr in the right-hand inemherH of thohe e<inationH. 


99. Thes(‘, (MiuatiouH appear at lirat siglit to he a Hy.Mtein o( three Miinple 
litH'ar equation,s determining p, q. t. hut tliis proves not to he the ease. Let 
the e<|uations he written for brevity in the form 

A-,p t/r/q d ^'i"r ISii j 

/.•«p + A'/q + /‘’''i' B,. .<‘2<54). 

/>nP i /o'q + A'/'r «ia.J 

Then, by Himple transfomiation of the inti'grals, the values ol the eo- 
eiiifiientH k, k{,... are found to he 


Av 

/»’:s 


1 , 


4(/,“' 


2 

4rt»' 

^\h 

;{ 


4a“ 

^2* 

, <■„ ar(‘ 1 


/c.'a, 










With thfiHi' values assigned to ki,k\',. . it will he found that i-quationH 
(218) (220), which are the ispiations di'termining the third-harmonle din- 

plactiinent at the point of hifnnMition, assume the form 


2A'|0( t- ‘"Iky fi “H 2A'/^'y, h \ 
2A-„a -1- tk^fi -i- 2L;'7 - 0 
1 'Ik^ti -t- tkf>y » 0 j 


(‘itlfif 
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Stability 


On eliminating' a, ( 8 , 7 we have the relation 


^ 1 ? 

h', 

k," 



^2) 

h'. 

k," 

= 0 ... 

. ...(267), 


k/, 

h" 




which determines the condition for a point of bifurcation. 

On inspecting equations (264) in the light of relation (267), it becomes 
clear that in general the solution for p, tf, r is p = q = r = 00 , the ratio of these 
quantities, from equations (266), being that of a ^8 7 With this solution 
the third order terms J 2 o become identical with the previously found first 
order terms P,, and the attempt to extend the solution to the third order of 
small quantities has failed entirely 

It IS, however, easy to find the condition that equations (264) shall have 
a finite solution For, assuming p, q, x to be finite, and multiplying the three 
equations (264) by the minors of k/', k^", k," in the determinant (267) and 
adding, we obtain 


ki, 

kz, 

ki, 


'1 ? ^2 

k: 

h', 


V, 


h', 



= 0 


(268) 


When, and only when, this relation is satisfied, there is a solution such 
that p, q, r are finite, and there is a genuine third order solution 

After some transformation, this equation can be put in the simpler foim 








(269). 


The coefficients in brackets are known, the quantities WiuWiz involve 
'P, q, r and so also Sco^ linearly (c£ equations (245) etc), and the equation is 
seen to be a linear equation for So)\ Carrying out the necessary computations, 
the solution of the equation is found to be 


Sft)® 

27rp 


= 0 0074231 


(270) 


This gives the value of on the true linear series, if we attempt to 
carry the solution beyond terms of the second order with any other value of Sco^, 
the solution simply lapses back to the first order solution already found We 
notice that increases initially as we pass along the pear-shaped series 


100 On inserting into equations (-245)—(248) the value of given by 
equation (270), we obtain 

p= 3124954 . (271), 

y = ^ 0103164 (272), 

r = - 0 015236 (273), 

5 = - 0 256962 (274), 

7—2 
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thus completing the figure as far as second order terms We have now a full 
knowledge of the second order pear-shaped figure, and so are in a position 
to determine whether or not it is stable 


Calculation of the Moment of Inertia 

101 The question of stability of the pear-shaped figures turns, as we 
have seen, on whether or not the angular momentum M of these figures in¬ 
creases or decreases as we pass from the critical Jacobian ellipsoid along the 
series of pear-shaped figures 

The moment of inertia M¥ of the pear-shaped figure about its axis of 
rotation is given by 

Mk^ = jJJp(a)^ + i/^)dwd^dz . (275) 

We have determined the coefficient s so that the mass of the pear-shaped 
figure shall remain always equal to the mass of the oiiginal ellipsoid. 

We accordingly have M^^wpabc, and equation (275) reduces to 

. 

the integral being taken throughout the pear-shaped figure 
Transform to new variables y\ z' given by 

X = ax', y = hy, z=cz' .(277), 

then equation (276) becomes 

~ ^ dfdz . (278), 

and the integral is now to be taken through the volume bounded by the 
surface 

Lx'^ My'^ 


+ 2/'*= + -1 + e|(a5 ^+ 7«) + ie' 


+ ■ 


¥ 


+ . + 6 ‘ 


= 0 


(279), 


which IS a distorted sphere of unit radius 

' Let r denote the radius vector to this distorted sphere in any direction, 
so that r- = x'^ + y'^ + z'^ Let us again transform to coordinates x, y, z, 
given by 

«'=rx, y=rj, / = rz, 

so that X, y, z are coordinates of pomts on a sphere of unit radius. Equation 
(278) becomes 

= r*drdS . (280), 

where dS is an element of surface on this unit sphere. 
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Equation (279) becomes 

, , X / ^ z^\ x/c 

r^-l+er^- a- + /3|-,+7- +er —+ 


Xx^r^ Mj^r^ 


+ -1-5 =0 


and this may be regarded as an equation to determine r Let its solution be 
supposed to be 

r = 1 4- 6/-I- e^g + e^h+ . ... (282) 

Then, on carrying out the integration with respect to in equation (280) 
we obtain 

JJCa^x^ + by) (1 + 5e/+ 5eV + dS. 

Clearly the term (a^x" + by) (5e/) vanishes on integration, so that t may 
be put in the form ko‘ + Ak^, where 

k<,^ = i(a^+b^), 

A¥ = IJ(a^K^ + by) (g + 2 /^) dS 

The values of f, g are readily found from the condition that the solution 
(282) shall satisfy equation (281). Carrying out the necessary computations, 
we obtain 

V = 0 844105, 

A/fc^ = -0 079156e^ 

so that the moment of inertia is given by 

ilfyfc^ = JfV(l-0 09378eO .(283) 


The Stability Criterion 

102. Collecting results, we have now found for the pear-shaped figure 

^ = 014200 (1 + 0 05227e^).(284), 

= 0 8441 (1-0 09378e^).(285), 

whence it is readily found that the mom‘ent of momentum M is connected 
with the moment of momentum Mo of the critical Jacobian ellipsoid by the 


relation 


M = M„(1 -0067656^). (286) 


Thus it appears that M < Mo, the moment of momentum decreases as 
we pass along the pear-shaped series This series is accordingly proved to 
be unstable. 
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103, Tlu‘ tUct that tia* j)i*ar-Hlui{K‘(l m^ricns is initially unstahlt* hlaa^s that 
a rotating mass (‘annot nvolv<' by slow HcHsilnr <‘Iiang<‘h tlirotigli a, staios of 
])oar-HhajHHl fignnu llhs Honnnvhat ditniniHlins tlu* intnrnst of (ho poar 
shapiHl H(>rn\s in tlu‘ ptobhan of ooHniogonVi but nt^vortholoss it rtutiains im 
portant to obtain as ch^ar an iit^aas wt‘ vim of tlio naturo of l.his wrios Kor 
wo shall find, wluui W(^ oomo to tlu‘ (hscussion (d’dynainioal niolions, that tlio 
unstabl(‘ siumss a,ro of tin* utmost importama* in diro(*ting tin* <*ourho of dy 
nnmioal or cata.c‘lyHrnal motions such as (H’our whon staJicid ovadution is no 
longt‘r posKiblo, 

11100* IS nothing in ubstradi tlH*ory Ui pn*V(‘nt us fdlowin^ out tin* f*oii 
figura.tion of tin* jioar-shapisl .st*nt‘H as far as wc* liki*, but tho lahtiiir of 
ooinputation would bo so gn*at as to maki* this oourso tnijiraotioabto, 

A problom whi<‘h admits of V(‘ry muoh oaHi(*r solution is (In* t wcodimonsioital 
probl(*m of traoing out tho st*(|Ut‘nt*o of tamfigura!hms of a rotating <n*Iindor 
of litpud. So far as tin* throoulimonsional oast* 1ms boon sohod, tbo analogs 
botw(‘<*n tin* two dinn*nHional and tlir(*(*nliinonHioual oasos is s«» vory tdtKso 
that wo may r<*aHonably hop<* that it will porsiwt b<*yoinl If ibis is so, \u* vtm 
dist*ovt‘r tho g(*iu*ral nai.nn* of tin* solution to tho tliroo ditiionsional proldom 
hy <‘xaruining that of tin* min*h Hiiuph*r t woalimousionnl problom Wo in* 
(mrdingly turn to a diKoussion of tin* t wo-dimonsional problom* 


Tun (l)NKmnuATinNs of KtgmnnHinM of 1{otatino 
LiQtOt) (lYmNOKUH 

104, Lot Aba',//) 0 b(* tin* otjuation of a oyIindri(*a! boundary in tin* 
plam* of d\ //, and fm* Himpli(*ity lot uh assunn* tho axis of to la* oiio of 
Hymnu*try. 

lad. U8 c*hango t.o t‘omph‘X variiird<‘H i? dotimal by 
f 4 . V//, 1 / * * a* ///, 

and lid. tin* oajuation of tin* ourvo b(*eomo 

y*(f» 0 .....*,,,..,..{^871. 

If tho ijrigmal oairvt* was Hymmotrioal about t-ho axis of ,r, tho fiiiiotiuii/’ 
must of courH(^ In* Hymm(*tri<‘al m fund tg 

Ti> write* down tin* pot(‘ntial of a homog<*m*<»UH oyliudrioal mash liiiving 
(!2B7) as tin* <‘([uation of its eroHH-Hia'tion, wo wdvo tho t‘<|mition oxplioith 
for lo,t tho Bolutioii bo 

^(r;)4f(r/) ..,.,,,.,42881, 

wh(‘ro and ^(r)) an* tt^rms in aH0(*nding ainl <hwi*iidiiig powiu’s of #/ 
rospeedavody, say 
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Then it can be verified^ that the potentials of the cylinder, assumed com¬ 
posed of homogeneous matter of density p, are given by 

F, = Trp I cp iv) dr) - j + cons ... (291). 

Fo = 7 rp||' '^ (^) d^ + j •vj('(r;) (ii 7 | + cons . ... (292) 


105 Now suppose that a cylinder of matter of density p has for its 
equation or 

when there is no rotation, and that under a rotation co, this gives place to a 
boundary of equation 

^rj = -h Ui (^ + v) ^2. -h + • * • 

or, in polar coordinates, 

+ 2air cos 0 + 2a^r-cos 20-h . • (294) 

The condition that the surface (294) can be a^ figure of equilibrium is 
that, at every point of the boundary, 

i ^ . .(295). 

Since the value of F at the boundary is given by equation (294), this 
condition readily transforms into 


Vi 4“ TTp — 7rp 



2 ^ 1 ^ cos 9 + 2 a 2 r^ cos 26 + 


) 4 - cons = 0 
... (296) 


This expression must vanish at every point of the boundary; it is readily 
seen to be harmonic, and so must vanish at every point inside the boundary 

From equation (291) the potential must be of the form 


V, 


rn=oc 

= 7rp 2 

Iji-'i 




4 - a cons 


(297), 


where 63 , 62 . ••• functions of * .. Hence equation (296) assumes the 

form 

26n (P + ^ 1 “ 2~) (? + '^) + <^2 (^H ^ 


This must be satisfied at every point inside the boundary, equating co¬ 
efficients we obtain 



* Phil Trans 200 A (1902), p 67 


.(299) 
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I’ln'Kc un' tih(‘ conditioiiH t.hati th<> Hiiffacc {‘2!>4) Hliall lie a 

of <‘(|iiilibnum midor a roiaUon f»>. 

Th(‘ points of l)ifiir(‘aiion and points at whiidi roaohos a liirniii% point 
will b(‘ <h‘t(n’nu*n(Hl by th(‘ llossiaii of this systton of tH|uations naiiiol) 

dhi ^ \ (^Ih I 

da I \ 27rp) ’ doi 

dh^ dL m ^ 1 

\ 27r/> ^' 


If it W(‘U‘ possibl<‘ to caloulato tln^ />h in tonns of tin* os niifl oipia 

iions (2b9) and (IKK)) in tlu‘ most gmun-al oaHi% wo should oluiiin a tsunploio 
knowlinlgi* of all tlu^ linoar siudos and tluur points of bifiiroation Af^ tins 0 % 
not ))OHsibh%W(‘ start from a known oonfignration untl truoo oiii «‘onli)pniition;, 
by following tin* diflbnuit s(U’i(*H. 

106 Thv, Himpli*st configuration is tin* cdroular ont% for whitdi 

0 , -n., o, ... 0 . 

\Vi(b tln*S(‘ valuers all tin* /fs vanisln and o(|ualions arc Hufislioti for 
nil vnlut‘s of an Idms tlnu*o is a- Iirumr sorios of nroular oiuifiguialntns, along 
which a> iiu‘r(‘a.H(‘s i'nnn zero upwards, and this is olHions!\ th** tws* diinrn 
sional analogin* of tin* H(*rn‘H of Maidanrins sphoroids. 

To search for points of bifurcation on this sorii^s we c\amiii<* ciuifigiira 
t.nms in wliicdi n,, 0 ,,... an* all Hinall. Ncg!<*cting sijii.ircs of tln'»o fuisdl 
<innntiti(*s (Hpuition {2db) bt*c(um‘,s 

- o '*4 o,(t; } o®t; 4’ 0 .^( 1 /* | ab/ *1 I ... 

S(» that, by coinpariHon with <*(|uation (2HH). 

<^(//) n, I f/p; 4 on/' f ... 

and, from p291), 

!o,(|^ + t;)4-io..(f' } tp) \ .\op|‘ f I .. fo c 

(Comparing with cijuation (2b7 >, tin* value of h,, is m mi to b.^ /n Tine, 

tin* determinant in er|tmtion (200) inalueoh to its h-ading diagf»mih ami tin 
points of bifurcation on tin* circular series arc gi\cn by 



As a, typi<‘al solution we have* 

M* . I 

» I - 

Z7Tp ft 


* Of. ^ 22, IS 21. 
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corresponding to a distortion of the circular section such that alone occurs 
in equation (293) The different points of bifurcation correspond to the 
different integral values of n 


107 The value ^ = 1 may he rejected at once, since the correspondmg 
displacement is merely a rigid-body displacement of the cylinder when at 
rest Thus the first real point of bifurcation is given by n = 2 At this 
point 

2-rrp 

and here the series of circular configurations loses its stability. The branch 
series has for its equation initially, 

7*2 = a- + 2a2r^ cos 6 . (301), 


so IS of elliptical cross-section 

When is small, the value of has been seen to be But when the 

boundary is determined by equation (301), the values of the h s are easily 
determined, -whether is small or not Equation (293) reduces to 

+ v^), 

of which the solution is of the form 


whore a is a root of 


^^a7]+q-i7) ^ + 

a = a2(l 4- o?) . 


... (302). 


Thus the general value of is ia and all the other b’s vanish The 
equations of equilibrium (299) can accordingly be satisfied by a surface of 
boundary (301) for all values of a. Thus the branch series through the 
point of bifurcation just found is a series such that varies om to oo in 
equation (301) The configurations form a series of elliptic cylinders, whic 
aie obviously the two-dimensional analogue of the Jacobian ellipsoids 

The conditions of equilibrium (299) reduce to the single equation 


^a = 


. 


(303) 


which on combination with (302) gives 

27rp ^ ^ 


(304). 


Thus as we pass along this elliptic series, a>^ decreases fropn wp to 0 The 
angular momentum is however found to increase, so that the series is initially 

stable 
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108 To search for points of bifurcation on this series, we have to examine 
configurations for which all the as are small except We readily find that 
hn must be of the form 


; 1 + a^ 


dn 


+ terms linear in ( 2 ^ 4 . 2 , 


Hence when m < n, db^/da^n — 0 , and when m = n, 

dhn _ 1 + 

dan n (1 — 2aa2) 

Thus in equation (300) all terms below the leading diagonal vanish, the 
determinant reduces to the product of the terms in its leading diagonal, and 
the equation for points of bifuication reduces to the separate equations 


1 + CiP' (iP 


(305) 


Simplified with the help of equations (303) and (304), this equation is 
found to reduce to 


1 — _ 1 + 
■~ 2 “' "“TT" 


. (306) 


This equation is readily solved by graphical methods In fig 17 the 
curve which is concave to the axis of a is the parabola y = - 1(1 - a^), while 



the remaining curves are the graphs of 

14-a^ 

for the values jj = 3 ,4, As we pass along the elliptic series, starting from 
the point of bifurcation with the circular senes, we may suppose that we pass 
along the axis OP in tig 17 from a = 0 to a = 1 . 
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iooj Jiotatiuf/ (hjlhulen 

llit‘ piU‘rH(*cti<)iis between paiabola and the other curves 

will rt‘preHc*nt the difbuHait points of bifurcation And, just as Poincar6 
ban sluavri to be ilu' cast* in tlu^ tliretMbmtaiHional ])robletn, so wo see hert^ 
tbati ifu*rt* is tait* pt»int of bitureat-ion of (*ach of th<* ord(*rs n — 3, 4, 5,and 
that tht*y octnir in this ordt*!’. 

Tht* <*lliptH%‘tl H(‘rit*H accordingly lost^s its stability at tlui point of bifurca¬ 
tion H 3. Tlu* ptKsititai of this point is ohtaiiusl by solving cHpiation (30G) 
with n j)ui t‘t|ual to 3, and tin* solution is rt‘adily found to bo 

From e{|uations (303) and (304) wt* find that at t.his point) of hifurcation 
rir*» fTT/a a,nd - llu* (M)uftgiuation at tlu* point of bifurcation is ac- 


ctmlingly tin* t‘lhptic (*ylindt*r 

.ow), 

ta\ in (JarU^Hian (^^ordina^t‘s, 

. (308). 

109. K car tin* point of bifurcation, tlu* conliguiation of tlu* n(‘-w lin(*ar 
M*rieH will hv tl(‘tt*rnuat*d by an ispiation of tlu* ftinn 

VO f («09), 


and this is at tmce st‘t‘n to bt* analogous to tlu* p(‘ar-Hhap(*d seri(‘s in thioe- 
tlimi*iiHionK. 3du‘ probh‘ni b(‘for<‘ us is to <*xt(md this H(u*i(*.s as far as possible 
in the hopt*, wlutdi will In^ found to bi* fully justiru‘d by the event, that the 
series will bt* found to bt* (*los<‘ly analogous t<i tlu* thn*e-dimenHional series, 

Lt*t us asHumt* ftn* the g(‘m‘nd configuration an (expansion of the. form 

*.(310), 

1 I M l j 

where 0 is a paranu*ti‘r which vaniHh(*H at the point tif bifurcation and con¬ 
tinually in<‘n*aHt»s as wc^ pass along tlu^ s(*ri(‘H. The corr(*.sponding value 
of fM> may be Huppos<‘d giv(*n by 

I - 2 ““^ =- a„ 4- + 8.^;* ^1 +.(:ui), 

it being immediately ftmnd that terms in 0, an* unneccissary. It has 
already lu'tm Het*n that 3(,, which is tin* vahu* of 1 — at the point of 

bifurcation, is (spial to J;. 

Ltd. us suppose that etpiation (310), solved (‘Xplicitly for has tht*- 
solution 

^ m ^ .) .(312), 

wlu^rt^ fo is tht^ alrcunly known value of f wh(*n 0 0 , and is a general 

s*‘ric*s of ascending and doHCt*nding powtsrs of 17 , say 

*V|? 7 . ,+s^irr^ f .*.(313). 
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From this expansion for the value of Fj can at once he written down , 
it will agree with equation (297) if we take 

= {n = l,2, ) (314) 

V ^TTpJ 5=1 ri 

The equations of equilibrium (299) which must be satisfied are however 
of the type 

so that the conditions for equilibrium are that 

(,i = 1,2,3, ) 

}}/ 

for all 5 ’s Thus in order to satisfy the equation of equilibrium it is merely 
necessary that shall be of the form (cf. equation (313)) 

= sC^i + 2gCa 77 + 35 ( 7397 ^ + . + 5_i77“^ + 5_297""^ 4“ . . .(316) 

To introduce the limitation that the curve shall remain of constant area 
we must have 5_i = 0, as is at once evident on considering the form assumed 
by Fo infinity To keep the centre of gravity at the origin we must 
further have 5_2 = 0. If we replace 5 _ 2 , . 9 - 3 , . by new symbols s(7-i, 6 ( 7 - 2 > •• 
we may write equation (316) in the symmetrical form 

^ 5 ="^“ 91^77-^.(317), 

n= - 00 

in which there is no term in gC'o and we know that g(7_i must ultimately be 
zero in order that the centre of gravity may remain on the axis of rotation. 

Thus we have found that the assumed equation (310) will represent a 
configuration of equilibrium provided the explicit solution for ^ is of the 
form (312) in which etc. are given by equations of the type of (317) 

110 Let us introduce ^ 0 , |)i, jpa, ••• defined by 
= f = fo; 

Pi ~ ^ 0 ^ 1 ? 

= ^ 0^2 + 

Pi = So?3 + §2^1, 

Pi = 80^4 + ^ 2^2 + 184 ^ 0 ) etc. 

Then on substituting for 1 — co^^l^irp fiom equation (311), the supposed 
solution (312) assumes the form 


27rp/ 


.(315), 


... . ( 318 ). 
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This IS to be a solution of equation (310), so that the following equation 
must be an identity. 

'n •••) 

5=00 ( n=oo ] 

4 - 2 ^MsC'o-l- ^ (^ 0 +Pi^+^ 2 ^^ + • 0^]f —(319) 

s=l ( n=l ) 

To avoid the useless printing of terms which would ultimately be found 
to vanish, we shall at once stiike out all coethcients gOn of which the true 
value is zero. Accordingly, m place of the general equation (317), we assume 
separate equations of the form 

+ Cl - C_i77”^ - 3 c_3^“^ — 5c„57?-^ - .(320), 

^2 = 4c?4?;® h- + 0 do7]~^ — 2d-2V~^ — 4cZ>_477“® — 6d-Q7]~'^ . (321), 

^3 = Be^T)^ 4- + Cl - - 3c_3?7’-^ - . (322), 

?4 = -h 4/4 V + 2/,^ + 0 /oT?-^ - . . (323), 

and so on In these equations terms such as 0.have no value but are 
written in for completeness The quantities fo etc do not themselves 
vanish but represent the quantities gCo, ^Cq etc which may have finite values 
Each of the series |i, ^ 2 y ^ 5 ? ^ 4 , * extend to infinity, but we shall not require 
more than the six first terms written down to give the approximation to 
which we are working. We shall assume three similar senes for I 5 , fg and 
the coefficients being denoted by the letters g, A, ^ respectively. 

Ill Since equation (319) is to be an identity for all values of 6 and 77 , 
we may equate the coefficients of d and shall obtain a system of equations 
which must be true for all values of rj The equations obtained by equating 
coefficients of 6, 6^, 6^, are found to be as follows 

771^0 = 4-1 ( 77 ^ 4 -^ 0 ^) • •• . (324), 

{v - f ^ 0 ) 1^1 = Cl (»7 + fo) + c, (y® + ^ 0 ’) .(325), 

fo) f 2 = fjOi® + c,pi + Cj (3^5 i ^ 0 ®) + do + rfs (??'* + f 0 ®) + di (326), 

(’? - -I f0) Po = I (^PiPa) + Cif>2 + C3 (3^2 ^0^ + Zpy fo) 

+ d2('2foPi)+d4(4|o®Pi)+ «i {v +fo)+ej(oj®+fo®)+fs(’7H f^oO (327), 

(P - |fo)P4=i (2piP3 + pi) + o,p, + C 3 + SpoPifo +Pi®) 

+ ds (2 ^oP2 + pi) + di (4^»a|o® + Qpi^i) 

+ S\P\ + C 3 (ipi ^i) + Si (5jpi ^i) 

+fo +f. + m +/4 iv^ + ^i) +/o + ^i) . (328), 

and similar equations 
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112. E(j[uati<»n (.‘124) i« a (jnadratic (‘(juation f,, in t.i’nnK of i;. 

Writing f(-=■ 1 for conviniiciKH', tin* Holution is 

inv'‘ .(:! 2 in 


-- kv + Hv 


I I'pj 


■'+ yvi."'; ' t 




700,000 


+ ... 


..(:W0) 


Inw'rting thus valiu' for f,, ini . <iiiation (:l2r)), tins (“iiuation hocoiiio.s nti 

<‘<jimtion in t; Iiavnig c,,, r,, r . .as (•oofficionls. Sinco this l•(|uatJon nnisl 
bo an idontity wo may o(iuati‘ tlio ooolfloionls of diffbroiit, powor.s of and 
obf.ain 


- §(!.,+ iio, * ';0a+ S'-i, 

- - I?'-. + K- Kfi ., ’iir-o, + [It'r,. oto. 

The first oquation is satisfiisl autonuitioally, a.s it ought io bo. Wo jna\ 
assign any valuo wm ploaso to r„ tlii.s mm-oly (iotoruiiiiiiig tJm soah* on wliioli 
th(‘ paranu'tor & is nit>asnr<‘d. 'Faking «, I wt' find in snooo.ssit.n 

Ci = —V- rn’O, r a M “ "n,"b 

'Fho vanishing of r , siiows that tho omitro of gravity of tfio oina o i.s, as it 
ought to ho, at tho origin. 

'Fho valu<‘ of IS now gi\<ai in tho fman 


.-a.v- \l‘ + ^tTv 


Insorting this valuo for in oiiimtion (JFili) and oijitating oootlicdont.H, 
obtain tin* oquations 


— '9b/4 + 2<4H-IIJS,■«= 

~ ^2 V” da + i“, S,i =* 

Solving, w(‘ olitain in Huooivssion, 


la H-tdo 
•“'ft’fil’d, f ’ll/,,, 
'ih.''’f-Wd. + f;d4 4 d„. 
f 'yvi’d. V?d.. 


d.-'V. <4 

d, =■ ^^!i"-U&o d «•;?'>- i .’• 

'Fhis complotos tho .solution as far a.s sooond ordm- ti«nn.s, ami wo find, 
pivciKidy a.s in tho throo-diinonsioiial prolilom, that tlioro is an inuhignity in 
the solution, in that 8,, has not bomi doternnnod and oannot bo until wo pro* 

cetHl io toniiH of hightT or(l(ir. 
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The third order terms are determined by equation (327) Equating co¬ 
efficients as before, we obtain the equations 

- -1^3 + f - lea, = + me. + f 

9500 /O 25^5 ’Iz) __3/3 ^ 440,625 . *5000^ .1 50^ A- ^ r 

ir ®3 — —T )~^2 -rol)¥~^ w ^ T ^3 i- -^61, 

in which of course the unknown quantity Sg still appears To satisfy the 
first of these equations we must take 


The second equation is not, as might at first have been expected, an 
equation for If Sa has a certain value, it is satisfied by any value of 
but if §2 has a value different from this, there is no solution other than 
63 = 00 An examination of this equation will elucidate at once the whole of 
the difficulty that was encountered in determining the true second order 
solution in the three-dimensional problem (cf. §§ 93—99) 

For 6} to have a finite value, 82 niust have the value 

= .(332). 

The third equation now does not become an equation for ei but for 
It IS satisfied by 

where \ may have any value Finally, the fourth equation does not deter¬ 
mine X , it reduces merely to = 0 , and so merely provides a check on the 
accuracy of our work (cf § 109) 


113 Collecting the values of the various constants, we find as the equation 
to the surface (equation 293), 

= 1 - 1 - |(r + ’JO + {(f + 7?’) - ¥ (^ + V)} (0 + 

-f 1 ^ it + v^) - ^ it + 

q, 02 ji 2 5 q. ^6^ _ + ^^0} + terms m 6 % 6 ^, etc (333) 

The occurrence of the indeterminate quantity X can easily be accounted 
for For if we have a solution 


corresponding to a 
relation 


^7} = a® -h + 0 ^/ 2 , + + • .(334), 

parameter 6 which is connected with the rotation by the 

1 •— a)2/27rp = 80 + "h + .. . . (335), 


then we can obtain precisely the same solution in another form on replacing 
the parameter 0 by (9 -|- X6^ It accordingly appears that the quantity X is 
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entirely at our disposal, and we shall accordingly take \ = 0 . We shall, as a 
matter of numerical convenience, replace the parameter ^ by a new parameter 
6' such that 1000 ^^ = 

As far as terms in the pear-shaped figure determined by equation (333) 
is now found to be 

J + 61' (- 0 063a:= + 0 \Q0xf- +0 211®) = !. 

D U ODD 

The corresponding pear-shaped figure m three-dimensions was 

sSs + oik + 0®+^ +" “’®“‘+ “ 

and we see that the two figures agree as closely as possible if we take 0' = e. 
Thus our new choice of parameter results in 6' having the same meaning as 
e has in the three-dimensional problem 

The second order solution now assumes the definite form 
= 1 cos 2(f) + 26' 10 ~ (r'^ cos S<^ — cos (f>) 

+ 10 - 3 < 9'2 (^^4 cos 4^ - cos 2^ -f (^36), 

while the value of co^ is given by 

^^ = 0 3750(l + 0 05136»'^) .(337) 

We may notice that this rate of increase of co^ is closely analogous to that 
in the three-dimensional problem 

= 0 14200 (1 + 0 05227e“). 

27rp 

On calculating the moment of inertia of the curve defined by equation 
(336), we find 

{ 1-0 16196 '% 

which compares with 

Mk^ = IfV (1 -0 09878e^) 
in the three-dimensional problem 

Calculating the moment of momentum in the cylindrical problem, we find 

= Mk,^coo{l - 0 imo'^) 

This shews that Mk^co diminishes as we proceed along the two-dimensional 

pear-shaped series, and therefore that the senes is initially unstable 

« 

114 The agreement between the two-dimensional and three-dimensional 
problems has so far been so marked that it may be hoped that it will persist 
into those regions in which the thiee-dimensional figure cannot be calculated 
On the assumption that this is the case, we may infer the advanced stages of 
the three-dimensional problem from those of the two-dimensional problem 
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Writing e for 6', and calculating the curve in the two-dimensional problem 
as far as e^, we find for the equatidn to its surface expressed in polar coordi¬ 
nates 

r2==(H- 023e"4- )- 211ercos(]?> 

+ (8— 1386^— 069e'*-h )r^oos2(j> 

+ ( 063e— 00646*— 00316®) 7** cos 3<^ 

+ ('0136^-1- 00086^+ .) cos 4i(j>+ (00S6e^-h 00093e®-l- )r®cos5<^ 

+ ( 001 + .) cos 6<^ 4- ( 000436® + ) r'^ cos 7cf) 

-f (00016**-!-...) r® cos 80-I- . (338), 

while the equation deteimining is 



625- 0196^-*- 0166^- 


. ... (339) 


115 The intersections of the curve with its longest axis are given by 

<3) (r, e) = 0, 

where 

$ (r, 6) = 1 + (-13962 -h 0236^ + ) - 21l6r 

- ( 2 + 13862 -h 0696^ 4-.. ) r2 -I- ( 0636 - 00646® - 00316® 4-.. ) r® 

4- (01362 4“ 00086^ -f ) 4- ( 00366® 4- 000936® 4-.. ) r® 

4-(00116"^-h -h(*000436®4- )r'^+ . . . . .(.340) 

In this equation only a few terms are written down of the doubly infinite 
series which represents the true value of <I> For small values of 7 and e 
these terms will give the value of $ with considerable accuracy, but for larger 
values the approximation may fail We require to determine over what region 
of values of r and e the terms actually written down will give a good approxi¬ 
mation to the whole 

The coeflScient of each power of r is an infinite series, of which terms up 
to r® have been calculated The approximation provided by these terms is 
seen to be tolerably good so long as 6< 1, but fails when e exceeds a unit 
value. 

When some definite value less than unity has been assigned to 6, the value 
of <1> will be given by an infinite series of powers of r of which the first seven 
only are known For small values of r these first seven terms will give a good 
approxitnation, for higher values of r the approximation will be poor, while 
for still greater values the series will become divergent, and the first few 
terms will give no approximation at all Inspection of equation (340) shews 
that the approximation will be tolerably good so long as < l/e^. 


j c 
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In fi^. IH, V!ilu(‘H of r are repreHeiik'il by altM-iNsin- .nnl vnlm". ■•{ r l>y 
ordmak'H, so Uiat, <I>(r, e) in a fiuictlnii of puHitioii in tin- plrux- .uni ih-- 
e(iua(,lun e) - 0 will he that, uf a eiinx in this plan.-, ’ll..- %..lu. n uf / 
and e for which (‘((nation (.'WO) haw hei'n hocii to oivo a tolorahlo aitpto\nn,i 
lion ar(‘ thow' witliui tin' .uva, Mliaded in the fi>-uio, whieli e h..und.‘d in ih. 


cnirvo i I, fc Ih* 



l‘1g. IH, 


The* tluc.k enirv<‘H in Muh figure* the* I*h*U}h *lMr. r'l II r ih'til4fi*tl 

fniin t/he^ ie‘nnH actually vvrit.t.e‘n elawii in rM|nat.ii»ii tllHli Hm Imn; a*» we the 
not, piTO far be^yonel Un* nlnule’d art‘a»ihih eairve* \ui! a liiii 
of the^ poHiiinn of tin* Inn* <*urvt* <I> 0% e) Cl vvhit*lt wenhl l#«‘ by tlio 

in(*.lnHion of all Un’ins in tJn* He*ri<*H e>f eH|naiion llio iuh'-i iiiip*al4iil 

poiniH tai ihih enirve* are* tliose* at. whie’h f/rWr Cl, fin* pHiiilH 

/^ in tin* llgun*, and l.ln‘y may, with hnfliiaont ar«*nrno\ tor mir pr*‘viil 
purpoHe*, he* iakem io ho r 2, a I nn<l 2, t* L 

116. The* diagram given in fig. IH emnhh'H ih to the iti fln^ 

h*ngthH of trhe int4‘reu‘ptH on iln* prine*ipal axis ed‘ the rotating fnliinior an e 
n!iereiaH<‘H i.e*. an wc* jiann along the* !im*ar Ht‘ri<’h e»f pe.ir Hliapod iigiiioh, 

Wlu*n e^i)^ the* inie*re(*ptH are* n*pre‘m‘nte*<l hy tlm line J/|, liniig tin* 
ee*ntn^ ofgravit,y. The^ e*(aap!e*t<* figure* Is of t*oiirhi* iJio idlipf ie e\ liinlor utnmo 
enpiaiion IB (J{()8), anei 0^1, OH an* e*aedi e'lpial U» tlie Heiiii inajor 4\i.% \/o. 
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When e the intercepts are represented by the line A'B' \ the centre of 
gravity still being on the line 00' Thus there is a slight elongation at one 
end of the figure and a corresponding contraction at the other end In fig. 19 
on the next page the chain curve shews the complete figure for e = -J-, the 
cui've being of course calculated from the complete equation (338), while the 
continuous curve represents the undisturbed elliptic cylinder e = 0 

The intercepts of the figure e = are represented by the line GD in fig 18, 
and the complete figure is shewn in fig 20 We are still within the limits 
within which equation (340) gives a good approximation 

For the value 1, the approximate intercepts are repiesented by the 
line EF with a new double intercept at P For values of e greater than 
unity, there are foui intersections of the surface with its axis, so that the 
surface consists of two detached parts At 6= 1 this detachment is just be¬ 
ginning , there are two parts represented by PP, PF, but these are still in 
contact at P The curve calculated from equation (340) for the case of e = 1 
IS shewn m fig 21 For values of other than zero the convergence is con¬ 
siderably better than for </> = 0, and this circumstance enables us to determine 
the greater part of this curve with better accuracy than the points P, F in 
fig 18^ It appears that the curve has not yet quite divided, but it is obvious 
that it IS just on the point of doing so 

Finally fig 22 shews two ellipses which, with an approximation similar to 
that used in §§ 60—65, may be regarded as figures'of equilibrium in rotation 
about one another The axes of the greater are in the ratio 2 1 which 
corresponds to a rotation 

2^-455 .. 

A glance will suggest the probability that this figure gives a good repre¬ 
sentation of the stage succeeding that shewn in fig 21 If so the value (341) 
ought to represent the value of co^l27rp given by equation (339) when e is just 
greater than 1 The series is not convergent enough for us to determine this 
limit from equation (339) directly, but it is clear that the value (341) is a per¬ 
fectly possible value 

Thus we may with fair confidence assert that the two-dimensional series 
ends by fission into two detached masses, and in view of the close parallelism 
which we have discovered between the two-dimensional and the three- 
dimensional problems, it seems highly probable that the three-dimensional 
senes also will end by a similar fission into detached masses. 

^ For greater detail, see Phil Trans 200 A, p 100 
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CHAPTER YI 


MOTION WHEN THEEE ARE NO STABLE CONFIGURATIONS 

OF EQUILIBRIUM 

117 . The result ohtamed in the last chapter for the rotational problem 
combined with those previously obtained in Chapter III for the tidal and 
double-star problems, has now established that 

In all the three problems under consideration there are no figures of stable 
equilibrium except ellipsoids and spheroids 

In each of these problems the succession of states has been determined 
by the continuous variation of a parameter—the angular momentum in 
the rotational and double-star problems, and the distance R in the tidal 
problem And m each case it is quite possible for this parameter to vary 
to beyond the limits within which stable configurations are possible We 
must accordingly try to obtain what information we can as to the changes 
to be expected after this limit is passed, 

Poincar6^, writing with special leference to the rotational problem, re¬ 
marks that if the pear-shaped figure proved to be unstable, la mass.e fluide 
dovrait sc dissoudre par un cataclysme subit ’’ The pear-shaped figure has 
now been proved to be unstable, and wc must examine the nature of the 
cataclysm The situation is similar m the two other problems, when the 
two masses concerned in either appioach one another to within less than 
a certain distance no configurations of stable equilibrium are possible, and 
a cataclysm occurs. 

The term cataclysm provides a convenient name for the events which 
take place when stable equilibrium becomes impossible, but we must notice 
that mathematically nothing more sensational happens than that a statical 
problem gives place to a dynamical one A statical problem may or may 
not admit of solution, but a dynamical problem must always have a solu¬ 
tion. Equations of motion which cannot be satisfied with the accelerations 
put equal to zero, necessarily admit of solution when the acceleiation terms 
are lestored. 

\ 

We now consider the three problems m turn, beginning with the tid<il 
problem 

* Letter to Sir G Darwin, quoted in the latter’s Coll Works, iii. p 315 
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I THE TIDAL PROBLEM 

118 In the tidal problem there is no point of bifurcation at the 
stage at which instability sets in We have seen that there is a series 
of spheroidal configurations which are thoroughly stable for eccentricities 
from 0 to 882579, but are unstable beyond The vibiation for which insta¬ 
bility sets in IS one in which the figure remains spheroidal but its eccen¬ 
tricity varies. 

We shall now find that when, as assumed in Chapter III, the tide gene¬ 
rating potential reduces to the simple form 

there is a possible motion in which the boundary remains spheroidal through¬ 
out , the question of whether this motion is stable, as well as that of what 
modifications are introduced when the tidal potential does not reduce to this 
simple form, will be (3iscussed later 


119 Let us consider the possibility of the general ellipsoid 

•1 = 0 . 


+ F + 


(342) 


being a boundary for the fluid mass when m motion The rates of change 
of a, h] c will be denoted by a, 5, c At every stage of the motion we must 
have 


so that we necessarily have 


abc = ro^, 


a h c ^ 
abc 


(343). 


And on again differentiating with respect to the time we obtain 


a be fes ^2 

+ 3 = + + . 


The velocity-potential of the motion, if the fluid is still assumed mcom- 
prossible, is given by^ 

, = + + .^ 34 ^ 5 ^^ 

this satisfying the requisite condition V2<1)=:0 in virtue of equation (343). 
The velocity v at any point is accordingly 



( 346 ), 


Lamb, Hydiodynamtcs (4th Edition), § 110 
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and the pressure at any point will he given by 

+ + + + + (347). 

The function 

^+dVpa6c(~ + g + ^;-l) . .(348) 


IS a linear function of w^, and It can accordingly be made a spherical 
harmonic by assigning a suitable value to 6\ and on operating on the func¬ 
tion with the requisite value for 6' is found to be given by 


2 ^ 1 

abc ^irpabc \(X b~^ cj 


= 6' 


_ -p_j, 

,a^ b^ g\ 


(349) 


Now during the motion of the spheroid, the pressure over the surface 
will be uniform at each instant*, so that the function (348) must be con¬ 
stant over the surface at each instant If we assign to 6' the value given 
by equation (349), the function (348) is a spherical harmonic, so that being 
constant over the surface of the ellipsoid, it must also be constant throughout 
its volume, and hence the coefficients of and must vanish separately 
Equating these to zero, we obtain the system of equations 


_1 — j 

27rpabc a ^ 


27rpabc b 
1 c 


= -h ^ 

: t/^r -f |- 


. , 

irpabc 

fJ' 


rpabo 

Tpahe 


(1“ 

0^ 


. (350), 
.. (351), 


.(eS52) 


27rpabc c 

On adding corresponding sides of these three equations, we again obtain 
equation (349) which determines O', so that the three equations (360) to 
(352) contain within themselves the necessary and sufficient condition that 
the pressure shall remain uniform (or zero) over the boundary throughout 
the motion The equations are equations expressing a, h and c in terms 
of the configuration at any instant, they may accoidingly be regarded as 
equations of motion for the ellipsoid (343) Naturally they reduce to the 
statical equations (78) to (80) when the ellipsoid is at lest 

Clearly the relation between 0, as given by equation (81), and O', given by 
equation (349), is 

(s+p+?)=i 5 +9 -»(s 4’ 4D 


by equation (344). Thus 0' becomes identical with 6 when there is no 
motion, or when the figure is instantaneously at rest, so that d = 6 = 0 = 0 

* It will be seen that the method we follow is that of Dmchlet, Gott Abhand 8 (1860), p 3, 
or Coll Works, ii p 263 See also Lamb’s Hydrodynamics (4th Edition), p. 689. 



'Q Cataclysmic Motion [ch. vi 

120 Multiplying equations (351) and (352) by 6, c and subtracting, 


(6-c) 

27rpabc 


,=( 5 -o,rf 


' 0 + \) (c^ “f X) A ^ TTpabc be 


(354). 


The integral in this expression may be positive or negative, but the 
integral plus 6/bc is found to be always positive 

Since equation (353) has shewn that 0' — d is always positive, it follows 
that the expression in square brackets in equation (354) is always positive, 
so that this equation assumes the form 

^ (5 — c) = — (6 — c) X (a positive quantity) . (355) 

This shews that any initial inequality in h and c gives rise only to 
oscillations about the value b --0 = 0 We may therefore suppose henceforth 
that 6 = c throughout the motion. 

121 Putting 6 = 0 , equation (351) becomes identical with equation (352). 
From equation (353) we obtain 


} ~ - ^ _ r^: _ ^TTpabc (6' - 0) 


.. . .(356) 


Denoting each member of this equation by rj, equations (350) and (352) 
assume the forms 

r „ n-rj 


t//v + i 


Trpabc 

fM-7) 9 


..(357), 


. 

which are exactly identical with the statical equations (78) and (80) of 
Chapter III except that p, has become replaced by ya — 

Hence, exactly as in equation (85), it follows that 


-F{e) 


where 


F (e) = —log 

^\l-ej 6^3-e») 

The values of the semi-axes of the spheroid are 

o = (l-e“)~^r„, c = (l-e^)*ro, 
so that the value of t ] is found from equation (356) to be 


(359), 


..(360) 


aa — cc 


2a^ + c" 3 (1 - e®) 


ee + (1 + 


21 - 5e= 
3 ( 1 - 60 ( 3 - 6 ^; 


(361) 
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Equation (359) may now be put in the form 

“+ ( 1 +8-ir?>r@^ #)) - (4 - 

When fjb IS given as a function of the time, this becomes an equation 
of motion for e, and so enables us to follow the changes in the shape of 
the spheroid The equation cannot be completely solved, but the general 
character of the motion is easily traced out 

122 To represent roughly the approach and passage of a second star, 
we may suppose fi to start from a zero value and increase—slowly at first 
but afterwards more rapidly The initial conditions will be e = 0 and e = 0 
So long as e is so small that its square may be neglected, equation (362) 
I educes to 

ee = Stt/o (1 — ~ ^ • 

Provided that fj^ changes slowly, the solution will remain very close to 
that of 

Ji_i?’(e) = 0 * 

irp 

SO long as this equation has a solution —i e. so long as /jl is less than T257r/D 
But as soon as fi exceeds this critical value, ijujirp — F {e) can no longer 
vanish or remain small, so that no matter how slowly fi increases, e becomes 
finite and necessarily becomes appreciable The eccentricity now increases 
rapidly, its changes being given by equation (362) This determines the 
dynamical motion which occurs when statical configurations of equilibrium 
are no longer possible, and we see that it consists of a passage along the 
unstable series of spheroids, the rate of motion being determined by equa¬ 
tion (362) 

When pL increases more rapidly, there will be no sharp change in the 
character of the motion on passing the critical value pb= 1257r/o, the statical 
and dynamical parts of the motion merge imperceptibly into one another 

In mther case equation (362) shews that the motion may or may not pass 
the value e = l In the latter case e increases until a ‘Hurning point” is 
reached, defined by 6 = 0, after which it decreases, ultimately coming back 
to zest at the value 6 = 0 when dissipative forces are present At the turning 
point 6 is negative, so that equation (362) shews that pu must be less than 
irpF (6) and therefore cl fortiori less than the maximum value of irpF {e) 
which IS T257r/) Thus e goes on increasing not merely while ya is increasing 
but also through the whole period in which p > T257rp 

123 A case in which the motion can be fully determined, and is more¬ 
over of great importance, is that in which ya increases and decreases with 
great rapidity, so that the primary is “ impulsively ” set into motion before 
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it tas departed far from its original spherical shape Thus during the short 
interval in which fx is finite, we have approximately e = 0 and a = c 

It follows, from equations (359) and (361), that at any instant during 
this interval, 

a — c 


where Tq is the mean radius Integrating through the interval in which fi is 
appreciable, say from 0 to t, we obtain 

a — c = Svq / jjbdt, 

Jo 

where a and c are the velocities at the end of the interval in question We 
also have a + 2c = 0 from the condition of constancy of volume, so that 


a 2c - p , 

n—.@83) 

Each fraction is equal to |ee, so that these equations give the value of e, 
and therefore the kinetic energy, at the instant t = r The subsequent 
motion IS of course one under no applied forpes, with this assigned amount 
of energy, and so can he completely determined 

The energy equation is readily found to be* 


|(3-e2)(l-e2) - 47rp |2 - log ^ 

and the turning points, at which e = 0, are accordingly determined by 


^ ° 1 — 6 27rp |_ 


7- 


/idt 


(364) 


We may notice that if Jfidt > (i^rp)^, there will be no turning point 

and the motion will overshoot the value e = 1 But we shall immediately 
see that such motions as this cannot occur, for instability will be "set up 
before the value c = 1 is reached 


124 We have seen that a motion which satisfies the dynamical equations 
bemg^^ven^by always spheroidal, the velocity potential 

h . c 


<D 






(365) 


l^Itablt ^ ^ ^®“ain equal. This motion has not however been shewn to 


For details, see MemoirB R A S Vol. 72 (1917), p 19, 
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To examine the stability of the motion, we compare it with a slightly 
varied motion in which the boundary varies slightly from the ellipsoidal 
shape Let us assume at any instant that the boundary is 


^ 


I -I 

c- ^ 


|366) 


and that the velocity potential is <S> -h where <& is still given by equa¬ 
tion (365) 

Assuming 'T' and '\/r to be small, we find, from a consideration of the 
normal velocity at a point on the boundary, 


, ^ /X 0 ^^ V z 0 ^\ 

^ \a^ dx ~dy ^ & dz) 


... (367), 


so that IS algebraically of the same degree as ^ 

Let us use Pj, Pq, to denote products of powers of x, y, z, say 

Pj = co^iy^izy^ etc, 


and suppose that values for and i/r are 

'T'= ^iPi + d" •• • • .(368), 

^ = 5,P,+ .(369), 


then, on substituting into equation (367) and equating coefficients, we obtain 


where 


== 26'i jpi etc. 




■ h^' 


h 


. .(370), 
. .(371) 


The components of the total velocity v at x, y, z are 


so that 


a 0^ . 

_ ^ _ etc, 
a ox 




/a 0'T' h d'^ 6 0'^\ 


where Vq is the velocity when 'T^ = 0, given by equation (346) Just as in 
§119, the pressure can be made constant over the surface by satisfying 

<I> + ^ “ i^^) - 

= - Trpabc +1^ +• ^2 + -1 j + a cons (372), 

where 6'^ is a new constant 

We have already seen (§ 120) that the motion is stable as regards ellip¬ 
soidal displacement, so that we may suppose that and ^fr are free from 
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second degree terms The potential Vj^ at the boundary may he put in the 
form 

Yi ~ (V^b)o + {^b)4,7 

where (F6)o is the potential when ^fr = 0, and (Fz>)^ represents the terms 
in which are of degrees 1, 3, 4, .. 

Equating terms of degree 2 in equation (372), we obtain 

{x^^ - \z^) - 1 i;o2 

-ora) 


On equating separate coeificients of f' and we obtain precisely our 
previous equations (350^—(352) except that d" replaces & On adding 
corresponding sides we obtain equation (349), with 6" replacing &. Hence 
&' must be the same as our former ff, and it appears that the changes m the 
fundamental spheroid will be just the same as m the former problem m 
which 'if was absent 

On subtracting corresponding sides of equations (373) and (372), we find 


^ + (n)^ + 


a h c 

+ -Z — 


■X- 


a"' dx ' dy ' c dz 


= — •yrpabc ..(374). 


Using the values of ^ and yfr already assumed in equations (368) and 
(369), we have 


(i 

~ X -T-f- 

a ox 


In the coefficient of Pi may be supposed to be 


<^1^1 + + 


Thus on equating coefficients m equation (374) we obtain a system 
of equations of which a typical one is 

Pi+Cig'i + C2g'3 + --- + ^^ai4-|/3i + ^7i^Pi = —TTpaSc^'a'i . (375). 

This and equations such as (370) are the equations of motion giving 
changes in the p's and ^'’s. From them the stability of the motion may be 
determined 


Eliminating p^ equations (370) and (375) we find 


dr^' 

dt 2si 


+ Ci9'i + C2g2 + 



TTpabcd'qi. (376) 


125 In general these equations are so complicated that no progress 
can be made. We have, however, seen that the changes in a, 6, c are the 
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Hduit* ns if the fig\uv luul ruuiaiiu'd Htriotly Kphcroklal, so that the motion 
mnv hi' sujipoHi'ii to be acoompamcd by an incroase in the eccentricity e 
until a turning point is rcachod at which 0 = 0 and a = b = c = 0. At this 
point ^•(pl;^tion (dTti) asHUinos the simpk' form 


1 d% 

2.1, dt'-* 



... —rrpabcdqi 



sitin' wo have hooti that 0' bocomoH identical with 6 at the turning point. 


The Htnbility or instability of the motion at the turning point depends 
oil the signs of (/“t/,/(//■■*, and since the factor .s, is,'by its definition, always 
posit,ivo, these signs are those of the light-hand mciubers of ocpiations such 
as (:$77). Hut the right-hand members of eipiations (277) arc exactly the 
(plantities of which the vanishing determines the points of bifurcation on 
the spheroidal series, d'hey are all negative so long <is no point ol bifm- 
eatioii lias been jmssed on the spheroidal series, and one ol them changes 
sign at each point of bifurcation. 

'rim first point of bifurcation, lus we have seen (§ 85), occurs when 
If ■Sl'l'77'fl, and eorre.sponds to a tlurd harmonic deformation. If the 
turning |K(inti, at which c 0, occur.s before s has reached the value 94774'I, 
then the right-hand members of all the eipiations such as (277) will bo 
negative at the turningjioint, .so that the dynamical motion will bo stable 
up to the turning point and also iii returning, and the mass will sink back 
into a sphi'i'icnl eonfiguratioii. 

Hut if the turning point occurs just after <t has reached the value 947741, 
the dynaniieal motion at the turning point will be unstahle through a third 
harmonic displai-enient. 'rims after passing the point of hifurcation a tlurd 
harmonie displacement will appear and will increase very rapidly, at least 
until after th*' eccentricity has again diminished to below -947741, at which 
stage the third harmonic vibration will again become stable, so that what¬ 
ever thii-d hariiionic displacement theie may he will oscillate and finally 
diHiiptwar. 'Hie condition that the mass shall depart from the spheroidal 
femi is thus seen to he that the turning iMunt shall occur for a value of e 
t-hati *1)4774L 

The intensity of tidal action necessary for this to occur can be determined 
aei'iirntely in two cases (i) when g cliatiges very slowly, (il) when g changes 
so rapidly that the tidal ae.tioii may he treated as “impulsive. 


Wlien a changes very slowly, any value of m gnsater than •12m>04 7r/) 
will Hufliee to set up dynamical motion and e will continue to mcieasc until 
after u has again recede.l below the value •12.''.504 wp. Hence when g changes 
very slowly the eecentricity will pass aheve, 947741 if ^ exccciUs 12.)5047rp. 
In this a stands for wlicre, M' is the mass of the tido-raismg body 
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and It its distance The critical value of jB, as we have already seen 
(equation (86)), is 

E = 21984 . (378). 

When fji^ changes so rapidly that the forces may be regarded as impulsive, 
the turning point is determined by equation (864), and it is found that this 
will he beyond the critical eccentricity 947741 if 

j/id<> 0 675p^ ... .(379) 

126 In general we must contemplate not only cases in which the 
spheroid runs over one point of bifurcation before reaching the turning point, 
but also cases in which it runs over several points of bifurcation Some- 
whfere near eccentricity e = 9477, a third harmonic displacement will become 
unstable, and the spheroid will give place to a pear-shaped figure. A furrow 
will develop near the middle plane of the spheroid and this will increase 
rapidly (approximately exponentially) with the time But meanwhile the 
eccentricity of the spheroid may continue to increase, and it may be that 
before the pear-shape is much developed, a second point of bifurcation will 
be reached, namely that corresponding to a fourth harmonic displacement. 
At this stage two new furrows begin to foim, but these, like the former 
pear-shaped furrow, will be forming in a spheroid which may simultaneously 
be elongating itself with considerable velocity When, or if, the next pomt 
of bifurcation is reached, three more new furrows may begm to form, and 
so on 

Fig 23 shews rough drawungs (partly conjectural) of spheroids with the 
furrows produced on passing the earlier points of bifurcation Little doubt 
will be felt that such figures will in time break up into a number of separate 
detached pieces. 

127 So far we have been considering only an idealised mathematical 
problem, m nature there will be innumerable complications, and we must 
try to calculate the effect of the more important of these 

We have supposed the tidal potential to be M' {a ?-which 
IS the potential either of a spherical mass, or of a mass of any shape at a 
great distance In an actual problem the potential will be more complicated 
than this, for not only will the secondary mass not be spherical but the 
shapes of the primary and secondary will influence one another, as in Darwin’s 
problem considered m § 60 It is however not diflficult to shew* that in 
the most general case the motion is, in its main characteristics, entirely 
similar to that just discussed The numerical results are slightly altered, 

* The question is discussed in detail in a paper “ The Motion of Tidally Distorted Masses,” 
BAS Memox'is, Vol 72 
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Explanation 

(a) Undistorted sphere, and longest spheroid which is statically stable 

(b) Longest spheroid which is dynamically stable, and pear-shaped figure derived by third 

harmonic displacement 

(c) More elongated pear-shaped figure, and figuie derived by fourth harmonic displacement. 

(d) The last figure more elongated, and with fifth harmonic displacement surperposed. 

{e) Conjectural drawing of subseciuent configuration 
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but, t.h(‘ alteration us ho alight, »w to bo of no nu[.ortanro within tin* limits of 
acc-nracy which am nsiuimd for noamogonif discusaiona 

128. A inori! inij)ort,ant matter is that we havi* in etlbet- sni>j«»s<'il the 
tide-generating muaa to move forwaril ami t,hen haekwartl along a line i(Kr\ 
through till' |irimarv, whi<-h has in eonaequenee always he.m an n\ia ot sym 
nu‘try. In nature Uie ti<le-g<-m-rating mahs will not in gmm-rul aiii-roa.-h 
tin' Jinmary along a line thnaigh ita eentre; indeed if it did a maiena! 
eollision would oeeur. and the e.airae of events h.'foiv this eollision look i»laee 
would he relativi'ly unim[iortaiit. 

We must examine what hapiteiiH when the tide generating ma-s passe;, 
by the primary in an orbit which docH not involve a material collision Let 
UK I'xamine the motion in three eases, in which tin- lide-generatmg hmly 
moves (i) exceedingly slowly, (ii) exceedingly fast, (iii) at an mteunedmte 

ratitL 


129. Will'll the motion is I'xeeedingly slow an eijuilibrimn theory, saeb 
as has alri'ady been ileveloped, will give approximately aeeurati* results if the 
major-axis of the primary is supposed always to point to the wcoml.iry. 
A slow rotation will of cmirse be set up in the primary and this will sleghtly 
alter its shape, but in a search for the general eharaeleristies ol the tnotion, 
such as we a,re now engaged in, small effects of this kind me not worlli 
delaying over. 


130. When the motion of the tide generating mass is evceeilingly tapid, 
we may treat the tidal forces as “impulsive" as has already been done in 
^ l‘2n. A tide-generating potential 12 acting for an interval i/t wilt s. i up in 
the jiriumry a system of impulsive veloeities wliieh may be derueii fiom n 
velocity potential - ildt. Tlins if the tidal ibrees aet only fora sbrnt interval 
from 0 to T, they will set 11(1 impulsive velocities whieli will be «leriv,ible 
from a velucit.y [lotential given by 

-<!» I'ndL 


(‘xatnuu' Uu* grin^ral lualinti of thr tid«* 

iti will b(‘ c(mHi(l<‘r tin* Wi> h1i«11 

HUpjH)Hc‘ tilM‘ U) bc^ lumnl by a \mnh i*r Hpbrtv i»r nmm M\ 

L(^l» a ilu* V{*l(K‘iiy of tla* w*(‘c>ndury utanh iit any lit 

any inbawal dt, ih(? Htvondary uumss avar a ilmtaia*** nf dh i*df, 11a* 
cmniribiiiinn i<> in 


Ar 


It 

Ar 

itii 


r/b 

(/at, 


bati auiy alnci Ik* an 



The Tidal Problem 


129 


127-130] 


and so may be regarded as the potential of a line density M'jv spread along 
the path of the secondary The whole value of — <£> is accordingly equal to 
the gravitational potential of a line density M'Iv spread along the orbit of 
the secondary To an approximation we may neglect all parts of the oibit 
except that near perihelion, so that the value of — ^ will be the potential 
of a straight rod of line density M'/v, where v is the velocity at or near 
perihelion 

If Rq denote the distance at perihelion we readily find 


/*T ]\/f* 

= — / D^dt— cons- 

Jo V 




Ro 


Ro^ 




(380), 


where x, y, z are rectangular coordinates having the centre of the primary 
as origin, and the path of the secondary at perihelion is along the line 
X = iJo, -sr = 0 


In this velocity potential the constant term does not affect the motion, 
the second term sets up a uniform velocity 2M'IRqV which does not alter the 
configuration of the primary 

The third term gives rise to impulsive velocities deducible from a velocity 
potential 

M' 

. . . (381) 


Now the impulsive velocities discussed in § 123 were deducible from a 
velocity potential (cf equations (345) and (363)) 




0^ C 


J 0 


so that the two sets of impulsive velocities will agree if 

rr 

. < 382 ) 

The final term on the right of equation (380) indicates a tendency for 
the axis c to shorten while the axis b lengthens, just as would happen if the 
system were in rotation There cannot ultimately be rotation in this case for 
the tidal couples from the two halves of the orbit of the secondary exactly 
neutralise one another, it therefoie appears that the values of b and c will 
oscillate about the value 6 = c, as in § 120, and under the influence of 
viscosity the figure will ultimately resume its spheroidal form 

Thus, neglecting terms in 1/Rq^ etc it appears that the motion will be 
the same, except for the preliminary oscillations m the values of b and c, as 

9 


j c 
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thab already (hHc.UHHwl (§ 12:1) in whieh /. wan HiippoHiHl l.u ,u-f. inii.ulHU.-lv, 
and the niot.ini.H wd! aKre.. (,uaul,ibiv.d.v if is HuppoHed Kiv«n l>y .spiatiou 

(:W2). From (sinatinn (:17‘)) it. appears t.hal. the spiu-reid will lei.Kll.-n tu 
beyetal ilu^ cnb.eal eccenbndt.y •!)4774I. an<l so linally deiK.rl, Ir.nn tl.r 
sphereidal shapti, if 


M' 

lU'v 


■ miirtp' 


...CWtl). 


This cnt,.‘ri<.n only holds in t,h(> .spe<-i,il ."as., in \vhu-h^ the tidal furce.H 
satisfy the condition w«' hav desciiheil as “ nnpulsu.-;' 'I'his iv-iuiivm that 
the tidal fores shall come and K" '"d'ore t.hc spheroid is much ddlerent from 
a sphorc. From eipiations (df!.'!) ami ClH'i) it is clear that, at, the mid ot tlm 
lUition of tlu‘ tidal fores, the veh^ity d of the eml of the major uMs is 
sriven by . 

qdie tiim- dtiriiiK' which the tidal forces aiv appreciable will be of the 
ordm-of 2/4/r, so that if r„ t Sir is the length of the semi majttr-aMs .it the 
mid of th<‘ (‘iicounler wc have, as regards order of ningnttnde, 


r., 


. /2.ri 2d/' 

i a 

Ijot us now agree conventionally to (hduie the action of tidal forces .is 
pulsivc” when So is Ic.ss than jir„, so that Sh ami «<• aie of coiiiw less than 
/oao. With this conventional dcfniitioii it app'ars that an •■neoiinter will lie 

‘'''I'"'"'’'" /i.>io.irv.ri'O', 

We see that all eucoimters at gn-at distaiiees salisfj th*' condit ion ol f Im 
tidal forces being inipulsivc. (lonsidering in detiii! an encmnii. r in which 
M' is ciiual to the sun’s mass (2 x l(H' grainiiiest and in which the tw. i tar. 

pass with a n'lativc velocity of 40 kins, a ..,nd. we find that the actma 

will be iinpulsive if the distance of clo,scht approach f»„ m givaiei tlinn 
Hx 10‘“ ems-, which is about the distance <.t .liipil<-r from the sun. ll.iviiig 
n-ganl to astronomical scales of length wc may say that all encounter of 
stars havuig masses coui[)arahlc with that of the sun aiv impulsive evepl 
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131 Neverthedess we cannot advance far m our eosmogoiiie problem so 
long as we consider only purely transitory cncoiintcrs. ami we must try to 
<.,xamine the ettect resulting from the actual linile duration of tidal forces. 

It is difficult to obtain definite or exact results, but the general nature 
of the motion can host 1 m‘ se.m by thinking «f the tidal bmiy m moving 
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quickly for the series of equilibrium configurations discussed m § 122 to he 
able to keep pace with its motion. 


There will be a lag in the orientation of the primary so that its major- 
axis may be expected to point to some position such as T in fig 24, when 
the txde-raising mass is actually in 

a position such as T at a distance I A j 

ahead of T', ^ 


The potential of the tide-gene- 
rating mass at T' would be fl = M'jr 
where r is the distance 0T\ but the 
true potential produced by the mass 
actually at T is 


4 " ^ 


da 

dy 



Fig 24 

M M'ly 

iy» ^8 


I 


r 


The correction which has to be introduced is that arising from the last 
term. For simplicity the primary may be regarded as a chain of matter 
lying along the axis of x, and the effect of the correction is to introduce 
a force of amount per unit mass perpendicular to the axis of x 

Replacing r by its value E-x,we find 




(385). 


The first term will produce a uniform acceleration MljR^ along the axis 
of y Combining this with the acceleration M'jR^ towards T which the 
primary has so far been supposed to have, we obtam a resultant acceleration 
M'jR^ towards T 

The remaining terms on the right of equation (385) set up various 
distortions The second term sets up a uniform rotation at a late 
per unit time, the third twists the major-axis of the primary into a piece of 
a parabola, the next supei poses a cubical distortion, and so on. It can be 
readily seen from equation (385) that the combined effect of all these dis¬ 
tortions will be to set up such a motion that initially the axis of the spheioid 
IS bent to the shape of a piece of the curve y — 1 jx^, a curve shaped some¬ 
what like a boomerang, there seems to be no tendency for the axis of the 
primary to assume the shape of a logarithmic spiral, which is the observed 
shape of the spiral nebulae 

This last result has an obvious bearing on the tenability of the “ Planet- 
esimal Theoryof Chamberlin and Moulton, described in § 15 




132 


Cataclysmic Motion 


[oh. VI 


II THE ROTATIONAL PROBLEM 

132 . The diagram of the equilibrium configurations of a rotating mass 
of mcompressible liquid has been seen to be of the type shewn in fig. 25 A.t 
first the mass moves along the senes of Maclaurm spheroids 8M until it 
comes to the point of bifurcation M At this point the Maclaurm spheroids 
lose their stability, and the motion proceeds along the series of Jacobian 
ellipsoids MJ' until the pomt of bifurcation J is reached At this point the 
Jacobian ellipsoids lose their stability The second series through J is, as 
we have seen, a series of pear-shaped figures such as JP m the diagram The 



angular momentum of these figures decreases as we proceed along the series 
from J, so that the series is unstable and the curve JP turns downwards m 
the diagram after leaving J Thus there is no stable configuration beyond J, 
and dynamical motion of some kind must occur as soon as shrinkage has pro¬ 
ceeded so far that the angular momentum is greater than that represented 
by the pomt J. 

In the tidal problem we saw that the dynamical motion, when it occurred, 
was along the unstable series through the pomt at which the dynamical 
motion commenced. In the present problem such a solution is impossible, 
since the angular momentum must remain constant through the dynamical 
motion and equal to that at J 

Judgmg from the analogy of the two-dimensional problem, we may be 
fairly confident that the series of pear-shaped figures JP ends in a configura- . 
tion P at which the mass divides into two parts, and so may be regarded as 
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two separate masses just in contact This configuration belongs not only to 
the pear-shaped series of figures but also to one of the double-star figures 
investigated by Darwin (§§ 60—65) It forms one of a series of figures JPQR 
of which the remaining members consist of double-stars rotating at different 
distances apart If Q is the figure of least angular momentum, we know that 
configurations on the branch PQ including P are unstable, while configura¬ 
tions on the other branch QR are stable Besides the series PQR, which is 
continuous with the pear-shaped seiies, there are an infinite number of other 
senes of double-star figures, corresponding to all possible values of the ratio 
of the masses 


133 In the light of this knowledge we may examine what motion is to 
be expected in a Jacobian ellipsoid which has reached the point at which 
secular instability sets in 


In fig 26 let JT represent the series of stable Jacobian ellipsoids m the 
neighbourhood of the point of bifurcation J. For any configuration within 
the range JJ\ the third harmonic 
(pear-shaped) vibration is stable both 
ordinarily and secularly Thus if any 
small pear-shaped vibration is sot up 
when the mass is in a configuration /' 
such as A, the representative point I 
will oscillate backwards and forwards j 
thiough some small range such as * 

A' A A" until the vibration is damped 
by viscosity If the vibration is set 
up when the representative point is 
at some point B close to P, there may 
still be oscillation through a small 
range, but the motion can only be stable if this range is less than the range 
B'B" m fig 26 For the point P" represents a secularly unstable configura¬ 
tion, so that if the representative point once passes beyond P", on the 
line hB"D, it will not return but will describe some path such as BB"1) 
in the plane through P. 
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Fig. 26. 


As the point P approaches J the range of vibration which is possible 
without instability setting in becomes smaller and smaller and finally vanishes 
altogether, so that in the limit any disturbance, no matter how slight, causes 
the representative point to move permanently away from the line P'P. The 
path of this point is ^necessarily in the horizontal plane through P, and we 
know that the direction of this path initially is that of the tangent JL at J 
to the pear-shaped series JB'\ In other words the motion is one in which a 
furrow first forms on the ellipsoid, as in fig. 14, and this furrow continually 
deepens. 
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It seems likely that this furrow will deepen until the mass divides into 
two parts If so the motion, which must be m the plane JL in fig. 25, may 
end by the representative point coming to rest at some point such as L on 
one of the stable double-star figures which consist of two stars revolving 
about one another. Thus the '' cataclysm ” which must occur when the repre¬ 
sentative point reaches the configuration J may be represented by a jump 
of this point from J", the highest stable configuration on the ellipsoidal series, 
to jt, a configuration of equal angular momentum on one of the double-star 
series. 

Some of these double-star series do not possess stable configurations 
having angular momentum equal to that of the critical Jacobian ellipsoid J. 
Denoting this latter angular momentum by 0 3898, so as to conform to the 
measurement of angular momentum used in our tables on pp 39 and 40, I 
find the following angular momenta for Darwin’s figures of limiting partial 
stability tabulated on p 63* 

M'jM = 0 0 33 04 05 10 

Ang Momentum = OTIO 0 390 0 413 0*440 0481 

Since all stable figures for which M'jM > 0 33 have angular momentum 
greatei than that of the critical Jacobian ellipsoid, it is evident that an 
imcompressible mass cannot divide by fission into two masses more nearly 
equal than 3 1 This theoretical upper limit of M'jM for incompressible 
masses is just about equal to the observed lower limit of M'jM for actual 
masses (cf § 2), but compressibility may tend to equalise the ratio of the 
masses 

We have so far supposed that the two masses will assume a position 
of relative rest, rotating as a rigid body Other possibilities, such as that 
of the masses describing non-circular orbits about one another or of the 
periods of rotation and revolution not coinciding, ought also to be considered; 
for convenience this is deferred to Chap XI 

III THE DOTJBLE-STAR PROBLEM 

134 We found m | 58 that in Roche’s problem of an infinitesimal 
satellite revolving in a circular orbit about a massive primary, there is a limit 
of closest approach within which no stable configurations of equilibrium exist 
for the satellite Thus if a small satellite falls, or is in any way driven, into 
a certain sphere surrounding its primary, its configuration will become un¬ 
stable and dynamical or cataclysmic motion must ensue We have further 
seen in §§ 60—65 that in the more general double-star problem a precisely 
similar situation arises, and it will be clear that the dynamical motion in 

* The last figures cannot be guaranteed as I have assumed for l + ^the uniform value 1 06 
from M'IM=:0^4^ to The entry corresponding to is obtained by inter¬ 

polation 
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iluH niorc‘ general probUnn must in its general features be very similar to that 
occurring in tli(‘ simplei problem of Eoche. 

136 'rhci gencual iriture ol the motion can be seen from considerations 
prccis(‘Iy similar to those biought forward in considering thci dynamical 
motion in the rotational ])roblem (§ 183) 

Let POP' (fig 27) n^piesmit th(i scenes of configurations possible foi the 
satellite, the branch PO being stable, 
th(‘ branch OP' btnng unstabbs and 
the point 0 representing the configura¬ 
tion of limiting stability. 

When the configuiation is r(‘pi(‘,- 
scmtcMl by a point such as A on thc^ 

Htabk‘ branch, a small displaccnnent 
will result in stable oscillations 
through some small range A'A A", 

When the repr(^Rcntativ(‘ point is at O the range of stable^ oscillations is 
very small, and an oscillation of range gn^atcT than (yO(P' will be un- 
stabhj. Finally at 0 any oscillation at all will result in an unstable motion 
which will initially l)(‘ leprescmtcKl by motion in a (hrection 00', and so 
will consist of an (dongation of the cdlipsoidal figure of the satcdlitc. 

The tracing out of this motion must present a problem veny similar to 
that aln^ady discussed in th(^ tidal problem in % 11H--131 , unfortunately 
th(‘ prcsencci of rotation makes it impossible to obtain exact results. But a 
good deal of the motion is discloHe<l by a study of general principles, 

Th(i radius of thc^ orbit is det<‘rmnuid by the same eiiuation as it would 
b(j if the whole mass of the satellit(‘ wore concimtratod at its centic of mass 
Tlw satellite may bti thought of as consisting of two halvcis H and the 
form<‘r bedng nciarcu* to tlu^ prima-iy than the cimtre of mass and the latter 
furtlun* away If it w(‘r(‘ not for the jiresoncn. of IP, the half H would be too 
near tlu* primary for it circular oibit to b(‘ possible under the prescribed 
rotat/ion; e(|uilibrium is maintained by the gravitational pull from /f' which 
ncmtralisoH pari of th(‘ attraction of th(‘ primary on //. Similarly it is only 
the gravitational attraction of II which makes a circular orbit possible for H , 

When th(‘- configuration n^aches limiting stability at the point 0, a rapid 
cdongation of figure begins, and this Icsscms to gravitational attraction be- 
twetm // and IP The immcHliate result is that H is drawn in closer to the 
primary, whiles /f' is driven further away. At first this motion is only another 
representation of the elongation of the figure of the satellite, but xt is clear 
that this elongation cannot continue for over —a long thm filament of matter 
must be unstable under all conditions. Thus the satellite must before long 
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break up into detached masses, much as it was seen to do m the tidal problem, 
and of these the innermost will fall m towards the primary while the outermost 
will recede from it If we think of these fragments as ultimately describing 
elliptic orbits, the point at which instability sets m will approximately coincide 
with the aphelia of the inner pieces and with the perihelia of the outer ones. 

If no change of density takes place in the matter of the satellite, the 
orbits of the inner fiagments will all be within the radius of limiting stability, 
so that for each fragment the same process must repeat itself indefinitely, a 
limit only being reached when the fragments are so small that their chemical 
cohesion is able to defy the disruptive effects of gravitation and rotation 
The outer fragments, on the other hand, will describe orbits which will all lie 
outside the radius of limiting stability, and so they will not suffer furthei 
disintegration at first But the perihelia of these orbits are already very 
close to the sphere of limiting stability, and if the agencies which drove the 
oiigmal satellite inside this sphere are still operative, it may be expected that 
before long the new satellites also will be driven in and broken up in turn 

136 If the matter of the satellite is even slightly compressible, and 
therefore liable to changes of density, an entirely new feature presents itself. 
For the initial elongation of the satellite when the configuration of limiting 
stability IS i cached will be accompanied by a rapid diminution of pressure in 
the interior of the satellite, and therefore by a rapid diminution of average 
density. The radius of the sphere of limiting stability is however a function 
of the density p of the satellite (cf equation (65)), its radius varying as 
Thus the elongation of the satellite will be accompanied by a rapid 
expansion of the sphere of limiting stability, when the satellite breaks into 
fragments all these will be within the new sphere of limiting stability, and 
the process of breaking up will repeat itself indefinitely 

Whichever way we approach the problem, the final result of the motion 
must be a ring of broken fragments, each fragment being so small that 
its forces of cohesion can resist the mechanical tendency to disintegration 
Roche has suggested that Saturn’s rings may have formed m this way, a 
suggestion borne out by the following figuies * 

Radius of Saturn’s outermost ring = 2 30 radii of Saturn 

„ orbit of Saturn’s innermost satellite = 3 07 „ „ 

„ „ Jupiter’s „ „ = 2 55 „ Jupiter. 

„ „ Mars’ „ „ =2 75 „ Mars 

Roche’s critical radius, it will be remembered, has been found equal to 
2 45 radii of the primary when the densities of primary and satellite are the 
same 
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SUMMARY OF RESULTS 

137 At this stage we leave the problem of the motions of an incom¬ 
pressible homogeneous mass of fluid Before passing on to the next problem 
it may be of value to summarise, in the briefest and broadest manner 
possible, the results which have been obtained 

We have had three distinct pioblems under discussion—I The Tidal 
Problem, II The Rotational Problem, and III The Double-star Problem 

In the Tidal Problem we have studied the motion of a primary mass as 
tides are raised in it by the continued approach and ultimate recession of a 
secondary mass 

In the Rotational Pioblem we have studied the motion of a single mass 
rotating freely in space, the rotation increasing as the mass cools by 
ladiation. 

In the Double-star Problem we have studied the motion of two stars 
revolving round one another, a secular change being supposed to occur in 
their distance apart 

In all three problems we have found that the motion will consist of two 
parts The first may be described as statical ’’ or secular ”, the second 
may be described as “ dynamicalor cataclysmic 

In the Rotational Problem and in the Double-stai Problem, there is a 
quite precise demarcation between the two types of motion In the Tidal 
Problem, the two motions may gradually merge into one another, although 
here also there may be a precisely defined point of transition. 

In all three problems, the statical motion has been found to consist of a 
slow secular change of shape in which the body under consideration remains 
always of a spheroidal or ellipsoidal shape, except that m the tidal and 
double-star problems (in which two masses aie involved) the spheioidal or 
ellipsoidal shape of the primary may be slightly distorted by tides of third 
and higher orders raised by the secondary mass In the Tidal Problem, the 
motion is through a series of prolate spheroids, m the Rotational Problem 
the motion is first through a series of oblate spheroids (Maclaurm’s spheroids), 
and then through a series of ellipsoids (Jacobf s ellipsoids), m the Double¬ 
star Problem the motion is through a series of ellipsoids 

In all three problems, dynamical motion supervenes when the prolate 
spheroid or ellipsoid reaches a certain elongation The motion results in 
the formation of a furrow oi system of furrows on the elongated mass In 
the Tidal Problem the furrowing process does not commence immediately, 
and there may be any numbei of furrows formed In the two other problems, 
the furrows start to form at once and only one furrow is formed 
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The final result of the dynamical motion appears in every case to be 
fission into detached masses, although a rigorous mathematical proof of this 
has not been obtained In the Tidal Problem any finite number of detached 
masses may result (c£ fig 23, p. 127), in the Rotational Problem the mass 
appears to divide into two bodies of unequal size (cf figures on p 116), in 
the Double-star Problem the mass breaks up into a very great numbei of 
small masses 

Hence it appears highly probable that tidal-action may produce systems 
such as are seen in our own solar system and in the systems of Jupiter, 
Saturn, etc, that increasing rotation may pioduce systems such as are seen 
in ordinary binary stars, and that the close approach of two stars revolving 
about one another may pioduce systems such as Saturn’s rings and possibly 
the asteroids also We shall investigate these conjectures more fully m sub¬ 
sequent chapters, before doing so we attempt to gam some knowledge of the 
motion of compressible and non-homogeneous masses 
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THE MOTION OF COMPRESSIBLE AND NON-HOMOGENEOITS 

MASSES 


GENERAL THEORY 


138. So far we have discussed only the behaviour of masses of perfectly 
homogeneous and incompressible mattei. In so doing we have followed 
the classical line of development, based upon the researches of Maclaurin, 
Jacobi, Poincar6 and Darwin Astronomical matter must however be highly 
compressible and far from homogeneous, so that the question of how far we 
are justified in attributing to real astronomical matter the behaviour which 
is found to occur in ideal incompressible masses is obviously one of great 
importance In the present chapter we shall develop a general theory of the 
configurations of equilibrium of compressible masses, and shall in particular 
attempt to examine in a general way the effect of compressibility m intro¬ 
ducing departures from the motion predicted by the incompressible model 
which we have so far had under consideration 


139. If p is the pressure at any point x, y, z of a mass rotating with 
angular velocity to about the axis of 0 , the equations of equilibrium will be 




9 ^ 2 


.(386), 


dp dV 


dp _ dV 

dz~~ ^ dz 


.(387), 
. (388), 


in which V is the potential of the whole gravitational field of force, including 
tidal forces if any are present. Thus we may write 

7= 7^+7,.(389), 

where Vm is gravitational potential of the rotating mass under con¬ 
sideration, and 72 p IS the potential of the tidal field. 


Writing 


+ .( 390 ), 
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these equations of equilibrium become 


II 

.(391), 

dp 9X1 

. (392), 

dp 9X1 

dz ^ dz 

. (393) 


(:394) 


On equating two values of d^pjdydz we obtain 

dp 90 _ dp 9X1 
dz dy dy dz ^ 

so that 

dp dp dp 

dm dy _ dz 

“ ■ ’ 

dw dy dz 

It follows at once that the surfaces p — cons necessarily coincide with the 
eqiupotentials XI = cons, and it further follows from equations (391)—(393) 
that these surfaces also coincide with the surfaces of constant pressure 

p = cons The boundary of the fluid must of course be one of this family of 
surfaces, say p = cr, and the necessity for the condition that Xl shall be 
constant over the boundary, which has so far been used as the condition for 
equilibrium, is at once obvious. 

The condition that XI shall be constant over the boundary will however 
no longer be sufflcient to ensure equilibrium, it is still necessary but not 
sufficient, and equations of equilibrium must be satisfied throughout the 
mass 


Masses of Uniform. Composition 

140. The simplest case arises when the matter is of uniform composition 
throughout, so that the pressure is a function of the density, say 

p=f(p) 

Equations (391) etc now assume the form 

8/W?e= “etc 

dp dm ^ dm 


If ^ (p) IS defined by 


these become 




1 ¥(p) 

P 

d(f> (p) ___ 9X1 


dp 


(395), 


dm 


dm 


etc., 
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so that the equations of equilibrium have the common integral 

0.(396), 

where (7 is a constant At any point inside the mass, 

= - ^Trp, 

= 0 , 

so that, from equation (390), 

= 2 g )® — 4iTTp ... . ( 39 * 7 ) 

Thus on operating on equation (396) with we obtain 

V2<^ (p) 4- 47r/o = . (398), 

the differential equation which must be satisfied by p for equilibrium to be 
possible 

From equation (396) we can obtain p in the form 

P = '^ (fl), 

and equation (397) now becomes 

V2a4-47r'^(a) = 2a>2 . . (399), 

the differential equation which must be satisfied by for equilibrium to be 
possible 


141 Let P be any point inside the mass, and let R denote the distance 
from P to a variable point x, y, -s inside the mass, let d8' be an element of 
surface of a small sphere surrounding P, and let dS be an element of surface 
of the boundary. Then for the value of Fjj at the point P we have 


so that 



The integral on the right is of course the potential of a Green’s equivalent 
stratum, it is a known theorem that the potential of this together with 
that of external masses has a constant value inside the surface 
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Since r++ is constant ov«!r the boundary in u configuration 
of (‘quilibrium, the value of K-f bccomoH 

d /r 


r,.= 


1 -far 1 

■47r j 3/t It 


a roiiH, 


For a problcia in which <*> nhapii ol tlu* houiulary art* given, 

the* value of 

fo" 






iH known at every point innitlt* the* boundary. It followH that 


// 


dV 1 

0« a 


(IH 


lUUHt be given at all pointH 
this dt'terniirieH d Vfdn at all 
But 


inside th(‘ boundary except for a constant, anil 
pointH of the boundary, except for a constant. 



f/»S' 


is given, being equal to -It tinu'S the total uiass of tlii' rotating body, ho that 
3F/3w is uniquely di'tennined at evi-ry point of the boundary. 

It follows from equation (flflft) that under the conditions now contem¬ 
plated, p and 3/>/()/( are detenniiii'd at every point of the boundary, and 
from this and equation (.‘IflK) if, is easy fo see that t,he soliif.ion for p is 
unique.* 

It follows that configurations of equilibriiitn may be specified hy their 
boundaries alone, hut a more important result, also follows. \V hen 1 ,, and a"* 
are given and tlie boundary is given, then' will be an endless mimbt'r of 
possible vibrations in which the inf.eriial partieles move, while those at the^ 
boundary remain in position. 'I’be result just obtained shews that none of 
thi'se can ever be of zero frequeney, so that, no points of bifiireation can 
occur, and the internal vibrations, if stable in the initial configuration of the 
mass, must always remain stable. 

From the eircumstaiice that, eoiifiguratious of eipulibrium may be h|Micified 
by their boundaries alone, it will be clear that, the various eonfigurations 
must fall into linear series much in the same way as in f.iie ineompressibh' 
problem. The i-onfigurntion for no rotation and no tidal forces will of 
coursi' be spherical. 


142. In the rotational probimn then* will obviously be a series, analogous 
t,o the Maclaurin spheroids, in which the liouiwiary is a figun* of re.volution. 

• It in aifBoult to construot a riKorotiK proof, for oompUoationi) of a mathemattea! natnro 

arwe. Boo Ptoc. Uoy* Hac, 410. 
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The configurations near to the spherical one are spheroids of small ellip- 
ticity, but the series will not remain spheroidal throughout its length But 
the far end of this series is again spheroidal, being in fact identical with the 
Maclaurm spheroid for a mass of uniform density a. Just as m the incom¬ 
pressible problem, this is unstable for all displacements specified by sectorial 
harmonic deformations of its boundary* It follows that, on the series we 
aie considering, there must be points of bifurcation corresponding to all 
sectorial harmonics The general physical principles explained in § 82 lead 
us to expect with confidence that the first of these to occur will be that 
corresponding to the second harmonic At this point the circular cross- 
section of the figure gives place at first to an elliptic cross-section of small 
ellipticity, and the configurations on the new series are analogous to the 
Jacobian ellipsoids 

Further, the far end of the series analogous to the Jacobian senes is 
again identical with that in the incompressible problem, both as regards 
configuration and stability, so that again this series must have the same 
points of bifurcation as the Jacobian series. 

143 Almost identical remarks apply to the tidal problem Again there 
IS a principal series of figures of revolution analogous to the tidal spheroids 
examined in § 49, and again these figures are strictly spheroidal at the two 
extreme ends of the series The stability of the end configuration of this 
series—a long drawn out line of matter—is plainly the same as for the 
incompressible mass, so that the same points of bifurcation must occur on 
the series. 

144 All these statements obviously require slight modification m the 
extreme case of <t = 0, but except for this case it is clear that the general 
arrangement of series and points of bifurcation will be very similar to that 
in the incompressible problem It ought again to be possible to construct a 
diagram similar to that of fig 7 (p 50), the general arrangement will be 
the same but the numerical values different, and the shape of the figures 
will of course be different except at the extreme ends of the various series 

Figincs of equilibrium which take the place of the spheroidal figures of 
the incompressible problem, whether rotational or tidal, may conveniently be 
referred to as '' pseudo-spheroids ” Similarly figures which take the place of 
ellipsoidal figures of equilibrium may be referred to as “ pseudo-ellipsoids, 
these of course do not enter m the tidal problem, but occur in the rotational 
and double-star problems 

% 

145 This general discussion does not touch the question of the stability 
of the various branch series, this can only be determined by detailed 

* Of. Poincar^, Acta Math 7 (1885), p 259. 
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calculations in individual problems Thus in the rotational problem it is 
not possible, from a consideration of general principles, to predict whether 
the pseudo-ellipsoidal series will initially be stable or unstable If in any 
problem it is unstable, cataclysmic motion will begin as soon as the first 
point of bifurcation on the pseudo-spheroidal series is reached This motion 
will consist at first of an ellipsoidal elongation of the pseudo-spheroid, the 
circular cross-sections giving place to elliptical ones, and the points of bifur¬ 
cation on the pseudo-ellipsoidal series will be replaced by dynamical points 
ojf bifurcation ” in this motion In such a case, if ever it occurs, it seems to 
be quite possible that the rotating mass may divide up into a number of 
detached masses (instead of into only two) very much as in the tidal 
problem 

It will, however, be remembered that the angular momentum of the 
pseudo-ellipsoidal series is infinite at its far end, so that much the most 
likely event is that it increases all along the length of this series, in this 
case the pseudo-ellipsoidal series would initially be stable But no such 
general consideration can be brought forward in the case of the pear-shaped 
series which branches off at the first point of bifurcation, and nothing justifies 
us in predicting whether this will in general be stable or unstable Indeed 
it appears to be at least possible that in some problems this series may be 
initially stable, a possibility which has been mentioned by Poincar6 * 


Masses of no7i'-iimform Composition 

146 From § 140 on, we have assumed the astronomical matter to be of 
uniform composition throughout, the pressure being a function of the density 
only When this restriction is removed, the discussion of equilibrium con¬ 
figurations IS naturally more difficult 

Suppose that we are dealing with a mass of different types of matter 
a, 6, c, , these letters referring either to chemically distinct types of matter 
or to mixtures of such types in varying proportions. 

Consider a special problem m which the values of Fy and co are given, 
and in which it is also given that the shells of matter occui m an assigned 
order a, 6, c, from the boundary inwards 

The external boundary will of course be one of the equipotentials fl = cons 
The surfaces of transition between the different types of matter will be sui- 
faces at which the density changes abruptly Thus these surfaces will coincide 
with surfaces of constant density and hence, by equations (394), they will 
coincide with equipotentials O = cons 

* ‘‘ Sur la Stability de I’lfiquilibie des Figures Pyriforraes af£ect4es par une Masse Fluide en 
Rotation,” Trans, 198 A (1901), p 335 
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145 

n ^ determined at the -boundarv 

It follows from equation (398) that the arrangement of density is determined 
throughout the layer of matter of type a At the surface of transition to the 

at the bo? ^ P ^8/3^ are determined 

at the boundary of layer h, and so also through this layer. In this way the 

configuration can be built up layer by layer, the configuration being uniquely 

determined when the order of the layers IS determined s 9 J 

The order of the layers is determined by conditions of stability. We shall 

^e may notice that any arrangement will be unstable if energy can be gained 
by an interchange of any two layers, the instability shewing itself by the 
creation of convection currents which result m the actual interchange of the 
ayers in question Thus the only arrangement of layers which can be stable 
IS that for which the potential energy is a minimum For this arrangement 
e results already obtained for a homogeneous compressible mass remain 
true, in particular the configuration is uniquely determined, and is stable as 
regards internal vibrations, when the values of and a, and the shape of the 
boundary are given. ^ 


Tils X wo J^CcJldTl^STIflS oj" hT€>Cl]c% 7 iy 'Ujp 


147 Ihere are two conditions that must be satisfied by a configuration 
of equilibrium, the equations of equilibrium must be satisfied, and also n 
must be positive everywhere Now the linear series so far discussed have 
been series of configurations such that the conditions of equilibrium have 
been satisfied everywhere, but we have not introduced the condition that 
p must be positive everywhere. Any region on these series in which n is 
anywhere negative will represent configurations in which the equations of 
eiiuilibnum are satisfied but which are physically impossible through negative 
pressuies being demanded. Hence if at any point on a linear senes the 
pressure becomes negative, the series may be supposed to be abruptly termi¬ 
nated at that point the configurations beyond are of no physical interest 


It IS easily seen that p cannot change sign at a point in the interior of 
the mass, for p can only change sign by first vanishing, and the points at 
which p vanishes determine the boundary But close to the boundary p can 
change sign by passing through a zero value, when this happens dpjdn 
vanishes at the point of the boundary in question Thus the normal force 
dnjdn vanishes, which means that the gravitational attraction of the mass is 
just neutralised, and ultimately outbalanced, at this point by centrifugal and 
tidal forces When this happens a stream of matter will be thrown off from 
the point m question 


j c 


10 
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Clearly it is of the utmost importance to cosmogony to know under what 
conditions streams of matter will be thrown off in this way We have found 
two ways in which a mass can break up—the one by fission, and the other by 
the ejection of streams of matter from a point or points on its boundary In 
an actual astronomical mass, which will happen first ? 

This question is one which can only be solved by detailed analysis in 
special cases Now there is an infinite variety of arrangements of compressible 
matter possible, while the solution of even a single case is a problem of con¬ 
siderable difficulty and complexity It therefore behoves us to choose the 
special cases which we attempt to solve with skill and care, so as to economise 
labour as much as possible 

148 Compressibility of matter is of course associated with variations of 
density in the compressible mass, and the greater the compressibility of the 
matter, the greater these variations of density will be In Chapters III VI 
we have solved the problem in the special case of a mass having no com¬ 
pressibility and so having no variations of density. 

This problem formed in a sense a limiting case of the problem of the 
motion of a compressible mass At the other end of the general problem 
there will be another limiting case in which the compressibility is so great 
that infinite variations of density may be expected. Mathematically this 
limiting case may be specified by the condition that the density is infinite or 
zero at different places Physically, as we shall now see, this limiting case is 
not so artificial as its mathematical specification might lead us to suppose 

149 For a mass of gas at rest in isothermal equilibrium, the density at 
great distances from the centre falls off as 1/r^ The general law of density 
has been obtained by Darwin* and otherst But without detailed analysis 
it IS clear that, at a sufficient distance from the centre, the law of density 
must becomet 

p^po 

so that, when viewed from a very great distance, the density may be icgarded 
as infinite at the centre and zero everywhere else The total mass is how¬ 
ever infinite, so that a finite mass of gas in isothermal equilibrium will be 
of zero density everywhere 

Similarly for a mass of gas in adiabatic equilibrium with the ratio of the 
specific heats y equal to 1^, the law of density is§ 

p = /)o(l + 

* “ On tbe Mechanical Conditions of a Swarm of Meteorites and on Theories of Cosmogony ” 
PhiL Trans, 180 A (1889), p. 1, and Coll Wot ks, iv. p 362. 

f For detailed references see Darwin’s paper, 

X L, c, p. 377 

§ A Schuster, JBrit Ass, Beportf 1883, p 428 
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Again, when the mass of gas is viewed from a snflficient distance, the value 
of p becomes infinite at the centre and zero everywhere else The same is 
true for any value of y from 1 to 1^. The mass is infinite when 7 < but 
becomes finite when 7 = 1 ^. 

This same model, in which the density is infinite or very great over a 
point or small concentrated aiea but zero everywhere else, has been largely 
utilised by Roche ^ in his researches on cosmogony. For convenience we may 
refer to it as Roche’s model ” Roche interpreted it physically as referring 
to a small and intensely dense solid nucleus surrounded by an atmosphere of 
^^gligible density In Roche’s model, the whole of the mass is supposed 
concentrated at the centre, in this lespect it differs from a mass of gas in 
isothermal equilibrium, although giving a faithful representation of an 
adiabatic mass for which 7 = 1 |- 


ROCHETS MODEL 

150 . We have seen that Roche’s model and the incompressible model 
form the two limiting cases of the general compressible mass The latter has 
already been studied in detail, it is natural to begin our investigation of the 
compressible problem with a discussion of the former. 

Roche s model has one great advantage over the incompressible model 
For in studying the configurations and motion of an incompressible mass, one 
of the mam difficulties was found to lie in the determination of the gravita¬ 
tional potential Now in Roche’s model no such difficulty occurs j the mass 
IS supposed collected at one or more points and the gravitational potential 
I educes to MJtj or to a sum of such terms in cases where there is more than 
one nucleus Thus, when there is only one nucleus involved, the quantity 
which has been denoted by D assumes the simple form 

= F + i o)- (a?- + 

^ rr 10/. 

+ (^‘“+. . .. (400) 

For given values of and co, the surfaces fl = cons will be a system of 
equipotentials of the usual type, since O is uniquely determined as a function 
of X, y and two different equipotentials can never intersect. Of the system 
of equipotentials only one is suitable for the boundary of the gravitating mass, 
this being picked out by the condition that the volume enclosed by it shall 
be just adequate to contain the whole amount of the compressible matter 

“ Essai sur la Constitution et TOngine du Syst^me solaire” (1873), Acad de Montpellier, 
Section des Sciences, viii p 235 See also Poincar4, Legons swr les Hypotheses Gosmogomqms 
Chap. HI. 


10--2 
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When either or are allowed to vary, we obtain a linear series of 
configurations by picking out the appropriate equipotential surface from 
each set When Vt and co^ both vanish, the equipotentials are spheres and 
the boundary is therefore spherical, as we pass along the linear series the 
boundary will depart more and moie from the spherical shape 

One property of Roche’s model may be noticed at once There can be no 
points of bifurcation or turning points on any linear series For when 
and (B are given, the value of fi is uniquely determined by equation (400) 
and hence the boundary is uniquely determined But the condition for a 
point of bifurcation or a turning point is that there shall be two adjacent 
configurations of equilibrium, and hence (by § 141) two difterent boundaries, 
possible for the same value of Fy and m 

It follows that all possible configurations for a Roche’s model lie on one 
linear series, and this may in every case be supposed to originate in the 
spherical configuration for which F^ and' <o both vanish As we proceed 
along this series, the different boundaries are equipotentials which differ 
more and more from spheres, until finally it may happen that the equi- 
potential which forms the boundary coincides with one which marks a 
transition from closed to open equipotentials. On moving one step further 
along the linear senes we shall find that there is no closed equipotential 
capable of containing the whole mass There is therefore no equilibnum 
configuration consistent with values of and Fbeyond a certain limit, and 
as soon as this limit is exceeded, a cataclysm of some kind must occur. 

151 The transition from an open equipotential to a closed one must 
necessarily be through one which intersects itself, and therefore through an 
equipotential on which a point of equilibrium occurs Such a point is deter¬ 
mined by the equations 

dx dy dz 

Smce ft IS necessarily constant over the surface of every equipotential, 
including the boundaiy, this condition may be put in the alternative form 


or, again, from equations (391)—(393), 



We are now back to the point of view of § 147, the series terminates 
as soon as dpjdn vanishes at any point of the boundary. But we have 
now seen that this will occur at a pomt at which the equipotential which 
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forms the boundary intersects itself, so that at such a point the boundary 
must have the shape either of a sharp edge or of a comcal point. 

Let us now examine the various types of problem in detail, beginning 
with the rotational problem 


The Rotational Problem 


152 . 

that 


To discuss the problem of a freely-rotating mass, we put ¥ 31 = 0, so 
M 

= - +ia)^(x‘‘ + f) 


The condition for a point of equilibrium will obviously first be satisfied in 
the plane of a;y. It will be satisfied at x, 0, 0 if 


and so is first satisfied when 


Mx „ . 

■ —+ (i?X = 0, 

Mi 




C*)^'S3•o^ 


where tsro is the radius of the cross-section in the plane of coy The particular 
equipotential on which this point of equilibrium occurs is found to be 

^+^a>^(x^ + y^) = ^(Mco)^. 


Since == Mjco^, this equation may be written in the form 


1 

r 




'UTq 


where stands for -h 

The general equipotentials are found to lie as in 
potential being drawn thick 


*(401), 


fig 28, the critical equi- 



Fig. 28 
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The volume of the critical equipotential determined by equation (401) is 
easily found. Putting ~ the equation becomes 


4«ro® 


If we put tsT = 2'sro sm d, 


z — 


so that the volume is 


1-4 sm^ 9 „ 

W6 4eos=^-3 


i-rr == 32,r^„‘> f (cos 9) 

Ja = 0 '0 4 COS-* 0 — 1 


2n — 1 

= 327r«-o* - ip - i log 

= 327 roro» X -0225466. 


j3=^V3 


The mass is equal to p times this, where p is the mean density, hence 

^ ^ = .36075 .(402). 

27rp 27rp'crQ^ 27r'oyo‘^ 

Thus the senes of configurations possible for the mass in question form a 
single linear series, starting from &> = 0 and ending abruptly when 

a>^/27rp = 36075. 

For greater values of co there is no equilibrium configuration possible. 

As a homogeneous mass shrinks, keeping its moment of momentum con¬ 
stant, it is easy to shew that (o^jp will continually increase. It cannot be 
rigorously proved that the same is necessarily true for a non-homogeneous 
mass, but obviously the normal event will be for shrinkage to be accom¬ 
panied by an increase of 

We can imagine a mass shrinking and ay^j^irp continually increasing until 
it reaches the value 36075, at which the mass begins to break up. When 
this stage is reached matter begins to escape at the sharp edge of the 
boundary {AA' in fig 28), and will escape at just such a rate that (o^j^Trp 
retains the critical value 36075 for the mam mass. The subsequent mo¬ 
tion, as well as certain complications that arise, will be considered in a later 
chapter. 


153 We have already seen that two distinct mechanisms may come 
into play to effect the break-up of a rotating mass, and that theie are only 
two such mechanisms possible The two models we have studied, namely 
the incompressible mass and Roche’s model, have now been found to pro¬ 
vide examples of these two methods of break-up, the incompressible model 
breaking up by fission into two parts, and Roche’s model breaking up by 




RocMs Model 


151 


152-154] 

the ejection of streams of matter from the equator It is obviously very 
desirable to bridge over, if possible, the wide gap between these two extreme 
cases, and this is to some extent effected by the consideration of a third 
model, which combines some of the properties of both of the two models so 
far discussed 

154. Eoche’s model consisted of a nucleus of finite mass but mfimtesimai 
volume, surrounded by an atmosphere of zero mass but finite volume. The 
density of the nucleus was accordingly infinite while that of the atmosphere 
was zero 

In the new model we take the nucleus to be of finite extent, and there¬ 
fore of finite density, while supposing the atmosphere to remain of finite 
extent but of infinitesimal density Thus the potential of the mass may 
no longer be put equal to Mjr but becomes equal to the potential of the 
nucleus. The nucleus will be supposed to be incompressible and of umform 
density po, and the atmosphere will be supposed to exert no appreciable 
pressure on the nucleus 

Let 'V 2 g- denote the volume of the nucleus and Vj_ that of the atmosphere 
The mass M is equal to so that the mean density p is given by 


Under a rotation co each particle of the nucleus will be subjected to 
exactly the same forces as though the nucleus alone were rotating with 
angular velocity co, the atmosphere being entirely non-existent This deter¬ 
mines tbe configurations of the nucleus, they consist of Maclaurin spheroids, 
Jacobian ellipsoids, etc 

The boundary of the atmosphere must be one of the equipotentials 
O = cons ; it must moreovei be an equipotential of total volume Vj -f Vj^. 
Thus to get a complete figure of equilibrium corresponding to a given rota¬ 
tion CD, we must first draw a figuie of equilibrium appropriate to this 
rotation for an incompressible mass of density po and volume The boun¬ 
dary of this will be an equipotential Q =cons of volume Vjy We must then 
draw successive outer equipotentials until a further volume Vj^ has been 
enclosed. The equipotential which just includes a further volume will 
be the required boundaiy 

It may be that, in drawing these equipotentials, we shall find that closed 
equipotentials give place to open ones before a volume Vj_ has been enclosed 
If so, there can be no figure of equilibrium corresponding to the given rota¬ 
tion If v/ IS the volume enclosed by the last closed equipotential, the 
greatest atmosphere which can be letained at the given rotation will be 
one of volume and of the atmosphere of the original model, a volume 
Vj — v^' must already have been thrown off at the equator 
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For a spherical configuration (&> = 0) there is obviously no limit to the 
value of the critical value is infinite. But as co increases Vj* will 
dimmish, and matter will be ejected from the equatoi as soon as Vj, = Vj^' 
Let us examine the value of the critical value 

Let the spheioidal or ellipsoidal figure of the nucleus be supposed to be 
the standard ellipsoid 






the axis of ^ being the axis of rotation At a point oc on the prolongation 
of the major-axis, the gravitational attraction is 

„ _ 7 

X = ZTrpoabc x I --r- i • 

] (^2 ^ xf (b^ + xy (c^ + xy 

For a Maclauiin spheroid, in which a = h, the integration can be effected, 
and we find 


X = 27rpQabcx 


: sin‘ 






.(403) 


a® X a^x^ 

where a = The ratio of centrifugal force to gravity at any point 

on the x-dbxis is co^xjX. At a point on the boundary of the nucleus, this ratio 
IS always less than unity, but it increases as we pass outwards, and the point 
at which it attains the value unity is the critical point at which dCt/dx = 0 
Hence to obtain this critical point, we must equate the right-hand member 
of equation (403) to co-x, the resulting equation is 

0)2 7 r 1 1 

— = a&c ~r sin-^ - ~ >-^ 

Stt^o ^ 


ctx^ 


. ..(404) 


The value of x which satisfies this equation determines the radius of the 
equator of the limiting equipotential. 

In the special case in which the nucleus is a Maclaunn spheroid at its 
ellipsoidal point of bifurcation, the value of co’^l^irp^ is 018712, and the root 
of equation (404) is found to be 

X = 1-6436 a = 1 5990 (a6c)* 

The critical equipotential is drawn in fig 29, it is clear that the value of 
vj here is quite small, being in point of fact rather less than one-third of 



Eig 29 
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Thus It will be seen that the value of the ratio steadily decreases 

from 00 to about J as we pass along the Maclaurm senes to the pomt of 
bifurcation, and it is readily found that it decreases still further as we pass 
along the Jacobian senes. Its value at the pear-shaped point of bifurcation 
IS about -I-. 

We can now describe the senes of equilibrium configurations assumed by 
this model as its angular momentum continually increases. Suppose first 
that the ratio is greater than |. 

For small values of < 0 , the boundary of the nucleus and the atmosphere 
will both be spheroids of small eccentricity For larger values of a> the 
boundary of the nucleus will remain spheroidal, while that of the atmo¬ 
sphere will be a pseudo-spheroid coinciding with one of the external equi- 
potentials As co still increases this pseudo-spheroid will develop a sharp 
edge, this occurring when the critical volume vj is equal to After 
this, matter will be ejected from the sharp edge on the equatorial plane 
of the mass By the time the rotation is given by a)727r/Oo = *18712, 
the atmosphere is reduced to about in volume Thus p = |po> and 
6)^/27rp = *2496 At this stage the figure loses its symmetry, being no longer 
a figure of revolution The nucleus becomes ellipsoidal, while the boundary 
becomes a pseudo-ellipsoidal figure having two sharp pomted ends, and as 
the rotation still increases, two streams of matter will be ejected from these 
ends Gradually the nucleus becomes more elongated and the atmosphere 
diminishes more and more, until the pear-shaped pomt of bifurcation is 
reached. After this the nucleus will divide into detached masses, each of 
which will be surrounded by a thin atmosphere 

If the original atmosphere were of volume less than the course 
of events would be the same except that none of the atmosphere would 
be thrown off* until after the symmetry of revolution had been lost In 
this case the sequence of figures would be—spheroids of small eccentricity, 
pseudo-spheroids, pseudo-elhpsoids, pseudo-ellipsoids with pomted ends and 
a stream of matter emerging from each, finally ending m detached masses 
surrounded by thin atmospheies 


The Tidal Problem 


156 In the tidal problem « vanishes but does not, so that equa¬ 
tion (400) becomes 

r 

where M, as before, is the mass of the primary, and its centre of gravity is 
taken as origin. 
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Let us suppose that the tidal forces originate from a secondary mass M\ 
which may he treated as a point at a distance R If r' denotes distance 
from this mass, the whole tidal potential is jr', but of this a part is 
effective only in producing the acceleration M'I of the primary, and this 
part may be taken to be a potential M'osjR^ where the axis of d is taken 
to be the line joining the two masses This part of the potential of the 
second mass must be supposed neutralised by the acceleration of the axes to 
which the primary is referred, so that the effective tide-generating potential 
may be taken to be 




K 

r' 


M'x 

R^ 


(405) 


The value of fl is now 


^ M M' M'x 


(406), 


and the boundary of the primary must be one of the surfaces fl = constant 


On parts of the ^-axis which lie between the two masses, we put r = x, 
r'-R’-Xy and find 


M M' M'x 
X R'-x R^ 


(407), 


M M' M' 
dx (B - xf R 

It is easily found that d^ljdx vanishes once and once only on this part 
of the iT-axis On parts of the it?-axis which he outside the two masses, 
between x — (^ and = — oo, the first term in 9n/0ir must be taken to be 
-f and it is easily found that in this range also dVlIdx vanishes once 
and only once. 

Each of the points at which d^ljdx vanishes on the axis of is a point 
at which one of the equipotentials intersects itself, and so represents a 
possible transition from closed to open equipotentials. But it is readily 
shewn that, except m the limiting case in which M'/M is infinite, the 
equipotentials first open out at the intersection which lies between the 
two masses 

Thus the arrangement of equipotentials is as follows For the highest 
values of fl the equipotentials are spheres round the nucleus M. As O 
decreases these give place to elongated but still closed figures which persist 
until O reaches a critical value Oj, which is the value at the point at 
which dO^ldx first vanishes After this the surfaces are open at the end 
towards the secondary until O reaches a second critical value fig? for which 
90/9^ vanishes on the negative axis of For still lower values of O the 
equipotentials are open at both ends 
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156. In illustration of thus the equipotentials when M' = %M are shewn 
in fig. 30 The values of x for which dSljdx vanishes are found to he 
X = 457 B, and x = — 8nR, while the critical values of fl are flj = 4-957 MfR 
and flj = 3 96 M/R. The last entirely closed equipotential is the curve 
^ = 4957 MjR which is drawn thick in the figure From a rough quad¬ 
rature it IS found that the whole volume of this equipotential is equal to 
that of a sphere of radius ’348 R 



Fig. 30 


157. As a second illustration, the equipotentials when M'jM is infinite 
are shewn in fig. 31 The value of 12 is now given hy equation (406), in 
which M' and R are both infinite. Thus 

M'x 
R? ’ 

or, replacing the infinite constant M'jR by G, 

M M' 


r 


1 4 . ^ 4 . , 



Pig 31 



ir)(> Com/pressible and Mm»eH [tin. vir 


On the poHiiivo part of the a’-axm, 


il 


M 


M' 

It' 


!»!■■"+ (K 


ao that vaTiiahes tor a value .r = wheu* .r„ 



Iti is n'adily 


aecsn that da/dx vai(isht‘.s for an e<inal tu'gative value of .a 'I’hiis in thin 
special cane of d/'/A/ - oo it apiiears that the two eritienl e.pujMtteiitials 
coinculo in oiu' ('(juipoti'iitial . tins ih i't*u(lily l<tnn(i to lx* j^iveii by 


tl=» 



li * 


It 



i 


and iH tlu‘ cuw‘ drawn thick in lig, *<1 ; thr vahu‘H of il alano tlna iho fcjiii* 
pntcniials ar(‘ clonod cum‘H, lor vahu‘H of 11 Ih‘1ow thin, the iaih 

arc open at both tnuk Uy a rough tiuadratmv it is hMind that tin* votintic 
contaiiUHl l>y thin critical (‘([uipot-tMitiai ih that* of a sphert* of radinn ‘i'i.n,, 


158. If the primary, before dintortion, wan a Hpherc of radius the 
limit of Htaticai ntability, in th(‘ caw‘ IlI'lM ^ , will be rencliiecl when it in 
dintorUnl to tlic nhape of tin* thick (*ar\<* in fig. JJl. 'Vhns it ih n^ached when 
J/' approaclu'H to a diHiancc It nneh that 



lliis m'itic’ul valm* of It may lx* put in tbe form 

/Xf^ i 

It > J r, ......MdHt 

Thin may he compan'd with the critical value of It found in the incom* 
prtwihle prohhun (p. 4d), immt*ly 

f .(■«»;<». 

Himilarly for the Hpe(’ial cuHe of M' 2.1/, the eritienl \ahie of It lias hei-n 
Hcen to bo given by 

which niuy he written in the form 

//»2-H7r,. 2-2H^‘y^y .( U0>. 

4408 is Htill cloHtu’ to the* (‘ritical vahn* in tin* iinmmpieMHihb* prohlenn na 
given by tnpiation (409). It mimt lmwt*ver Ik* remmnbered I hat ei|iiiitiioti 
(409) applicjsH Hirictly mily to tin* npectnl cane of ~x , ainci^ the eijiifition 

waB obtaimal by nogl(*cting all ti*rmH beyond the He<*oiid hariiaaiic term in 
the tidiogenerating potmitiah When tin* necondary in at a dinfaiire of only 
2*87n)n*way from the primary, tin* third harmonic ternw niiiy not legitimately 
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be neglected and equation (409) requires to be modified accordingly We 
can, however, see that the correction to this equation cannot be large, being 
of the order of 5 per cent, at most"^, so that equation (409) may be regarded 
as giving a tolerably good approximation for all ratios of M' to M 

Thus both when M' = 2if and when M'IM= oo, it appears that hetero¬ 
geneity, even of the very extreme kind now under consideration, has only 
a very slight influence upon the critical value of R 

159. We have accordingly found that the series of equilibrium configu¬ 
rations stops for about the same values of R as those for which the corre¬ 
sponding series became unstable in the incompressible problem In the 
incompressible problem it was an easy matter to determine the dynamical 
motion which occurred when statical motion was no longer possible We 
found that at first the primary rapidly elongated itself, while still retaining its 
spheroidal form After a time this motion was disturbed by the occurrence of 
what we have called dynamical points of bifurcation, furrows formed round 
the figure and these seemed likely to result in its ultimate fission into a 
number of detached masses 

In the compressible problem now under consideration the dynamical 
motion IS, as we shall see, very similar to that just described Consider fiist 
the simplest case in which M'jM = oo In this case, as soon as the critical 
point IS reached, the equipotential by which the mass is bounded opens sym¬ 
metrically at both ends and matter is ejected This matter will form two 
long symmetrical jets or arms and the elongation of these arms corresponds 
fairly closely to the elongation of the spheroid in the incompressible figure 
of equilibrium We shall now see that, during this process of elongation, 
dynamical points of bifurcation will occur, very much in the same way as in 
the incompressible problem 


160 The motion of the ejected streams of matter will of course be deter¬ 
mined by the usual hydrodynamical equations which may be expressed in 
the form 


dt^ p dx 


etc. 


m which all the symbols have their usual meanings As in § 140, let us put 


thereby assuming that jp is a function of p only, and let us denote the com¬ 
ponents of acceleration of the particle which is at Xj y, z at time t fx>fy,fz 
Then the equations of motion become 


* Of. Mem. B A.S 72, pp. 10—14. 


( 411 ) 
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With a view to discovering dynamical points of bifurcation on the sequence 
of configurations determined by equations (411), let us compare this motion 
with a slightly varied motion in which the particle which in the original 
motion was at y, z at time t is, in the varied motion, at the pomt 

at time t. 

In the varied motion the particle just specified will have components of 
acceleration 

/* + getc. 


SO that the particle which is at x, y, z at time t in the varied motion will 
have components of acceleration 




dx ^ dy ^ dz 



etc. 


Let the values of X and p at the point x, y, z be changed, in the varied 
motion, to X + SX and p + Sp Then the equations by which the varied 
motion is governed will be 




On subtracting corresponding sides of equations (411) and (412) we obtain 


9 ^^ 

at" 




dx ^ dy ^ dz 


_a 

dx 



(413), 


which is an equation of motion foi all small displacements which can be super¬ 
posed on to the origmal motion while still conforming to the laws of dynamics. 
The original motion must be determmed from the three equations (411). 
Equation (413) and its two compamons will then determine the dynamical 
points of bifurcation on this motion 

Equations (411) cannot be solved in detail, so that an exact knowledge of 
the dynamical pomts of bifurcation determined by equation (413) cannot be 
obtained But a knowledge of the general nature of the solution of equation 
(413) can be obtained from a consideration of the simple case in which/*,/,, 
and /* are all constants, so that the jet is supposed to move with uniform 
acceleration—e g as though moving under a uniform gravitational field. 


Equation (413) now reduces to 


d(f) 


Bp 


.(414), 


dx [dp 

and there are two similar equations Differentiatmg with respect to x, y, z 
and adding, we obtam 


df \.9<k dy 


dz) 


dBX 9 gF 9^ 
dx dy ^ dz 


■ V" 




Bp 


.(415). 
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Xi6t s dsnotG Bpjp, t}i6 6xcess cond.Gn.sEtion of the vanned motion, so that 
the bracket on the left-hand side of the above equation is equal to — s We 
have 

d<f) ^ Idp ^ dp 

Using y temporarily to denote the gravitation constant, we have 


so that 


dY 

doc dy 9^ 

dSX . 9SF dSZ 


■ 4i7rypy 


= — 4i'iryps 


Equation (415) accordingly become»s 


- = 47r7p5 4- 


and IS now seen to be a differential equation determining the condensation $ 
in the varied motion 

Putting 7 == 0 m this equation, and thereby neglecting the effects ot 
gravitation, we are left with the well-known equation 


which simply expresses that any excess condensation s is propagated as a 
wave with a velocity s/idpjdp) relative to the moving jet. In this case any 
displacement from the original motion can only give use to small oscillations 
about this motion, so that the motion is thoroughly stable 

Restoring y and assuming for simplicity that p and dpjdp are uniform 
throughout the jet, we find that a solution of the lull equation (416) can be 
obtained by taking 6* proportional to an exponential factor 

this solution lepresentmg waves of wave-length X pi ejected with a velocity 
qXl^TT Certain boundary conditions must be satisfied m addition to the 
differential equation (416). These may be taken to be that s shall vamsh at 
the two ends of the jet, say at a? = 0 and oc= I 

On substituting the exponential factor into the differential equation (416), 
we find that 

. 

while the boundary conditions are satisfied if 

I == ^nX, 
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where n is any integer Thus the different values of q are given by 

^ — 4s7r'yp .(418) 


The vibration of lowest frequency is given by n ■■ 
when I first reaches the value 


2L ^ 

ryp dp 


: 1, and becomes negative 
.(419). 


This fixes the first dynamical point of bifurcation, as I increases more and 
naore points of bifurcation occur, the complete set being given by 

JlAf ( 11 = 1 , 2 , 3 ..) ( 420 ) 

^ V yp dp 

Thus as I increases, one vibration alter anothci loses its stability The 
initial unstable motion of any vibration is one in which t'he matter of the jet 
tends to collect into nuclei or bunches at the nodes ol the wave Or, alter¬ 
natively, we may consider that a senes ol lurrows tends to form in the jet, 
and that these get continually deeper. Alter passing the first point ol bifur¬ 
cation one furrow tends to form, namely a furrow between the jet and the 
main body, after passing the next point ol bitiuc<ition two furrows begin to 
form, and so on 


161. Clearly the formation of 1, 2, 3 ... furrows in succession in this 
problem is very closely analogous to the formation of 1, 2, 3 furrows in 
succession which occurs when the incompressible mass passes jioints of bifur¬ 
cation corresponding to harmonics of ordeis 3, 4, 5 . 

Although the formation of furrows in these two problems is closely analo¬ 
gous, it would be a mistake to suppose that the two solutions wo have obtamed 
merge gradually into one another as the compressibility ol the primary mass 
gradually changes We may notice that the breaking up ol an incompressible 
mass takes place independently of its size, whereas the bieaking up of the 
jet of matter formed from the atmosphete in Eoche’s model will only take 
place when the system is beyond a certain size 

162 Further insight into the motion will be obtained from a consideration 
of the composite model already discusacd in § 154. Wo suppose the primary 
to consist of an mcompressible nucleus of volume density po, surrounded 

by an atmospheie of volume Vji and negligible density. Under tidal foices the 
configuration of the nucleus will bo exactly thci same as if the atmosphere 
were non-existent, while the atmosphere will be bounded by one of the cqui- 
potentials surrounding this nucleus 

It will be sufficient to consider the simplest case in which M'/M is infinite 
In this case the total gravitational potential is 

11 == Fjtf + //. - iy' ■“ 
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where Vm is the potential of the spheroidal primary, and /x stands as usual for 
M'jR^ The point of equilibrium on the ^-axis is determined by d£ljdx=^^ 
or (cf § 154) 

27rpoabcx [ - ^ - ^2ax 

The integral can be evaluated in finite terms, so that the equation becomes 
irp^abc 

where 

In the special case in which the nucleus of the primary is on the verge 
of instability, the value of /x is 0 1255047rpo, while 

a = (a^ - = 1 45970 (ate)® 

Thus equation (421) reduces to 

logS+f _??_ 39034S, 

of which a root is readily found to be 

« = 137578a = 2 00822r„ 


log 


a? + a 2a 
X — a X 


= /x 


.(421), 



The corresponding figure of equilihriiim is shewn in fig. 32 The thick 
curve IS the boundary of the nucleus, and the thin outer curve that of the 
greatest atmosphere which can be retained by this nucleus The volume 
of this atmosphere is only about a tenth of the volume of the nucleus. Thus 

P = ttPo, and = 1 70 r^. 

Hence we arrive at the following conception of the aeiies of configurations 
of this model At first, when the tidal forces are inappreciable, the figure of 
equilibrium is spherical, this giving place to a spheroidal figure where the 
tidal forces become appreciable hut small As the tidal forces increase, the 
boundary of the nucleus remains spheroidal, but that of the atmosphere is a 
pseudo-spheioid. If the volume of the atmosphere is greater than about a 
tenth of that of the nucleus, this pseudo-spheroid develops two conical pointed 
ends at the extremities of its major-axis, and a further increase in the tidal 
forces results m matter streaming out from these two ends. (This is m the 

11 
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.special case oi'M'IM = oo; in iho more natural hut, less hiuiiih* case iu which 
M'/M is finik), the boundary of the atmospin'ro will hi* a distortcil pseudo- 
spheroid ; a conical point will diwelop at one end only, and matter will stream 
out only from this end, which is tlu' end lusirest to the t,ide-generatinp; mass.) 
Of tlu' matter which streams out, some will fall into the tide f^iuieiatin^ m.iss, 
and some will fall hack on to the primary The gmieial elfect may lu- thoughi 
of as the. creation of an outm-atmosphere in which the .suhse(|uent motion will 
take place. With a still furtlim- increase of tulal forces, the nucleus will attain 
the critical shape* slu'wn in tig'. the rt'taimsl a(,mosphere now heing rediiceii 
to about a tenth of c.v Alter this the motion both in the nm-lens and the 
atmosphere will be dytiaiiiica!; tin* motion of the nucleus will he the same as 
that already considered in §§ 1IH I2(i except in so far as this may he altered 
by the presence of a ri'sisting outer atinosidiere. 


Th<‘ I)<nih!v-Ht<ir Pmhhm 

163. To form a doiihle-star prohleiu on Roche’s model, hup{iose we have 
t,wo masHi's /!/, il/^ rotia,t'ing in st(*ady uiol.iiui at, a distance /t apait, wit,h 
angular vidocity w, each body being .so highly <*oii<leiised tli.it the whole maH.H 
of ('ac.h may be sup[»oH(‘d eoncmitrateil at its centre of gravity. Let the line 
joining them hi' taki'ii tor axis ot tlm cent,re of the primary being origin. 

The value off) is readily foiinil to he 


il 


+ / + if, 
?• r 


f/ 'V' ,, 

\’ , , 

M t M' \ 

1 


and the point at which diljiUi 0 is given by 

M M' J W 


■t 




". 


Tim vahm of w is given by the usual relation (il/ -f /!/'), ■wheiiee 

it appears that oipiation (4^^) can hi* expressed in the syuuiietrrieal form 




wh(‘.n‘ y li — X graphs of tlu* two siutilnr 

functiouH in brackc^tn an* of tlu* shapes hlu*vvu 
in fig. wlu‘nco it appt*arK that tho mot of 
tlu^ ojiuatii)n is .t; - OP whom P in hc^ ohoH<*n iliat 

ilf X iw nr X PH\ 

Theu'o is therofon^ uao aiul only oiu» root of 
(‘cpiation (422), and tho erititutl c*<iuipt4oiitial iiu 
iermvA,H tho axis of r at a {K)int distant OJ^ fnaii 
the origUL If the volnnu* of nitluT cotnponont of tho doiilili* star i« groat«*r 
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than that of the corresponding branch of this equipotential, dynamical 
motion must have occurred befoie the components approach to -within a 
distance R of one another, and this motion will consist of matter streaming 
out of the conical end of the critical equipotential. 

164 Other features of interest in the double-star problem are revealed 
by a study of the composite model in which the nuclei are homogeneous 
masses of finite size The different forms which the two nuclei can assume 
are precisely those which appear in the double-star problem of Darwin 
already discussed in Chapter III (§§ 60—65) The boundaries of these 
masses are equipotential surfaces, and are surrounded by other equipotentials, 
any closed one of which may form the boundary of a possible atmosphere 

For instance in fig 34, the thick curves foim the boundaries determined 



by Darwin for the closest stable approach of equal masses (cf fig 13, p. 64). 
The thm curves surrounding the nuclei are external equipotentials, and the 
atmospheres of the stars may be bounded by any one of these 

Darwin’s figures were at the closest distance which was consistent with 
stability for homogeneous masses, but it is at once apparent that the 
boundaries of the atmospheres may be closer than this. They may be in 
actual contact without stability being violated, or the two atmospheres may 
be merged into a single atmosphere which will now be bounded by a single 
closed equipotential surrounding both stars Thus our investigation suggests 
that heterogeneity will in general lessen the distance of closest approach 
found by Darwin lor the incompressible mass. 

166 The models just considered may be regarded as marking the limit 
of non-homogeneity in one direction, the limit in the other direction being 
provided by the perfectly homogeneous model studied in Chapters III to VI. 

In both the tidal and double-star problems, the motion of the non- 
homogeneous models has been found to be very similar m its broad outlines 
to that already discovered for the perfectly homogeneous model In each 
problem we found in both models a single series of configurations of 

11—2 
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equilibrium of approximately nphcToulal or ellipHtmial HluqK% t-hew* reniaiuiiig 
Btable until the two maHHi^s con<‘(u*n<‘(l r<*aehcHl a etiliain (iiiieal cltHlimeo 
from om^ another, after whieh dynamical motion wan bumd t<» oecmr. And 
the gcaumd fiMitun^s of thin dynamical motion wen* hroa.dly the Hanu* foi eufdi 
mod<d m both of th<‘ two prohlmuH. 

Tn the rotational piobUan the^ Hituation in vmy ddlerent. So long an t he 
rotation ih alow th(‘ figuren of (Mpuhhrium for every imHlel an* iioeenHarily 
Hph(‘roidal in .shapt‘, hut for nnu*t‘ rapid rotationw the aliapt*s oi the ligureB of 
equilibrium hav(‘ luam found to vary gnsatly. In tlu* ineomprehhihle tiioileh 
W(‘ found a Hi^<pien(u' of iigurt'H, Hpluu'oidah idliphoidal, pear .shaped* ending 
with fission into two <l(*ta(dn‘(l masH(‘s. In Koelies model, t»ii the (»tliei 
hand, we found a psiuulo-Hphcu’oidnl siuh's whicdt (mdin! ahrupt<ly hy matter 
being thrown off from tlu^ tspiaton 

The incompr(usd>l(‘ mod<‘l amt IIoc‘1u‘h modtd, may he regarded as limits 
of homogeneity and non-hoinogemuty. 1'1 h‘ ctnnptmite imnlel {‘onsiileriKl in 
§ 154 proviihal a eontimious transition hid.wemi thest* two e\iremeH. In this 
we had a nucleus of vt>lum(‘ and an atmospliere of vtduiuf* a and were 
ahh' to dtd»('rmine tlu* motion for all values of tlie ra!-io I he limiting 

value* oo givi‘s ofeourHi^ tlu‘ ineompn‘Hsihle model, \Unle the limiting 

value Vj^/vj 0 giv(‘H Iioeh<*’H modid. 

TheH(‘ saim* two models may, ln»wt‘V<u\ he n‘gardta| as fixing the limits ot 
compH'SHihility ami non (*ompr<*Hhihility, and when tiiey are regarded in this 
light th(^ composite imalid <loeH not provide a grathml transition from one |o 
ilu* othcT. A eonvemitmt wqmmtu* of figun‘H of varying eompnxshilnlity is 
providisi by mass(‘H ola^ying tlu* pnmsure ilensity law 

p 4* {K t * .pttwd), 

wh<‘re 7 varies from one mnsH la anothmx The value provides a 

complettdy ineomprc'Hsihh* tnasH, while tlu* value 7 l| provides, m wi* have 
alnauly scam (| I49), a mod«d in which ilu» mass is entirely eonceiitraPal iii 
the centre, as iii Roeiu* s mo(U*l 

Thus a gtmcral study of rigurt‘H obeying the law (42d> for values i»f 7 
from to t/3 will provide* a continuous tnmHition frean Hoclies mode! to the 
incompn*HHihh‘ imahh through a st‘ries eif figures of eontiimiilly varying «*om- 
prcHsihility. To such a study we* now pmceed, limiting mirselvcK* for reiisotiH 
alr(*ady (‘Kplaimal, to tlie rotational prohleun. 
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THE CONFIGURATIONS OF ROTATING COMPRESSIBLE MASSES 


166. It will be convenient to write the pressure-density law (423) in 
the form 

We may notice that this law includes as special cases Laplace’s law 
[p = (p^ - cr^)] and also the law obeyed by a gas m adiabatic or convective 

equilibrium [p^ = 0]. 

We find at once that (j> (/?), defined by equation (395), is given by 





so that the general equation of equilibrium (396) becomes 


--p . (424), 

7““1 

m which, as before, 


Operating with we obtain at once as the differential equation which 
must be satisfied by p, 

c 


7-1 


y2py~i ^ -1“ 2cf)® . 


....(425). 


Taking the point of maximum density po as origin, it will be possible to 
expand p in the form 

p- po — p2- pii — pi- .(426), 


where p 2 , ps, Pi • . are functions of o), y, z, of degiees 2, 3, 4 . 


The value of p^ is 



respectively. 


the differential coefl&cients being evaluated at the origin Since the origin 
IS supposed to be the point of maximum density, p^ must be negative for all 
values of x, y and ^ Changing axes, it must be possible to put p^ in the 
form 


P2 = 




where a denotes the density at the boundary of the mass. 
If we further put 

Ps + p4 + .. = — e (po — cr) Po j 
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then the general value of the density given by equation (426) becomes 

p = p,-(p.- a) g + g + g + eP„).(427), 

and the boundary, which is defined by the condition p = cr has for its 
equation 

/V^ qj^ ^2 

^ + g + ,-.-l+e-Po = 0 .(428) 

If eFo is small, this represents a distorted ellipsoid 'Now for a perfectly 
incompressible mass, the boundaries of all stable configurations have been 
seen to be spheroids and ellipsoids, and so are all included in equation (428) 
with Po = 0 Moreover the general argument of §§ 142—144 has shewn that 
the stable configurations of compressible masses can be derived from these 
spheroidal or ellipsoidal configurations by continuous distortion Thus it 
appears that the boundaries of compressible rotating masses may be supposed 
given by an equation of the form of (428), in this equation ePo will be 
small if the matter is only slightly compressible, but may become com¬ 
parable with the other terms of the equation for highly compressible matter 

A preliminary problem must accordingly be the determination of the 
potential of a mass whose boundary is determined by equation (428), while 
the density at any point w, y, ^ in its interior is given by equation (427) 

*11 


The potential of a non-homogeneous distorted ellipsoid 
167 Let 5 ^ be a function of the density p, defined by 


po-o- 


. .(429) 


As we pass from the centre to the boundary, p will vary continuously 
firom po to cr, so that q will vary contmuously from 0 to 1. The surface 
of constant density p has for its equation 




p- + ^ + ePo = 


.... (430), 


and this may be regarded as arrived at by distortion from an ellipsoid of 
semi-axes qo,^ qb, qc. Equation (428) is a special case of (430), arrived at by 
taking q^l 

In Chapter IV we found how to write down the potential of a dis¬ 
torted ellipsoid such as that determined by equation (430), the density 
being supposed uniform Let the potential of a homogeneous mass of unit 
density bounded by the surface (430) be denoted by Fp {q) when evaluated 
at a point outside the surface, and by F^ (g) when evaluated at a point 
inside the surface. 
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Then it is readily seen that the potential of the whole heterogeneous 
mass whose density is given by equation (427), and whose boundary is 
given by p = 0 -, will be 

Fo = cr7„(l)+[ °Fo(g)dp .(431), 

' <r 

Fi = O- Fi (1) + [ VAq)dp+\'‘ VAq)dp .(432), 

the first formula giving the potential at a point outside the mass, and the 
second formula giving the potential at an internal point at which the 
density is p' 


168. As m § 77, let us suppose that Po is put in the form 

Introduce new coordinates t], such that 


and let 


p^f( 


r= 


qhj 




etc 




\q^cc^^{x' q^c^-^fji, 

so that P reduces to Po when p- = 0 

Suppose further that / and D are given by 


)=F( 3 f, qW,qr) 


f- 


■4-- 


y" 


-1 


= {q^a^ 4- m) 4* {flf' 4- jx) 4- (g'V 4- - 1 . 


(433), 


D 


-l- 

VgW 




_L_]iL (434) 


gW q^a^ 4- p) \q^l>^ q^b^ 4- fi, 

Let <l> (q) be given by our former equation (200), namely 


<f>(q)=e 


P - If DP + 4 (Iff D^P - (J/)» D’P - 


22 MJ J — ^ 2 “ 32 

[DP^ - i/D^P^ + jhPIPP^ -D^P^ + ..] 

+ [P^P* - i/D^P^ + - 3 etc .. .. (435), 

in which / and D are now supposed defined by equations (433) and (.434) 
When /t = 0 the equation /=0 represents an ellipsoid of semi-axes qa, 
qb, qc. Moreover, when /a = 0, P reduces to zero and P to Po, so that <f> (q) 
reduces to ePo, and 
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ThiiH wh(‘n /4-==0, the (equation 

.(4n(li 

(r 

lH‘e()UH‘H identical with e(|uatioii (4JU)), which ih th<‘ tMiuaiion <»f the Hurface 
of cenntant diausity p, when* p ih c()nnect(‘(l with (/ by (Mjiuit.ioii (42fl). 

The valu(‘ of ro(</), tli(‘ (^xtta’nal pot(*ntinl of a unifonu iniiHH of* iiiui 
(leOHity filling thin surfaci^ of (‘oiustant dennity p, in atf onc»e mnai, hy the 
nudfiods of ('lhapt(‘r IV, to Ix^ 


Fo(7)- 


TT |"7/> ff'iibcdfi 
• m'V < 1 ^ + /X 


, ...(4,17). 
I M)|'' 


where th(‘ lowin’ limit of inU^gration pf in tfhe nxit of equation (4Jld) at the 
external point /f, t/, 0 at which th(‘ potmitial in being evaluated. Thv 
intiu’nal potential in given by pnaaHi'ly th(‘ nauK* formula (447) with p put 
eipial to 7x*ro. 


169. d1u‘ formula!* for l.lu* |X)ttmtiaI may he simplified by intnxluciiig 
H n(‘W variahh' k iMpial to pj(f‘. If w<‘ further put- 


we find that 


/' ...(4nKK 


and 


•’’J' '«"■ 

. am, 

\a^ <t^ \ kf 

V«{<}) -TT abc I i/Y .(441). 


whort! A htvH its iiHual meaning [(»’•( X)(b' |-X)(H | X)]\ancl l.lif lownr limit 

X' is now a root, of 


a’-* f X. ^ //" f k ^ I X. 


» v+'^W) '/■ 


,<44*2). 


Th«! Hami* fm'inula (441), wiUi t.lm lower limil. i»nt. <‘<jnal to zero, will givi* 
tihc vahii! oflrlu' inticrnal potential K, (</), 


170 Having ovalnatcd ^,( 7 ) and I', ( 7 ), we arc in a [xwition to attonk 
('([uatrionH (4.11) and (4112). Oidy tin* .second of these e(|italionH is of imim*- 
diufe importance t,o oar jirohlem. 
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Using relation (429) we find 

Ut = 0'Uj(l) + (pd — cr) 


VA<l)df+\ y^{q)dq^ 

Jo J a' 


(443), 


where is the value of q at the point x, y, z at which the potential is being 
evaluated The sum of the two integrals in square brackets is found, on 
integrating by parts, to become 




+ 


S'" 1 ^ 0 ( 9 ) 


■r 


.dVo(q) 


df- 

I 


.dVAq). 


•^'1 - ] 


' 5' dq^ 

Since (q') = Fo (q'), the sum of the first two terms in this expression 
reduces at once to F* (1), so that equation (443) can be put m the form 

F = p„F,(l)-(pd-<r)if .... . (444), 


where 




..dv.M 


J & 


.jyM. 


(445) 


df dq^ 

The first term on the right hand of equation (444) is the internal 
potential of a homogeneous solid of uniform density po? second term 
accordingly repiesents the effect of the falling off of density from po "the 
centre to a at the boundary. 

The value of Fq (q), as given by equation (441) is a function of q and 
also of X', which is connected with q by equation (442) Thus 


dq^ 

In this equation we have 
dX' 


d(f 


9X' dq^ 


= irahc 


tl±^M 

A 


and this vanishes from the definition of X' (equation (442)) We accordingly 
have, from equations (441) and (439), 


dF„(g)_aF„(^) 


= irahc 




9<^ (g)\ dX 

j A’ 


dq^ dq- 
while similarly by direct differentiation, 

Thus the value of JS given by equation (445) becomes 


( M' 

E — irahc ] I 
(i 0 


W 


1 _ ^ 

~dq‘‘ / AJ 


dq^ + I g" 


d<p { q)\ ^ 

/ AJ 
.(446). 


d(f 
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This valu(‘ of E may bo rogard(‘d as bcntig obiairuMl by a doable iidio- 
gration with respect to r/ aial X. In fig, l(‘t UA, OB n^prostait a.X(‘h 
of q and X rospi^ctivcly, and let tho t»hi('k 
curve PQ n^prc^sent the relation b(‘tw(a‘n q 
and X (‘xpr<‘HS(Hl by (Kpiation (442). This 
curv(‘ nuH‘tH tta^ axis of q at the value q -q\ 
for by tho definition of q\ wo hivo 




It cl(‘arly nuH'ts r/ = 


= 7% 

0 (p = 


*Fo) 


wh(Te X »= 0. 
at) X =si 00. 

Thus it appc^ars that tlu^ first inti^gral in 
the vahu‘ of E m n^pn^nenU'd by an inU‘- 
gration ov(*r the anni BQJt while tho hckhukI 
int(‘gral is ri'pri^Ht‘nt(‘d by integration ov(>r th(e n,r(*a HQAB. Thus tiu* whoh* 
integration is ovm' the area which is Hhad(‘d in the figuns and (Ui changing 
tlue ordiu* of inttegration W(‘ find 



E «= Trdhc 


fAM'-xy-' 


(lx 

A 


d447K 


wliere tine limit q is now dctornuiuKl m a function of X by etiuaiioii 

(442). 

This comploteH the (‘valuation of F,. Tln^ (ixttuaml potnitial am 
(waluated in a similar way^, but is not rocpiinKl in the prt‘Hent problem. 


C(>nfufnrati(>m of K<iuUibrhmh 

171. We may now turn to the* (Conditions of (Hpiilibriuug whiidi iw W(‘ 
hav(* seem {§ I (Hi) are expressed by th<c singh* (‘(piation (424), namidy 


^ , p’'-‘»n + c.(448). 

7 - 1 

In this e<piation p has the value 

/ 'lA z'^ \ 

p ^ — — <t) 4- ’^^5j 4* 4* . ......444!!). 


Expanding pi""* by tho bniomial theonuu, wt‘ find that cHiuation (44H) 
aBHumes tlu‘ form 




P(> \ / 

(7 - 0 (7 - 2) (7 - 8) (po - <r)» y‘ ^ 

6p„“ (i’‘ V 


)(7-‘2)(p„-<r)®/v''^ 




«0 4 6\..(450). 


* fiwe Bakoi'ian Laoturo for 1017. Bogal .Vofiety Phtl. Tram. A (not y«t publiMhod). 
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in which of course 

n = + 

= PoK (1) - (po.(451) 

Equation (450) contains the solution for all compressible masses, and so 
must include the solution for the incompressible problem in which p^ — o- 
vanishes 


In this solution of the incompressible problem, the figure is known to be 
ellipsoidal, so that Po = 0, while ^^(l) becomes the potential of a homo¬ 
geneous ellipsoid of unit density, and so is given by 

7^(1)==-7ra6c(J‘^^^ +.(452). 

Thus, omitting all terms which disappear when the mass is incompressible, 
equation (450) reduces to 


7-1 


Po 


Y-i 


1 _ (7 1) (Po ~~ ^ 

Po 




= - 'irp.abc + JbV' + (^' + 2 /') + 


The term in c (po - <^) on the left-hand has been retained because it is 
obvious that the equation can only be satisfied by supposing c (po “ ^) ^o 
remain finite when (pQ — a) vanishes. We know that in any case c must 
become infinite when the mass is incompressible, for the value of dpjdp 
then IS infinite. 


In the general problem, let us put 

^_ cpoy-nPo~o‘) 

Trabc 


.(454), 


this equation defining 6 Then equation (453) becomes 


and on equating coefficients of and we find 

Ja 




.(455), 


Jb 

Jo 


ap' ^9 
27rpQabc oP 

(jp _ ^ V 
27rpo a6c IP 

^9 

PI 


(456) 


These are the conditions that an ellipsoid of semi-axes a, h, c shall be a 
figure of equilibrium for a mass of uniform density po rotating with angular 
velocity G). It IS at once seen that they are identical with the three 
equations (65)—(67) which were found to determine the solution of this 
problem in § 36 
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Thus if wo asBign to 6 ilu‘ valiu‘ givon by ocjiiation (454), it ih clear that 
our goBcral eciuation (450) will nniucH!, when tlu^ masB in incuanproHniblcs to 
the o<iuation from which tlu‘ nolutioii for t!u‘ incompnssHiblo problem wan 
prcviouBly obtairual With this im^aiiing for tlu‘ g(‘iuu’al (Mpiati<ui (450) 
bccouuvH 


(s-Kr-2) 

+ Kt - 2) (7 - :J) f "II + «/'„)“ + • •. 


1 

Traho 


K.d)' 


pn 

Po- 
po 




> 4 ® 


Th(' Holutioii for the incompnsHHiblt' masH isch'rived from the txjiuition 


e 






Z7r/)ufa;c 


wliich is a special casc^ of tlu^ abev(\ 


172. On (‘(juatmg (M)(‘fiici<‘nts in this last (‘quation wt^ shall o!itain 
thnse (Hpiations (45()) and tlu‘ solution of tbese iHjuatituis will consiHi of seis 
of valutas of 0 ., 6, c and ol 


Similarly tlu^ solution of (‘(piation (457) will consist of sets of valm*H of 
e, 5, e, o>'^ and In tlie incompn^Hsible problmn, P^ is always 7,t*ro, and the 
stdus <if valm\s for a, b, o and <o^ coincide with thow^ found from eipiation 
(458). Hut in tlu* mori‘ gmnu'al probimn, this is not tin* cast*. 


L(‘t UH now agrtu*,, as a matt(*r of conv<‘nii‘nci% that tln» symbols n, 5, r 
shall b(i reservml to r(dt*r only to solutions of tin* incompressiblt* problem. 
A solution of tin* compn'ssibh^ [>robl(*m may now In* d(»signatt‘d by symbols 
such as u+Ao, 6 + A5, c^Aa Htrictly Hpt*aking, the equation of tin* 
boundary ought no longer to bi^ takmi to bt* 


it must be taken to b(^ 






1 


"(0 4-An) 




I. 


(45!l); 


This how<*V(‘r may be* r<*-writtt*n in tin* form (45b) if we permit of P,, 
containing U‘rmH of dogrei* 2 as well as thosi^ of degre(*H 8, 4,... of which it 
haa so far Ixum HuppoH(*(l to consist. Thus, in what follows, wi* shall 
suppoHt* /^o to includi? Hocoinl di^grei* t<*rmH and a, 5, c will la* supposed to 
havt^ the meamng just agre(*d upon. 

L(‘t th<‘. gein^ral vahn^ of C(UTi*Hponding U> the houmlary (45fl) in 

which /() consiBis of tenuB of <h‘gre(*H 2, 4 ... bt* supposed to be 

'irabc {J , 4 Jnf 4* - J) 4 A F| (1), 
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so that AF^(l) represents the change produced in K(l) by the additional 
term eP^ in the equation to the boundary (459). 

Let us further agree that coq is to be used to denote the value of a> m 
the incompressible problem, the general value of co® being henceforth denoted 
by + Aco^ 

With these conventions equation (457) becomes 


+ HY-2)(T-3)(&^)'(s5+«P.y- ] 


= -+ + 


irabc 


AK 




With the meaning now assigned to the symbols a, b, c and co% equation 
(458) is also true. On subtraction of corresponding sides of the two equa¬ 
tions, we obtain 




+j(Y-2)(Y-3)(e^)-(s5+.J.)V 


rabc 


AF. 




^0 

E 


Aft>^ 

^irp^abc 


{(P + y^) + cons (461) 


Equation (458) determines a solution when the mass is incompressible, 
equation (461) determines the relation between the new quantities intro¬ 
duced by compressibility More definitely, it connects Pq, the distortion of 
the boundary from the shape suited to an incompressible mass, with - o-, 
the range of density, and with Aa)^ the change m &>- 


173. The simplest solution occurs when all the changes from incom¬ 
pressibility are measured by quantities so small that their squares may be 
neglected. In this case (po - eP, and Ao)^- are all of the first order of 
small quantities, and equation (461) assumes the simple form 


ePo - i (7 - 2) 


Po • 


Po 




1 

Trabc 




+ j - {a? + 'if) + cons (462). 

iuTT pQ Ct/UC 


In this equation we notice that E is multiplied by the small quantity 
{p,-a)lp„ so that in evaluating E we may neglect all further small 
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<juantiti<'a. With thiw Kiiuplification, tHiiiatioii (447) givoa hh tlu* valiU' of A, 

li^ Trabo f I 

J « J q ^ 

= iTTithc j ( 1 — . 

f (j /A 

in whicli (/ IB giv(‘u, now ihai Hinall (fuantitatss of tin* firnt may In* 

ncglt*ct(‘(l, by 

+ "f X ^ f X ‘ 
f 

SubHiitnting thin vahui for m (Hjtiaiion (4()‘i), W(* i^bfaiu, b) our proHtub* 
ordi‘,r of approximation, 

/tJ« liralw\J +2aYJ4;,)l . 

whom etc. denote integrals (lefun^d by (‘(piation (5(1) <d*p. Hfi. 

In calculating F,:(l) wt^ must of courm^ retain small (piantitii^H t>f tin* 
first orib^r. Tlii^ whole* pot(‘ntial of a solid of unit di‘nHity wlnwt* boundary is 
determiiUKi by (‘cpiation (45b) is 

(1) -f A F, (1) - Ttahr <|> (1 

so that 

AK,(l)«-7ra6jQ^(1)^, 


in which, n('gh‘cting small (luaniitie^s of the second ordcT, wc* may put 
Oollocting bunuH, (Hjuation (4b2) Ixiconu's 




A(k>^ 


.(4115). 


4 . * (£r.***4-'w^) 4* cons. .. 

zwp^abo 

(llc‘,arly thc^re will lx* a solution in whicli consists solely of terms of 
dogrecB 4 and 2 in ^r;, y, z. Let us assume for l\ tin* value 


el\ 


fpo-<r 
\ p(» , 


Lco^ Mjp Nz^ 2///^/^ 2mz^ir'^ 


4* 


6« 


4* 


b^o* 


ovr 


HO that 


^ tqif ^ trz^ 

a'b^ 


b* 






«i> = ^ + Mn* + iVC + + 2'/w?*C 


4 4 2/?!® 4 fez'll® 4 • • .(4<}7). 
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'Phcii wt‘ tnay iwuim 




f 6 jf'u.rH* c*ni//M + 2 (;ia^*‘^ 2 /'‘^ 4 - .*. + diX^ + d^tf + + ^ 4 ] 

;o “ V P<» ^ 

lnw‘rting ilwM* vahu‘s into <Hjuation (4G5) and equating coefficients, we 

obtain 


^Gt. -I 


(468), 


and four Miiudar <‘<juat 4 <»iis , than' an^ aim* Uiroo laiuatioiiH such <ih 



= *ki!i — 


A(i)^ 

^2rr (pvt — cr) (the 


. . .(469) 


In tihoHo ot|uationH tin* nix cotdlieienUs 6 *„, ... Caa arc liiieai functions of 

l,lu‘ hi') <‘(H'f!icicnt.H L, M, N, I, m., n only, but, t,hi‘ cociflicicntH, dj, 4, d,, are 
linnar fun(*t.ion.s of ft, M, N, I, m, ■//, p, q and r. 

It. follows t.hat, iho six (siuaiiona (468) form a set of linear equations for 
the dcU'rmination of ft, M, N, I, in, n. The solution of those equations, if 
writlnn <lown dirootly in analytical form, would bo too complicated to convey 
any dofiniU* moaninj' to tlio mind. Fortunately there is an approximate 
solution of a vi-ry simple typo, namely t 


(1^ 

It |(7~2)«‘ -i ./.(.^otc. 

I - 1(7 - 2 ) IM - i Jnr etc. 


(approximation A). ...(470). 


To undt*rBt 4 unl iht^ moaning of this approximation, wc may notice that it 
HaiinficH (‘quaiioUH (4(iH) if ri*t 5 » **• neglected. Jhus the approxi¬ 

mation IB arrived at by iu‘gl<‘cting terniH of degree 4 in AF,, (1), and is 
therefore (*<|uivah‘nt t^o tn*ating Uu‘ boundary 7 = L as ellipsoidal when 
eabulating itn graviiational potmitial. 


174 To t»btain Hoim* idc‘a of the amount of error involved in this approxi¬ 
mate Holution, I hav<^ worked out exactly the true solution in two special 

tstwiw. 

ft will be remHunbeuvd that tlie configurations for an incomprossiblo mass 
connint of Hpliercnds, ellipHoids and pear-Bhaptnl figures, ihe corresponding 
eonfiguratioiiH for the ciunpressihlt^ mass are derived from the foregoing by 
distortion and tmimist of pHimdo-spheroids, pseudo-cllipBoids and pear-shaped 

mmiwima nmlUitlwr 1 in rntrcHiaw^d in order to facilitate comparison mth the cor- 

r#i«|Mn»dmg wittlyMia m ChapWr V. 

t Bttkwian Liwturc for 1917 (not yet published). 
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figuroH. Th<‘re ar(‘ poiiiiH of bifurcation on tlu‘ of (‘tunprcnsHibh* 

figuron; at th(‘ firnt of thcHc th(‘ pmHulo-HpluToidal Bhapo givoH placo to a 
pscnulo-elHptical Hhap(\ and at tho Bt^cond tlu'- pHtnido-tdliptieal nhapo giv<*H 
place to a pt‘ar Hhap(‘. dlie eonfignratiouH at pomtB of ldrurc‘ation are 

arnv(‘d at by dmtortion froju tlu‘ corn^Bponding <;()nligurntio!iH for tin* in- 
conipreBHibl(‘ inasH, and it ib th(‘H(‘ configiiratiouH for wliicdi I hava‘ ealc!datc*d 
thi‘. i‘xact valut^s of L, 71/, N, /, ///, n. 

At/ the lirBt point, of bifure.at/ion 

1-1 <)72, ~ •I87I2. 0 -47125, 

4 ^( 0 ,, 

th(‘ Hcal(‘ of l('ii^Ui, winch ih at. our (linj)OHal, lii'inff choHoii ho iih t.o iimkc 
ro=-((/ 6 c)^ •=■ 1 . Tho exact. w/luUon Ih found, by din-ct. solution of (‘imnt.ion.s 
(4(iH) to b«' 

L = M^.n --l-()27:i ( 7 - 2 )- 1-040(1 \ 

1^7)1^ ()-.‘)48H (7 - 2) - ()-2:{7,S4 (exact.).(471), 

N -=0-11845 (7 - 2) - OOOlWN) 

while tins a[)proxiniat(s .solution (1'7()) i.s found (.0 he 

L-- M.. 11 =^ l-Om (y- 2 )- I-()27:n 

I (7 - 2) - ()-24(i7 (approx. A) ,..(472). 

=3 O’ 11845 (7 — 2) — 0 0020 J 

It will be .si'cii t.hat the error in of the ordiT of twi> {ter eent. in the 
teruiH which do not involve 7 . 


176. At l.h(> Hccond point of bifurcation, at which the pHcndo-ellipHoid 
givcH place to this pear-Hhaped figuri', I find for tlu- exact holution 


L '- 0 -n 2 HH ( 7 - 2 )- 15-4:}.'i2 
A/--0-22057 (7 - 2)- 0-15500 
N « 0-081)02 (7 - 2 ) - 0-047:i:) 
I -0-14051) ( 7 -2)- 0-08408 
m 0-75280 (7 - 2 ) - 0 41)850 


(l‘XlU*.t) 


a = 1-18108 (7-2)- 0-!)510:j I 


.(478), 


while the approxiniati* Holution is found to la* 


=0-8288 ( 7 - 2 )- l()-I7(iH , 

M 0-22057 ( 7 - 2)- 0-15821) 

iV-0-081)02(7-2)- 0-04077 , 

' (approx 

i =0-14().)1) (7 - 2 ) - ()-08424 

/a = 0-75280 (7 - 2 ) - 0-02800 

n = 1 - 18108 ( 7 - 2 )- 1-18108; 


d) 


(474). 
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Again, as must m general be the cUse, there is no error in the terms 
multiplied by 7 . In the remaining terms, the errors in I, M and JSf, the 
coefficients which determine the smallest cross-section, are seen to be less 
than two per ceut but the errors m the remaining coefficients L, m and n 
are very much greater, being respectively 34, 26 and 24 per cent 


176 Having determined L, M, N, I, m, n, we complete the solution by 
finding p, q, r from equations (469), which, written out in full, become 


M.-A,d _- - 

27r(po-cr)abc 

__ 

¥ ^ (po — O') oho 


(475) , 

(476) , 

(477) 


At this stage it is convenient to extend the notation already introduced 
m § 35 . By analogy with the integrals J defined in equation (56) we shall 
write 

f” XdX. r r „ 

J 0 > j ^ 

With this notation the value of ddi is readily found to be 


4di = 2p./ Iab - ^ I At + 4Si 


in which 
4S,=~| 


a- 

W 4.^77 n 

3L 




.(478), 


^ TT I TT 


SL T n J , r 

AAA »" ^2 ^AAB'^ ^2 AAC 


(479) 


The value of Si can be determined as soon as the values of the coefficients 
i, M, F, I, m, n have been found, and equations (475) etc. assume the form 


^^-2vJ +^I 


T 


c- 


AG ■ 


4Sx- 


Aft)^ 


27r (jOo — <^) obc 


etc (480). 


These linear equations determine p, q and i\ The solution may be 
regarded as the sum of two solutions, the first arising from the terms 4Si, 4 S 2 
and 4 S 3 on the right, and the second from the terras in The second 

solution represents ineiely a step along the ellipsoidal (or spheroidal) series 
corresponding to a small change Acy^ in the value of co^ To obtain a com¬ 
pressible solution we may give any value to Ao)^, the zero value, which is of 
course most convenient, giving a solution which corresponds to the same 
rotation as the incompressible figure from which it is derived. 


J c 


13 
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But to obtain all the compressible solutions adjacent to a given incom¬ 
pressible solution, we must retain A®" In particular, the retention o « 
will be necessary in searchmg for points of bifurcation m the coinpressible 
problem A point of bifurcation in the compressible problem will be adjacent 
to the corresponding point of bifurcation m the incompressible problem, but 
will not in general have the same lotation 

Thus in searching for the points of bifurcation in the incompressible 
problem, we retain the so far undetermined quantity in our equations. 
The three equations (475)-(477) determine three relations between p, 2 . r 
and Au,^ but to determine these four quantities fully a further equation is 
needed, this equation of course expressing the condition for a point ot 

bifurcation. 

177 Let us confine our attention to the particular point of bifurcation 
at which the pseudo-spheroidal figure gives place to a 
figure. The corresponding point in the incompressible problem is the point 
of bifurcation at which the Jacobian ellipsoids join the Maclaurin spheroids 
At this point equations (69) and (70) of § 37 are both satisfied, as well as 
the equations of equilibrium (65)-(67) Combining equations (69) and 
(70), we obtain as the equation determining the position of this point of 

or, using the equation of equilibrium (67), 

a“6c= . • ..(4182) 

The actual values of n, h, c, 6 and are those already given m § 174 
In the compressible problem, the equation of the boundary has been 
taken to be 


0^ t 
6”- c= 


■1 + 


P o - 

Po J 


a* b* cf' 


where F, stands for the fourth-degree terms which have already 

been determined. This may he put in the form 


>2 


a 




p^:zf]F,= i 

po 


where 


a 


_ ^2 




po 


etc 


(483), 


(484) 


The condition determining a point of bifurcation in the mcompressible 
problem is readily seen to be 

a'n'c' J'^A=^’a!b’c', 

where 6 , J'aa refer to an ellipsoid of semi-axes a', h', d 
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■* From equation (445) it is at once seen that d'a'h'c' = 6abc, so that the 
point of bifurcation is determined by 

- a^bolAA = 0 - 

Using relations (484), this may be put in the form 

+ + = 0 . (485). 

This equation, together with equations (476)—(477) determine the values 
of p, q, T and Aca^ at the point of bifurcation 


178 In these equations a = 6 , so that jp = y, and the system of four 
equations reduces to the three equations 

^ Stt (po — ^) ’ 



^Iaaa ^ + Iaac ^ 


in which di is given by equation (478) and is given by a similar equation, 
or may be more readily deiived from the relation 


2c?i H” d'^ — 0, 

d\ 

which IS necessarily satisfied since the potential j <^ — (§ 173) is harmonic. 

The value of Sj for the configuration in question calculated from equation 
( 479 ) IS found to be - 0 00851, whence the solution of the equations is found 
to be 


A 2 

£ = -0 016037, -=0056337, 5 ——, 

277 (po - <r) 


= ^ 04400 . (486) 


179 It now appears that at the point of bifurcation the rotation w 
IS given by 

^ = 187l2p„ - 04400 (po - <r).(487) 

This relation is exact only as far as first powers of (po ~ o')- To the same 
degree of accuracy, the mean density p of the figure is given by 

P = Po-|(p« — O'), 

so that equation (487) may also be put in the form 

^= 18712 p+ 06827 (po-<r) .(488) 


12—2 
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Oompremble and Nun-IlmimffinvvHH Marntn [t'li. vii 

W<! may notice that altlxtngh ti'niw in 7 mriir in thi' t«. tin* 

boundary, yot no mudi toniw owur in oijnatioiiH {4.S7 t und (4HHK 1 'Ium ih 
nocoHHarily Urn riwo, as oati bo at. onoo won on r-oiiNidming (h<- inoMmi*!VH.<ib!« 
mass tor winch 7 00* K**r Huolt u mass, wo inno ali’»‘ad^\ sis'ii IT!) tliat. 

c(p„-<r) and thoroforo also y(fh-ir) romain Unito. v\liilo tin* \aliio of 
(a^j'lTrp must noci'asiirily rotluoi* t.o 'IKTri. 

Kcjnation (4.HH) indioulos that oom{»rossd>ility inoronso- tin* valm* >4' 
whi«‘h is noooHsary for tin* jisondo-sphoroidul form to );i'o plnoo to a p-oudo. 
clliiwoidal form. .St.'Uod in anotln'r way. .1 oomjtr.*i. able m,o.s roiatns tin* 
form of a figuri* of r(*volntion np ti» bigbor valuos of tin* rotation than doos 
an ino.omprc'Hsiblo mass, rotation boing moasnrod with rotiiioiioi* to tin* inoim 
tloimity p. 

180. Wo havo HO far obtaini'ii a solution whioh w aoi*nr.»to hm far only as 
bho first order of tho small nuantity />„* n. Tin* mot boil w.* bnvo um'ii 
admits of oxtonsioii an far as any power of />,. 0 , Init tin* labour of ooni* 

putation makos it almost iinpossibh* to o,irr\ tin* oidoiilatioic. beyond hi*rond 
ordi'r terms. 

To obtain a si'cond onlor solution, wt* may ropl;n*o rP by f*/' 1 #**(/. and 
Aw” by Aw”-t S(o\ whi'ro Sw” is of tin* .sooond ord> r. .Snmlarly wo ropl.n*«* 
at,' by AT,+ 151'’(. Wo are aooordingly assuming, a boimdniy of tin* form 
(cf. §172) 

r/',.4 rU 1 . {W*b 

rr 


corrospoiiding to a rotation w given by 

w” ( Aw” f hep ....(*f!ft>). 

d'ho general eipiatinii pttil), written ilovvu im far as ... order tenns, 

now boeomoH 


■ e 


el\ + eHie-}j{y 


_^AW f Kw ^ p y>).fC*ons. 


.1 U>1». 


‘Hirfhphr. 

On e<iuating l.ln* first order terms in this oipiation wo of ooiuso obtain 
c<luation (4B2). On oipiating tin* second onler terms we obuiin 


■ e 


- (7- 2) ‘'j+ .U7~ 'iP'i '--n ()' (i 


2irfhak 
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It is readily seen that the appropriate form to assume for Q is one con¬ 
sisting of terms of degrees 6 , 4 and 2 in ij, f 

A general discussion of the solution of this equation will he found else¬ 
where* For our immediate purpose we may consider the particular solution 
at the point of bifurcation at which the pseudo-spheroidal foim becomes 
unstable, thus extending the solution already obtained in § 174 to the 
second order of small quantities 


181 In this solution a; and y enter symmetrically. Let us write for 
p 97 ^, and assume for Q the value 


—flV [Ror» + U?"® -i- rw* •+• 28^®?“ + t^^ 

-t- 2 uo7® + 2vf^].(493) 

On carrying out the necessary calculations and solving equation (492) 
ye find 

E= 0 4155 -17799 (y - 2)-t-0-4908 (y-2)(27-3) 

3S= 01894 -14585 (y-2)-t-05000 (y-2)(2y-3) 

3T= 0 0506 -0-4124 (y-2)q-0l698 (y —2)(2y-3) 

U= 0 00346 -00375 (y-2)-h0 01922(y-2)(2y-3) 
r= 0 08755 -010962(y-2) 
s =-0 01727 004871 (y- 2) 

t = - 0 007862 -t- 0 02511 (y - 2) 
u =-0 00550 -0 02651(7-2) 
v= 0 00778 4-0-03195(7-2) 

^ [0 01292 4-0 05495 (y - 2)] 

277/00 ^ PO / ^ 

This completes the determination of the equation of the boundary as far 
as the second order of small quantities 


182 The lengths of the intercept on the a:-axis are determined by the 
equation Jp = 1 , where 


JF = ^. + i 


/p„-er\ \La^ 2px^l. 


Po 


Rx^ TCif 2viS(^ 




4- 


and the solution of this equation is found to be 


+ . . 

(494), 




i 


_ (PAI^Y ' 

\ po / 

_a^ ^ 

1 V Po / - 


+ + f — 4- ?? 


-I- 


a® or 


. (495). 


* Bakeriau Lecture 1917. Phil. Ti aw R S (not yet publiBhed). 



1 H 2 Clom.pi'fmible atul Non^tfo)n<i(j<>n(‘om Mam'H [(!H. vn 


From 0(juatioii (450). t.ho vuluo of H at a [xaiit on tho ./• min is givon hy 


n+(.‘- - ,p„y ' 

y- I ^ 


), Hiiy 


‘ - (7 - I) .f + i (7 ■ 1) (7 - 2) ) JF' 

-(1(7-1>(7- J' 


Tho poiiitH on th(' ./’-nxi.s at which 0 arc cjvcii hy F(JF) h, or 


ThiH (‘(nidiUon can hv HatiafaHi cither hy niakuig cr (X 

The firnt ecndithai cannot Ih‘ Katiaficd i^xcc^pt when (pr, 0 ")/p„t; in ihih 
(‘ano or s= 0 and the equation nuandy rtahuM‘H an wddrli in ante 

tnatically Batinfied when or^O, Thnn the irtn* [MantH at winch idllKt 
vaninhcNs are givtni by F)Jp/3ir=s0. 

The condition that centrifugal force jtmt halanccH gravity at the equator 
in therefore that 9Jf/3.r 0 whim - I» and ihiH is alno the CiUiditiiai that 

the surface 1 hIuUI hav<‘ a doubh^ point on tin* uxih of a\ That the two 
conditionH must n(‘e(‘HHanIy he idcnitical in of courne, l>v the aiialvaiH 

of §151. 

Th<‘ equation ?);Jp/9j; =?-0 Ix^oonu^H 



Uning th(‘ value of providt‘d hy t^quati<ui (4415), wv find hh tin* 
condition that 3;(F/ar nhall vaninh on the boundary . 1), 


1 + 



"“2/. 2p 

0.^ 



■;ui 


or, iTiH(*rting numcricial vahuw, 


u 


2p\ 

It* 

1 ^^4 

tf) 


■i ... "0, 


l + ‘')[(7-2)-C().5()<)| 

/ 

+ [ i (7- "-2 f - ‘'Wx;:) (7 - 2) - •().'» 10)+.., 0.(.MHi). 

For a givi'ti value of 7, tluH (‘ijuatpion (!cli*nunioH u value of (p„-■ ff}lp„ 
Hiuih that, uontrifugal force juhI. balarua-s {gravity at the iimtaut !it which the 
])S(!U(l()-Hi)heroi(ial form ia l>hw(' to (he j)Heu(lo-ellii».H(ti(ial. 

Wo may alt('rnativ<tly regard tht' (‘tiuation uh (hdennining a oritieal value 
of 7 when (p„-cr)/p„ ia asMigtied. It ia thin latter uw* of tin* e(juatioii which 
in of primary intcrcKt to hh, tin; imiK>rUnt cam- being (p„- (t)/p„» I. It 
«(*oin,s prob.ibh' that the full H(*rk*fi will be fairly rapi<ily c'<»nv(!rgent up to 
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this value of {p^-a)jpa, so that the critical value derived from the terms 
actually calculated may he expected to be tolerably near to the true value 

Putting (j 0 (, - a-)/p„ = 1, the ciitical value of 7 derived from the first two 
terms of the equation is seen to he 

7 = 2 0509 . ••(497), 

while if all the terms written down aie used, the value is found to he 

7=21521 .(498) 


We cannot state with great accuracy the value of 7 to which these values 
are converging, but there is not likely to be any very great error in taking 
it to be 7 = 22 Assuming this value, it appears that a mass of gas for 
which 7=22 will begin to lose matter equatorially at precisely the moment 
at which the pseudo-spheroidal form becomes unstable and gives place to 
the pseudo-ellipsoidal form. 


183 The value of has already been obtained in § 181 From this 
we find that equation (488) extended as far as the second order of small 
quantities becomes 

— = 0 18712 + 0 06827 + [0 01602 -I- 0-07098 (7 - 2)] 

(499) 


When 7 = 22 , this becomes 


^ = 0 18712 + 0 06827 + 0 03022 . .(500) 

The general series of which the first three terms are here written down is 
probably convergent right up to the limiting value (po ““ )/po = but it 
IS not easy to determine the value to which it converges At a guess the 
value of ct) 2 / 27 rp appears to converge to about 0 31 

The critical figure for 7 = 22 is shewn in fig 36, but it is not possible to 
draw the figure with much accuracy in the neighbourhood of the sharp edge 
The interior curves are equipotentials and so are also surfaces of constant 
density and temperature 



Fig 36 
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HUMMAHY OF RHHULTH 

184, L(4» uh now r<*ca{)it.tilain and Hiunumrim*. ihn rnnidtH whitdi have* iHaai 

obiaiiua! ni tilu’ prtsscait and pn^uMling nhapUn’K \\\^ havo Ihh*ii att.tanpiilig 
in obiain im ideal of the (aaifiguraiinnH wlu<*h will Ih‘ aHHiuiual by anlrn- 
nondcal maittn* undta* thc^ influeiua* of itn o\ui n»inii(»n and iiiitler ilie net inn 
of tidal forcen* Kcanc^ remilts have* beeni oblaintHl whieh are applieabh* in 
all inatt(‘r, but in gtuujrnl tin* inveHtigatinn ban had to be liinitiul in eertnin 
HiinplifuKl inothd nmHm‘K, Tin* mnehda vv(‘ ha\t* lunl tmdi*r eniiHideratinii 
have beu'n four in niunb(*r; 

(d) The ineoiupre*HHibl(‘ model, eonHinting of a iiiaHH of hnmngenetuiH 
iiUMunpimsibh* matteu* of uniform eleuHity. 

{li) Roehen moehd, eonniHiing of a point nuehum of very great dtuiHiiy, 
Hurroundt‘d by an atmonpheuH' of nt*gligibl(* ehuiHity. 

((/) The ge‘n(*raliH(Hl Rotdu^H unHhd, eonniHiing <4* a hoinogmn*onM in- 
compreHHiblc* rnanH of finite* aize ami ed* finite* de'iwity, hurrmiiuhal by an 
atniemphe^re* of negligible* denHity 

(/)) The* aeliabatic model, eouHiHting of a mahs of gan in aeliabatie enpii 
librium, ho that the prensHure* anel demsity an* c*{anuH*teHl at eviTy peunt by 
the redatiem /; =/cpb wheun* /c and y redain thee Maine* valueH throughout the 
maHH* 

Of the‘He* four modedn A and H an* limiting t‘aHe»H ed* the* mom gime*ral 
mexhilH (/ and I). If h deneete* the* ratiei of the* volume* of tin* atmonpliere* tee 
that of the nuele‘UH in the* ge*nen’aliHe*ei H(Hdu‘’M mexle*] (\ the*n mode*! eh*- 
ge*nerate‘H into mode*! A wht*n and de*g(*ne*raieM into inexle*! B whtm 

$^ 00 , Similarly the* aeliabatie* nmded D (h*ge*ne'rnte‘h mte^ moele*l /! when 
7 «oo anel into nmde*! Jt whem y ^ (ef | 1411), The* ivlatiem be*tweam tin* 
femr mo(k*lH m re*pr(‘H(*ni(‘el eliagrammaticadly in fig. .17. 


C 



Fig. m 

fnelepcmdently eif the* Htudy of any partiemlar mode*!, we* have Me*e‘ii that 
an iiKireaHe e>f reitation to a certain anmnnt will te‘nti to bre*ak np tin* 
onginal maHH, while the name in tnue of tielal fore<*H of suflmieni iniefiMity. 
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The Rotational Problem 

185 Let us consider the rotational problem first 

For the incompressible model A, the mechanism of breaking up is very 
fully known to us, thanks mainly to the investigations of Maclaurin, Jacobi, 
Kelvin, Darwin and Poincare For small rotations the mass will be spheioidal 
in shape, but as soon as the angular velocity exceeds a value <0 given by 
coY^TTp —0 18712, the spheroidal form no longer remains stable, but gives 
place to an ellipsoidal form With still further increasing rotation*, the 
mass elongates until a furrow begins to form across a section of the ellipsoid, 
giving it a pear-shaped appearance After this furrow has once started, the 
motion IS cataclysmal until the mass divides into two detached parts 

For Roche’s model B, the mechanism of break-up is also fully known 
As the rotation gradually increases, the equator of the mass bulges more 
and more, until finally a sharp edge forms on the equator, so that the whole 
figure becomes lens-shaped (see fig 28, p 149) Any furthei increase of 
rotation now results in matter being thrown off from the equator in a 
continuous stream, owing to centrifugal force outweighing gravity on the 
equatoi 

Thus models A and B both break up with increasing rotation, but they 
break up m very different ways We have been able to shew quite generally 
that there are only these two distinct ways of breaking up, the method of 
breaking up of any other mass must be a variant oi one or other of these 
two It will be convenient to refer to the first method of break-up, that of 
the incompressible mass, as fissional break-up, and to the second method of 
break-up, that of Roche’s model, as equatorial break-up s 

It follows that as we pass along either of the chains of models 0 and D 
which connect A and B, or along any other chain of models connecting 
A and B, there must be some point on each at w^hich fissional break-up 
gives place to rotational break-up At such a point, the two methods of 
break-up must be about to begin simultaneously with the same rotation 
Thus the condition determining such a point is that centrifugal force shall 
be precisely equal to gravity on the equator of that configuration at which 
the rotation reaches such a value that a figure of revolution is no longer 
a stable form for the mass 

We have determined this critical point on each of the two chains of 
models 0 and D Of these the adiabatic chain D is the more important 
As we pass along this chain from A to B, the value of 7 varies from 00 to 
12 , the critical point is approximately given by 7 = 2 2 . Thus a mass of 

The critical angular velocity is aj2/2'7r/[) —0*14200, so that has decreased, but the con¬ 
stancy of angular momentum requires that p shall have increased so much that w is found also 
to have increased (cf G H Darwin, Tides^ p 371). 
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gas or other compressible matter in adiabatic equilibrium will break up by 
fission if y is greater than 2 2, it will break up equatonally if y lies between 
1‘2 and 2 2. This latter range of course includes the values of y for all 
gases whose density is so low that Boyle's law is approximately satisfied, 
for these y is always less than 1 66 

Similarly as we pass along the chain G of generalised Eoche's models, 
the value of s, the ratio of the volume of the nucleus to that of the 
atmosphere, varies from go to 0. The critical point is found to occur at 
about s = ^. Thus when the atmosphere is less than a third of the volume 
of the nucleus, the mass will break up by fission, when the atmosphere is 
greater than this the mass will break up equatonally 

These various results may be exhibited diagrammatically as in fig 38 



Fig 38. Eotational break-up. [The figures m brackets denote the values of <a^l2wp.] 


The Tidal Problem 

186 . In the tidal problem we have found precisely similar results, the 
incompressible model breaking up by a process very closely analogous to that 
of fissional break-up in the rotational problem, and Roche's model breaking 
up by a process which is at least suggestive of the equatorial break-up of a 
rotating mass. 

Going further into detail, we have found that the incompressible mass 
will, under small tidal forces, have the shape of a prolate spheroid. As the 
tidal forces increase, the elongation of this spheroid mcreases When the 
elongation reaches a stage such that the axes are approximately in the ratio 
17 8:8, this spheroidal figure becomes unstable Dynamical motion ensues, 
the elongation at first increasing rapidly until finally furrows form on the 
mass and it breaks up into several detached masses (cf fig 23, p 127) 

Roche s model also will assume the shape of a prolate spheroid so long as 
the tidal forces in action are small As the tidal forces increase the boundary 
of the figure departs from a true spheroidal form, conical points form and 
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finally jets of naatter stream out from these cones, just as they streamed off 
at the equator m the rotational problem 

On the chain G of generalised Roche’s models, we have found that the 
former method of break-up gives place to the latter when s, the ratio of the 
volume of the atmosphere to that of the central mass, has a value approxi¬ 
mately equal to tV The chain D of adiabatic models has not been studied 
in detail, but it seems safe to suppose that at some point on this chain the 
one method of break-up gives place to the other Assuming this, the results 
obtained for the tidal problem are those exhibited diagrammatically in fig. 39 , 
the region to the left of the broken line represents configurations in which 
the mass, when broken up tidally, divides into a number of masses of com¬ 
parable size, while the region on the right represents configurations in which 
one or two jets of matter will be thrown oflF from the mass 



The Douhle-star Problem 

187 . The results obtained for the double-star problem are so similar to 
those obtained for the tidal problem that it is hardly worth recapitulating 
them in detail In the double-star problem, as in the tidal problem, there 
are two masses concerned, and we have been studying the mutual gravi¬ 
tational action of these two bodies on one another From the mathematical 
point of view the double-star problem is little more than the tidal problem 
with a rotation set up just adequate to keep the masses permanently at a 
given distance from one another, and this explains the general similarity of 
the mathematical results obtained 

We proceed now to apply the abstract results obtained to actual problems 
of astronomy and cosmogony. 
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188. W(^ nuij b(^gm with a coimidi^mtidti of ihv g(‘ncTal lootitm of a 

(doud of ludadouB antroiiomical matter. ’’riuH may lu^ Hiipponed eoiiHtiiuteil 
1 ‘ither of gaH(a)UH laoh^culisH or of duHt partieUns; for eoaviancan'e nhall 
Hpiaik of th(‘ H(‘parat(5 partick’sH an molcieidc*^ 

The (Hpiations of motion of a singh^ moloeule an* 


wlnauH* w(‘ obtain, l)y dina^t algidiraie tran.sfonmition, 


(U 




i .Qj 




(501). 


Thin m the (‘(luation usod by (JlauNiUH to (‘stabliHh bin wdobrak'd thcon'iu 
<it‘ tho Viiial. It.H iiaporl,alien in tluion'ticjd astronomy has bctai pointiHl out. 
by Poincare,* and Kddinjftonf 

Summing tin* thr<H) ispiationM mich aa (501), we find 


(H 

k ["O-'?'*+'/“ + -■')h 


I m 



■i-(.rA' \ i/K \ 


On further Humming tluH equation for all the moleeuleH, or other partieleH 
of the inaHH under eoiiHideration, we obtain 


,dH 
^ (IP 


rr+%(,rx + i/r i z/a 


(■’> 02 ), 


wlu're I iH th(‘ moment of ima-tiu about the origin, definml by 

/ .« 'Zm (.r® I ,//■■'4'i’), 

and T iH th(> kinetic energy of traiiHlation of the moleeuleH of the gas. The 
hint t<*rin Z{xX ■^y\ +zZ) in the V’irial of ('lauHiuH; call it. V 

lo evaluate the virial, we fix our attmition on two partieleH of nianHeH 
nil, iiiu *i>t th(' pointH iri, ?/,, and .r,,, r(‘H[)(‘etively. Let tin* force exertoil 
by the Hi'cond on the first have eompommtH H, 1I,Z, ho that the force exerted 

*■ ’(in* uttr let Ilyputhetet ('otmojioniquet^ ji. 1)1. 

I Monthly Molwet H.et.N, 76 p. BU 
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on the first by the second will have components — B, - H, — Z. The cont] 
bution of this pair of forces to the virial will be 

B (^1 - ^2) + H (yi - 2/,) + Z - ^2), 
and the whole virial will be 

F=: 2 S [3 {X, - ^,) + H (y, y,) z,)] .( 503 ), 

the summation being over all pairs of particles 

Forces such as S, H, Z will consist of the molecular forces between pa] 
of molecules in collision or in propinquity, and of the gravitational fore 
between pairs of molecules at all distances For a gas of density so low th 
the ideal gas laws may be assumed to hold, all these forces may be neglect 
except those of gravitation For the forces between molecules in collisi< 
give rise only to the Van der Waals’ coefficient b in the equation of state 
the gas, and the forces between molecules in piopmquity give rise only 
the cohesional term, represented by the Van der Waals’ coefficient a*, Th 
we may take 

B = mi m2 (^2 — ^i)/^i2® etc, 

where 712 is the distance from mi to mg Summing over all pairs of molecu 
we find 

F= [S + H (2/, - y,) + Z - 22 

This is simply the gravitational potential energy of the mass, say 
Thus equation ( 502 ) assumes the form 

ig=2T+F . . (504), 

an equation first given by Eddingtonf for the motion of a star-cluster, 
which it IS also applicable 

189 Let the axes be supposed to move with the Centre of Gravity 
the mass If the mass has neither appreciable mass-motion relative to 
Centre of Gravity nor rotation in space, T becomes the kinetic energy 
translation of the molecular motion. The energy of internal molecu 
motion may be supposed to be I3T where /3 is the usual coefficient of 1 
Kinetic Theoiy of Gases In the case of a perfect gas, this is connec 
with 7, the ratio of the specific heats of the gas, by the relation 

The whole heat-content of the mass of gas, say H, is now given by 

jy=(i+/ 3 )T, 

* Jeans, Dynamical Theory of Gases, 2nd ed §§ 181—187 
t Z c antCt p 527 
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3,nd. the value of E, the total energy, is 

E = H+W^ 0 -^^)T+W . ( 505 ) 

From equation ( 504 ), a condition to be satisfied by a mass of gas in 
steady state is 2^+ F = 0, oi, in virtue of the equation just obtained, 

TW- 1 ) = E .( 506 ) 

The special case of ^ = 1 or -y = | demands attention. For a mass of gn*^ 
for which 7=1 in a steady state it appears that E=0 independently of tb‘‘ 
radius of the mass A small radial expansion of the mass can accordingly 
take place, the mass passing from one configuration of equilibrium to a» 
adjacent configuration of equilibrium, without change of energy Thus il< 
any configuration of equilibrium the frequency of one radial vibration )s zero- 

It follows that on any linear series of configurations of equilibrium along'' 
which 7 varies, there will be a change from stability to instability at the 
value 7 = 1, instability setting in through a radial vibration. Gases for 
which 7 = 00 are readily found to be stable, whence it appears that masses of 
gas are radially stable when 7 > | and are radially unstable when 7 < |*. 

In illustration may be mentioned the period of radial vibration for a masH 
of gas found by Eitter, subject to certain simplifying assumptions, to bef 


27r 


\/ (87—^ 


(87 - 4) p ’ 

where p is the mean density in gravitational units 

As a particular case of our result, it appears that a mass of gas for which 
7< I cannot rest in a state of stable equilibrium except when in a state of 
i^ite rarity. This result has been obtained only on the supposition that 
the ideal gas laws are obeyed thioughout There will be other states of 
equilibrium in which the density is so great that the ideal gas laws do not 
hold. A mass of gas for which 7 < | and the total energy E is negative must 
necessarily fall into one of these latter states of equilibrium 

For a mass of gas for which 7> f, equation ( 506 ) requires that E shall 
be negative, in a steady state the energy is less than that in a state of 
diffusion at infinity. As such a mass loses energy by radiation, there will be 
a slow secular decrease of E, and therefore a secular increase of T Thus the 
mass will contract as it gets older and will get hotter at the same time this 
process of course continumg until the ideal gas laws are no longer obeyed 

The energy lost by radiation during contraction is equal to the decrease 
in E This, from equation ( 506 ), is equal to (1 - ^) times the increase in T, 

Chapt“n) "" (Gaskugeln, 1907, 

f Emden, Gabkugeln, p 481 
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or to (1 —/3)/(l 4 -^) times the increase m jET, the total heat-content of the 
gas The total heat generated by contraction falls into two parts—the first 
part IS radiated away, the second is stored up in the gas and goes to increase 
the total heat-content H We have seen that these two parts are in the ratio 
(1 — /3) to (1 + /8). Hence 

Of the total heat generated hy contraction, a fraction — is radiated 
away, while a fraction J (1 + yS) ^5 stored up in the gas 

To form an idea of the way in which the mass gets hotter we suppose that 
the contraction is a uniform one, so that after an interval of time each length 
in the mass is reduced by the same fraction 6, The potential energy W, 
which was initially Xmm'jr, becomes changed to '2mm'jrd, so that the con¬ 
traction increases TT to 1/^ times its initial value Since 2^4- TT= 0, both 
before and after the contraction, it follows that T must also have increased 
to IjO times its initial value. The total heat-content if or T(1 4-/3) must 
have similarly changed Thus 

If a mass of gas contracts uniformly, its density being so low that the ideal 
gas laws may he assumed to hold, then its heat-content varies inversely as its 
linear dimensions^. 


SPHERICAL MASS OP GAS 

190 To consider secular changes more m detail we shall suppose the 
mass of gas to have assumed a spherical form, its boundary being a sphere of 
radius a 

Let T, p, p denote the temperature, pressure and density at a distance r 
from the centre, and let the density be everywhere so small that these may 
be supposed connected by the ordinary gas equation 

P = ^P'^ . (50O> 


where R is the universal gas-constant, and m is the mass of a molecule of the 
gas When the matter consists of a mixture of different types of molecules, 
ions, atoms, electrons, etc. m may be supposed defined by equation (507). 


Let Mr stand for 47r | pi^dr, the mass inside a sphere of radius r, then 
J 0 


the condition for mechanical equilibrium is 

dp _ 


dr 


JP 


(508). 


Instead of using r as a coordinate, we may more conveniently use q, 
defined by r = ag, so that q increases from zero at the centre to unity at the 

* This result is obtained much in the form in which I have given it by Pomcar6 (Legons sur 
les Hypotheses Gosmogomques, p 95 (footnote) and p 227) , it may be obtained more rapidly 
from a consideration of physical dimensions, H necessarily varying as 
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surface. Jn a tmifortn shrinkage such m we ccuisidcaHHl in tin* last. HcH*tif>n^ 
each tdcnncaii of the gas will reiairi t.h(' Batnc* value ef q threughoul the 
shrinkages Changing the variablt' freni r t<i e/, (‘((nation (fiOH) h(HM>nn*H 

.(r,of)). 

where is the inass insi(l(‘ a splu'n* of radius r '^cn/; this (d* eoiirHi* 
remains unalUu'eul throughout shrinkage*. 


Now h‘t the mass shrink uniformly in a ratio 0 to a m*w oonriguration of 
radius (i\ so that a! ^(i$. L(*t p\ T he* th<* new value's of p, p, 7\ Him»e 
the shrinkage is supposcsl uniform, tin* dmisity / at c‘aeh point will la* 
timt‘s tlu^ old density p, so that 

...(fdO). 


Multiplying both side's of (‘([nation (o(H)) by ie\ it appears that tin* ui'W 
(umfiguration will Ihj om* of eciuilibrium if 

,jlp' ,(fp 

(n ; ; 

(iq utj 


at (jvery point, InU'giating with rt'spi'ot (o (p sw hav** as tin* (*ondition of 
(‘([uilibrium 

a'^p^ sii^p ......(all). 


Dividing by e.orn'sponding sides of (‘(juation (510) and comparing with 
equation (507) wo find 


ttT 


dfiDi). 


Thus if a spherical mass of (/as shrinks nnijarinip from an rqnHHfriam 
eonjujnratmn^ihe nem configuration will aIm* In* one of ctptihhriunt prociiM the 
temperature at lumry point is made to vary inrcrscly tm the naliUH of the 
sphere. 

This is (‘ommonly calk'd I,<iuu* h law The analysis has not shewn that 
the natural flow of lunit will la* simh that a uniftam shrinkage* will take 
pkme it nu'ndy shews tliat if, for any r(*aHon, a uniform shrinkagt* dot's o(»eiin 
and the now configuration is om* of (‘((uilihrium, tlien relatitm ioDil must la* 
satisfu'd at tivc'iy point of tin* mass. 

It must b(‘ noti(*4'd that in this law T is tin* it'iupt'raiure of a gi\(m inif*rnal 
('l(‘nu*nt of tlu* gas, ('orri'sponduig to an assigiitnl value id q. Tin* I'liUHdtni ttf 
radiation from tlu* mass conuss, not from a singk* layer ci»rres|Haidiiig to a 
singli' value of q, but from a numls'r of layers lu'ar l(» tin* hurfiu'e. dims the 
law (512) has no application to the temperaturt* <d’a star as dett*riiiiin*(i from 
its (‘mission of radiation this is a ddleri'nt (|m*htion al0tgetln*r, to whitdi 
W(* shall turn our atbmtion latei. 


* .1 Honu'i Lant', “ Ou the TluiuioUcal Tt'mec^ratarit t»f i\w Hun.’' Jwrr. Jmme Ha. m (IHTC), 
p. 57 
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191. The ratio of the specific heats 7 being assumed uniform throughout 
the mass, let us introduce a new quantity k defined by 

= V ....(513). 

Combining this relation with the general equation (507) we obtain 

.(514). 

If a configuration is one of adiabatic equilibrium, k will of course have a 
uniform value throughout We shall now see that only those configurations 
are mechanically stable in which k either stays constant 01 increases at every 
point as we pass from the centre to the surface. 

To see this, let us fix our attention on any two small elements of gas in 
different parts of the mass Let the first be of mass ikfi, volume Svi and 
density pi, and let it be at a point at which the pressure is pi and the 
value of k is ki Then 

Let the same symbols with suffix 2 refer to the second element 

Let us consider the process of interchanging these two elements, the 
remainder of the gas remaining undisturbed. To do this, the element Mi 
must be compressed or expanded to a volume Sv 2 , so that its new density 
will be Mi/Svq. Let us suppose this contraction or expansion to take place 
adiabatically, then the final pressure will be 



(515). 


If this element can be placed in the cavity Svq at Pg without creating a 
disturbance in the remainder of the gas, the pressure just calculated must be 
equal to the equilibrium pressure at Pg, and this is given by 


p = kjp^y = k\ 



The pressures are accordingly equal if 

kJfiy^k^M^y .(516) 

This IS the condition that Mj can be fitted into the place of without 
disturbance, since it is symmetrical, it is also the condition that Mq can be 
fitted into the place of Mj without disturbance. Thus if Mi and M 2 are chosen 
so that this condition is satisfied, the two elements can be interchanged with¬ 
out any work being done except that done against the gravitational field. Of 
the two masses, let Mi be the one originally neaier to the centre A con¬ 
dition for the stability of the original configuration is clearly that the work 
done in any interchange such as that just considered shall be positive, and 

13 


j c. 
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this requires that shall be greater than Jfg, or again, from equation (516), 
that ki shall be less than 

Thus the necessary and sufficient condition for stability as regards inter¬ 
change of places of the different elements or layers of the gas is that k shall 
increase continuously from the centre to the surface 

If, in any configuration, dkjdr is negative over any range, convective cur¬ 
rents will be set up and the various layers will change places, until a new 
configuration is formed in which dkjdr will be positive or zero everywhere. 
And if steady agencies are at work tending to depress the value of dkjdr over 
any range to a value below zero, a steady system of convection curients will 
be set up of amount just sufficient to prevent dkjdr from falling below zero 
The value of dkjdr will be kept permanently equal to zero over this range, so 
that k will be constant, and the equilibrium will be adiabatic 


Homologous Series 

192 Uniform contraction of the kind considered in § 190 may be spoken 
of as “homologous” contraction, the initial and final configurations being 
homologous A series of configurations of equilibrium, each of which may be 
derived from the preceding by homologous contraction, may be called a homo¬ 
logous series 

On a homologous series, the relations (510), (511) and (512) hold for every 
pair of configurations Combining these with equation (513) we readily 
obtain the further relation 

/y^/(4-3y) ^ .(5l7) 

Let us examine how many of these homologous series there are Using 
the relation p = the equation of equilibrium (509) may be put in the 
form 

If M the mass and a the radius are given, and k is given as a function of 
q, we are able to start from the surface (at which p = 0, g == 1 and Mq = i¥) 
and determine step by step successive values of p up to the centre g = 0, These 
values of p, since k is given, suffice to determine p and T uniquely. Thus 
given values of AT, a and k determine uniquely one equilibrium configuration 
We cannot, by this means, ensure that the total mass obtained by integrating 
47 r/or^ shall be equal to the assumed value of the mass, this difficulty can be 
met by admitting as configurations of equilibrium a set of configuiations 
having point-masses, positive or negative, at the centre With this con¬ 
vention, it appears that there are just as many equilibrium configurations as 
there are sets of values of a and k, k being a function of q. 
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The different equilibrium configurations may accordingly be specified by 
relations of the type 

h = 

Different configurations are got by varying a and f(q) From equation 
(517) it IS clear that a single homologous series will be obtained by varying 
a while keeping f(q) unaltered, while the different homologous series coire¬ 
spond to the different functions of q. Thus there are just as many homologous 
series as there are functions of q, but only those series are stable for which 
dk/dq IS everywhere positive 


The Condition for Homologous Contraction 

193. The contraction of a configuiation under natural conditions will not 
m general be homologous, it will be determined by the flow of heat inside 
the mass Starting from any assigned real configuration we can calculate 
the natural changes produced in a mass of gas by the flow of heat and con¬ 
sequent radiation in the following way 

Imagine that each element of the gas is held at rest, and let the natural 
flow of heat take place for an interval dt. the temperature of the different 
elements being changed thereby, and theiefore the pressures also Next 
imagine that each element of heat is constrained to remain attached to 
its particular element of gas, so that the elements of gas can only change 
adiabatically, and allow these different elements to arrange themselves in 
equilibrium under their own gravitation The final configuration will be 
identical with that which would naturally be reached after a time dt 

During the first process, in which heat flows while the gas is held at rest, 
the flow of heat per unit area across any sphere may be taken to be — KdTjdr, 
where is a coefficient which must always be positive, from the second law 
of thermodynamics When the whole transfer of heat is by pure conduction, 
K will of course be the ordinary coefficient of thermal conduction 

The aggregate outward flow of heat per unit time across a sphere of 
radius r, say will be 

Er=i- 4m-Kr^ ^.(518), 


so that the rise of tempeiature at a distance t from the centre will he given 

by 


r^pG.0 


dj£ 

dt 



.(519) 


This change of temperature will be aceompamed by a change m the value 
of k, and since p is kept constant this will, from equation (514), be given by 

kdt~T dt . • 


13—2 
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In the second part of the motion, the various elements all change adia- 
batically, so that k remains the same for each Thus the whole rate of change 
of h for the element initially at a distance r from the centre will be given by 
equations (520) and (519), or by the single equation 


1 ^ 
k dt 


(«-D ■ 


(521) 


T^pC/f dr 

This equation accordingly determines the rate of change of k, in the actual 
motion, for any element of the mass Ejiowmg the rate of change of k we 
know the values of k at the end of the interval dt, and these suffice to deter¬ 
mine the whole configuration. 


194 The final configuration will be homologous with the original one if 
the initial and final values of k for every element are connected by a relation 
such as (517). Thus the condition that the contraction shall be homologous 
may be put in the differential form 

. 

where ? is a constant throughout the mass Comparing with equation (521) 
we obtain the condition for homologous contraction in the form 

= .(^23). 

The total heat-content inside a sphere of radius r may be taken to be 

Hr = f 4<7rpr^ Tdr 
J 0 

Using this relation and (518), equation (523) becomes 

dEr __ o dHr 
dr r dr 


At the centre Er and Hr both vanish, at the surface they become equal 
to E and H Hence, eliminating the condition for homologous contraction 
may be put in the form 

§ = § .( 521 ), 

or, replacing Er by its value, 


- 4}7rK) 


.dT Hr 


= ^E 


dr H 


. (525) 


The Permanent Homologous Series 

195 If equation (525) holds throughout the life of a mass of gas, its 
whole motion will be along a single homologous series The equation must 
of course be true for all values of a and q Now during homologous con¬ 
traction r^dTjdr is, from equation (612), a function of q only, as of course is 
also the fraction HrjH The total emission E' is a function of a only. 
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Thus equation (525) can only be satisfied if ic is of the form 


/c = (a function of a) x (a function of g) .(526) 

This requires that as the gas contracts homologously, k shall change m the 
same ratio at all points of the mass 


In a mass of hot gas it seems highly probable that the tiansfer of heat is 
effected mainly by radiation rather than by ordinary gaseous conduction* 
Except close to the surface of a gaseous mass it is found that, corresponding 
to a temperature gradient dTfdx, there is a flow of radiant energy per unit 
area of amount f 


dT 
Sep dx 


.. (527), 


where <r is Stefan’s constant (5 32 x 10-’) and c is the coefficient of opacity 
of the gas, this being such that on passing a distance x through the medium 
at density p, a beam of light is diminished in intensity in the ratio 
This flow of heat may be put in the form 


dl 
"" dx^ 

where the value of /c m heat units is 

/c = 6 8xl0-i2_.(528). 

cp ^ 

This value of /c is so much greater than any known coefficient of ordinary 
gaseous conduction, that it appears to be legitimate to assume, as an approxi¬ 
mation, that the whole transfer of heat is radiative 


As homologous contraction proceeds, and p each vary as 1/a®, so that 
T®/p remains constant. Thus if we assume c to be independent of the density 
and temperature, /c will be unaffected by homologous contraction, and equation 
(526) IS satisfied through /c being a function of q only 

A permanent homologous series now becomes possible, it is defined by 
equation (525). In this equation /c, r^dTjdr and H^jH are unaffected by 
homologous contraction It follows that E is unaffected by homologous con¬ 
traction—the emission of radiation remains always the same 


196. It will naturally be suspected that the permanent homologous series 
whose existence has now been demonstrated represents a stable final state in 
the sense that a configuration not initially on this series will gi’adually ap¬ 
proach it as contraction proceeds A rigorous formal proof of this is not easily 
constructed, but the geneial truth of the proposition can be seen as follows 

* Eddington, Monthly Notices R A S 77 (1916), p 16 
t Eddington, Z c p 19, also Jeans, ibid, 78 (1917), p 31 
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Consider a configuration in which equation (525), the condition for homo¬ 
logous contraction, is satisfied everywhere except m the neighbourhood of 
some point P Let there be an excess of heat to the right of P and a deficiency 
of equal amount to the left of P. Then the temperature gradient from right 
to left at P will be in excess of that determined by equation (525), so that 
the flow of heat from right to left will be greater than that in the permanent 
homologous series This flow may be regarded as made up of two parts. first 
a flow of amount given by equation (525), and, second, a flow in the neigh¬ 
bourhood of the point P, this latter flow being necessarily from right to left 
The first flow results in a homologous contraction of the whole mass, the 
second flow reduces the excess of heat to the right of P and reduces also the 
deficiency to the left Thus the final state of the mass is nearer to the per¬ 
manent series than was the original state 

By an obvious extension of this argument it can be seen, although not by 
strict mathematical proof, that any configuration not on the permanent homo¬ 
logous series always moves towards that series as contraction proceeds Thus 
a mass of gas which has been contracting for a sufficient length of time may be 
assumed to be on the permanent homologous series 

Stellar Radiation 

197 We have considered the mechanism by which heat is brought to the 
surface of a star, but have not yet considered the mechanism by which it is 
radiated away 

To an approximation which will prove to be good enough for our present 
purpose, the radiation from a gaseous mass may be thought of as the free 
radiation into space from a definite " photosphere,” this being roughly identical 
with the deepest layer of gas to which we can see from outside^. 

As a mass of gas contracts, the depth of the photosphere below the surface 
will naturally diminish On account of the increase of density produced by 
the lateral contraction of the surface layers, the depth of the photosphere 
must decrease more rapidly than the radius a Thus when a mass of gas 
moves through a series of homologous configurations, the various photo¬ 
spheres will not form homologous points on this series 

The position of the photosphere may be supposed to be determined by the 
condition that the mass per unit area between it and the surface of the star 
is always the same quantity /x Thus if g is the value of gravity at the sur¬ 
face, the pressure at the photosphere will be pug, and the temperature will be 
given by 

= .(529), 

^ For a more exact treatment, see Monthly Notices E A.S 78 (1918), p. 28. 
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the quantities with suflfix 1 referring to the photosphere. The total emission 
of radiation is now 

E = = 47raifM (5) .(530) 

On the permanent homologous series, E must remain unaltered by con¬ 
traction, so that mi T-^jpi must also remain unaltered by contraction In a 
homologous contraction T^/p remains unaltered for homologous points, and m 
may be supposed to remain unaltered In a mixture of gases, there must be 
a certain amount of rearrangement when a mass contracts, and the increase of 
temperature must alter the degree of ionisation when any is present, these 
complications prevent a strictly homologous contraction occurring at all, but 
we may, as an approximation, neglect them and suppose that the mass can 
contract homologously, so that m remains always the same function of q 
Assuming this, mT^/p will be unaltered by contraction, whence it follows that 
^ 1 ^ 1 1 Pi ■will remain unaltered for the photosphere if, and only if, mT^jp has 
initially a uniform value throughout the range within which the photosphere 
moves 

This range may be regarded as infinitesimal in comparison with the radius 
of the star, so that the condition just found may be put in the form of a 
boundary condition, namely that at the boundary of the star 

. 

This boundary condition together with the differential equation (525) 
suffice to determine uniquely the series of permanent homologous configu¬ 
rations. 


Mechanical Stahility 

198 We have not so far discussed the question of mechanical stability 
of the permanent homologous series 

From the fundamental equations p = hpy and p = {Rjm) Tp, we readily 
find that 

We are only considering masses for which 7 > so that will in¬ 

crease with p as we pass inwards It follows that on the permanent series 
hwy will decrease as we pass inwards 

Strictly speaking, a permanent homologous series only exists when m 
remains constant throughout contraction—i.e when no ionisation or chemical 
change occurs. In such a case m will increase as we pass inwards, so that k 
must decrease as we pass inwards. Thus dkjdr will be positive everywhere, 
which IS the condition for mechanical stability without convection. 
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When ionisation is present, the value of m may decrease as we pass in¬ 
wards to the more highly ionised layers, and convection currents may be set 
up near the surface 

The investigation of the mechanical stability of the inner layers presents 
a more difficult problem It can however be shewn* that in general the per¬ 
manent series of homologous configurations will satisfy the conditions for 
mechanical stability without convection currents being set up except near 
the surface, an exception possibly arising when y is very close to the value 

SUMMAHY 

199 We may now summarise the changes which are to be expected in 
a mass of gas in consequence of the continual emission of radiation from its 
surface, making for the moment the somewhat illegitimate assumptions that 
the mass obeys the laws of a perfect gas, that 7, the ratio of the specific 
heats, has a uniform value throughout, and that the opacity c is constant 
throughout. 

So long as the ideal gas laws are supposed to be obeyed, masses of gas 
for which 7 < f cannot condense into spherical masses in stable equilibrium. 
Masses for which 7 >-| contiact and become hotter as radiation proceeds. 
We have seen, although by something short of strict proof, that they are 
likely to approach to a definite series of homologous configurations, on which, 
subject to the assumptions just mentioned, the emission of radiation E remains 
constant as contraction proceeds 

Our hypothetical mass has been assumed to obey the ideal gas laws 
throughout, so that the laws we have discovered must only be expected to 
describe the changes in a star so long as its density remains small There 
will be a stage later than those we have considered m which the laws are not 
obeyed owing to the gas laws being substantially departed from. Still later 
there will come a stage when the mass has contracted so far that further 
contraction becomes impossible, its temperature will now fall steadily with¬ 
out contraction taking place The emission is still given by equation (530), 
but IS now approximately constant, so that E falls as 2^ 

In fig 40, let the temperature Ti of the photosphere be represented by the 
abscissa and the total emission of energy by the ordinate In the earliest 
stages in which the ideal gas laws hold, the temperature Ti goes on increasing 
as contraction proceeds, while the emission remains constant Thus the 
relation between 2\ and E is repiesented by a horizontal line such as PQ 
descnbed in the direction of 2\ incieasing In the last stages in which con¬ 
traction can proceed no further the relation between and E is that E oc 

* Monthly Notice;> KA.S 78 (1918), p 43. 
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and this relation may be represented by a curve such as RO described in the 
direction of decreasing In the intermediate stage m which the gas does 
not obey the gas laws, but is still highly compressible, the law relating E and 
cannot be precisely specified Clearly, however, the curve by which it is 
represented in fig. 40 must depart asymptotically from PQ and approach 
asymptotically to RO. Thus the actual sequence of changes in E and 1\ will 



Fig 40 


be represented by a curve such as PLMNO in fig. 40. The mass of gas starts 
at a low temperature, increases to a maximum temperature and cools again. 
Meanwhile the emission of energy will remain constant until approximately 
the stage at which the maximum temperature is attained, after which it falls 
steadily and rapidly to zero. 

200. It will at once be seen that this theoretical result describes exactly 
•Russell's theory of the order of stellar evolution, of which a brief account was 
given in § 13. Russell, while pointing out that his theory was in accordance 
with theoretical principles, based the evidence for it mainly upon a diagram 
of observed absolute magnitudes of stars In this diagram the spectral 
class, giving a rough measure of the temperature, was taken as abscissa while 
the ordinate measured the absolute magnitude The stars in the redder 
spectral classes (M, K, 0) were found to fall into two detached, or nearly 
detached, groups In an upper group the absolute magnitude was approxi¬ 
mately independent of spectral type, in the lower group it varied rapidly 
with spectral type, falling off towards the red end of the scale. These two 
gi'oups of stars form what Russell calls ''giant" and "dwarf" stars respectively 

Clearly Russell’s diagram provides powerful confirmation of our theoretical 
diagram shewn in fig 40, the stars along the branch PL being giant stars, and 
those along the branch ON being dwarfs Further confirmation has recently 
been alforded by the investigations of Adams and Joyf already referred to in 
§ 13 Here 500 stars are considered and these are again found to fall into 

* Natuie, 93, p 242 (May 7, 1914), and Popular Asti on 22 (1914), p 11. 
t Abtrophys Jomn 46 (1917), p 334 
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two clasBcs—RuHBoirH giant and dwarf Hiarn. In i^ach claHB tin* almohiin mag" 
nitudes are found to cIuhUu’ fairly clostdy about a maximum of froc|Uimry, tho 
absolute magriitudiis of th(HB(^ maxima being as follows • 


— - 
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20L It has now b(KU)mo cbw that th(‘ory and tdmcu’vatiou agivo in ittlliiig 
precisely tlu^ sanu^* ntory, and that this ecmfirms liusHoirH iluuuy imtirely. 
This being so we an^ compell<*d to adopt ItuHseHH tluMiry of the ordm* cd’ 
stellar evolution througluuit the nunainder of this luMtk. Indei*<l in a lioek 
such as th(‘ prc^siuit, whicdi attem])tH to t^xplain (»bH(*rvation in teriuH <*f theory, 
it would be (juih^. impossible to adopt tin* hypothcHiH that a masH of gashiartH 
its life hot and g(‘ts continually eoolen If wc^ attempted to adopt ibih 
hypotlu^siB we sliould find that tlu^ory and {dwtuwation would he pulling in 
ditfereut din'Ctions at evcuy stagi* of our investigation. 

At the sauK^ tinu^ wiuire not eomp(‘lh‘d nit.ogether to abandon the *dder 
vuw of stellar evolution. Our theorcdaeal results have applied to a mass of 
gas starting from a eondition of tnxtnane ditfusion, not neressatily to an aetua! 
star; they have traced out ih(» path along which the evoluthm of a star muht 
progrt^ss but nothing has shtmui that a star may not be born halfway ahmg 
this path. Ho far as our tb(‘or(‘tieal results go, it is stHl (piite poshibbt for 
cvcay star in the universe to have hemi born as a /Mype star; so far as tin* 
cdiservations of Russtdl and of Ailams and J(»y go, it is still cjuiti* possible for 
nin(dy™nin<‘ per c<mt. of the stars in the*. uiuvm*Hc» to have been born as 
B type stars. We. shall ndairn to tlu'se (pieHtiouH in the next eliapter. 

As regar<ls tln^ main evolutionary problmn, Wi‘ have learnt tliat a mass of 
gas, at least so long as it is of lowdtaisity, will iner«»nH<‘ in density and also in 
tomp(u*aiure, Tlu^ earliest matter is that of lowt^st chmsity. We have aiTorcb 
ingly been li‘d by a tluuire.tical path to tlu^ view wld«*h we deHeribeil m the 
Theory of nebulous ongiu’’ m our Introduetmy Chapter, biif. the theory 
must now be suppostHl to luder to th<* gas out of which the star originates 
ratluu’ than to the star itself in the form of a star. 



CHAPTER IX 


THE EVOLUTION OF EOTATING NEBULAE 
GENERAL THEORY 

202 In the last chapter we examined the sequence of changes which 
would occur in a mass of gas left to its own gravitation at rest in space. We 
found that matter once in existence would either disperse into space or 
contract continually. Masses which disperse into space would have but a 
transitory existence, the permanent bodies in the heavens must he supposed 
to he contracting 

We accordingly think of the permanent astronomical bodies as beginning 
existence in a state of extreme rarity If one such mass existed alone in the 
universe, it would tend to assume a spherical form if devoid of rotation, or a 
spheroidal or pseudo-spheroidal form if endowed with a small amount of rota¬ 
tion Observation, however, does not encourage the view that the whole 
universe originated out of a single mass of gas, we shall find it more profit¬ 
able to think of a number of separate and detached nebular masses as forming 
the earliest stage in the process of cosmic evolution 

Whether these masses ought to be thought of as being originally endowed 
with motion, either of translation or of rotation, we do not know In any 
case they must in time be set into motion by their mutual gravitational 
attractions. As the masses move under these attractions there will be occa¬ 
sions in which two of the masses will pass fairly close to one another, and the 
tidal couples raised in this way will necessarily set both masses into slow 
rotation, the mechanism being that which has already been considered in 
§ 131 Rotations set up in this way would doubtless be of very small amount 
at first, but they will increase with the shrinkage of the mass in accordance 
with the law of conservation of angular momentum. 

In this way we are led quite naturally to the consideration of a number 
of separately-moving and rotating gaseous masses as providing the initial 
material for our problem of cosmogony. The pioblem of tracing out the 
history of the astronomical universe is seen to be closely related to the abstract 
problem of following out the sequence of events in a rotating mass of gas 

203 This abstract problem has already been solved in certain ideal cases. 
Primarily it has been solved for a mass of gas in adiabatic equilibrium, this 
being determined by the relation p = m which k and y are supposed con¬ 
stant throughout the mass 
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In the chapter preceding this we found that an actual mass of gas would 
not arrange itself in adiabatic equilibrium while contracting under its own 
gravitation. In adiabatic equilibrium the quantity denoted by k is everywhere 
constant, in an actual contracting mass, we found that k, defined by the 
equation p = kp^, would increase continually from the centre to the edge 
Except possibly in a comparatively shallow surface layer, there is no con¬ 
vection, and the result of this must be that the heavier elements tend to 
congregate at and near the centre, while the lighter elements form a sur¬ 
rounding atmosphere That this actually occurs is made probable by the 
results of spectroscopic examination of nebulous masses Campbell* found 
that in a number of nebulae the different gases are not umfoimly distributed 
throughout the nebular structure In some, as for example the Orion and 
Trifid nebulae, the hydrogen is definitely found to extend further out than 
the other chemical elements Wright has found that in the planetary nebulae 
the helium always favours the central nucleus more than the hydrogen and 
nebulium do, in some cases the helium is entirely confined to the central 
nucleus. Campbell again has found that in a slitless spectrum of the small 
planetaiy nebula N.GC 41 82 , the line of hydrogen forms a circle of 
14" diameter, while the first and second green nebulium lines form circles of 
diameters only 11 " and 9 " respectively 

Thus both theory and observation agree in suggesting that the "adiabatic" 
model does not altogether give a faithful representation of actual conditions 
The quantity k is not constant throughout the mass but increases from centre 
to edge, while the different chemical constituents are not thoroughly mixed 
up, the heavier elements have sunk towards the centre 

We are accordingly led to inquire to what extent the theoretical results 
which were obtained from a study of the "adiabatic" model may be expected 
to require modification for an actual mass of gas 


204. In our study of the adiabatic model, p and p were supposed con¬ 
nected by the relation 


p = kpy, 


and k and 7 were supposed constant throughout the mass, but it was nowhere 
found necessary to attach any special physical meanings to k and 7. From 
this general relation we readily find that 


9 logp 
9 log P 


.(532), 


since k was supposed kept constant Thus 7 might have been regarded 
merely as a symbol for 9 log p/a log p 


* Science, 45 (1917), 1169, p 538 
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In an actual mass of gas m which G denotes the ratio of the specific heats 
at any point, p and p may be supposed connected by the relation 

p = Arp®, 

in which k will vary from point to point. We accordingly find 

d log p 9 log /3 

If we use the symbol 7 to denote 3 log p/9 log p, this becomes 

+ . (^ 83 ) 

We have seen that, as we pass along the radius of an actual mass of gas 
from the centre to the edge, k will continually increase, or at most remain 
constant, while p will continually decrease Thus k and p change in opposite 
senses, so that d log k/d log p will be negative at every point of the gas, and 
the effect of the non-constancy of k will be to decrease the value of 7 

The same result may be obtained by noticing that the equilibrium of an 
isothermal mass of gas is the same as that of a gas in adiabatic equilibrium 
with 7 = 1 , while in an actual mass of gas conditions are such that the equi¬ 
librium is intermediate between adiabatic and isothermal equilibrium 

In our study of the “adiabatic” model, we found that the series of 
equilibrium configurations was of the same general type for all values of 7 
less than In an actual mass of gas, G, the true ratio of the specific heats 
must be less than If, and the value of 7 , as determined by equation (533) 
must be still less on account of the non-constancy of k Thus it seems 
permissible to assume that the sequence of configurations in an actual gas 
would be of the same type as those in an “ adiabatic ” mass in which 7 < 
And this series of configurations, as we saw, consisted of spheroids when the 
rotation was small, these giving place to pseudo-spheioids for larger rota¬ 
tions, and ultimately giving place to a lenticular figure with a sharp edge 
from which matter was thrown off 

The etfect of the sinking of the heavier chemical elements to the centie 
IS easily allowed for It results in an excess of central condensation of mass, 
and this may be allowed for by supposing the mass to approach more nearly 
to Koche’s model than would be the case if the gas were of uniform^ com¬ 
position We have just seen that the motion of the gas, even without 
allowing for this excess of central condensation, will in its main features be 
the same as that of Eoche’s model The lesemblance of the motion to that 
of Eoche’s model will be still closei when central condensation of mass is 
taken into account 



206 


The, TJvolution of Hotathuj Nebular [dii. ix 


206. In two CiiHOH we havo calculakifl the value of mflv-p at which the 
sharp edge fotrns on tin* equator of a rotating rua.HH of gas. In § 152, (hs- 
cussing Rocho's tnodel, m an adiabatic gas for which y-■ IJ,, we foniul th(‘ 
critical value of to he giviui by 


ri)‘^ 

27rj5 


()-:Ui07r) 


And in § liSS, di.soussing a ma.ss of adiabatic gas for which 7 had tlu' highest 
value consistent with the formation of a sharp islgi', imnu'Iy 2 ,^, we found the 
critiical value of mflirp to hi* giviui, approximately, by 


These limits for 7 are much wider than those which e<in occur in an ac.t.ua! 
mass of gixs, for which 7 must be greater than I,', ami le.sH than i:|. The 
critical valiuss of m'flTrp are so comparatively eloH<> together tlial itsi'cmssafe 
to assume that for an actual gas tlu' critical valu<‘ must hi- somicvhere between 
the two thcori'tical critical valiu's, and piobably eonsidernbly nearer to tlu' 
former than to the latticr. For purposes of rough calculation we kIuiII sujipose 
that th(* critical value is given by 


fi)''' 

2-rrp 


()-R5 


d6:i4). 


Com,par hath -with < Hmr real ion, 

206. The cour.se ot (wents in our typical nebulous ma.ss of gas may now 
b(‘ bri(‘Hy ri'capitulated. It has bcmi supposed t.o come into i‘.xi.Hlenei' in an 
entirely unknown way. probably forming at first mi irregular mass of com 
paratividy cold gas at a very low density. This will contract undiT its own 
gravitation and would in timv assume a sphericid form ex<-ept that it is 
ri'pi'atedly being disturbed by tidal forces from jiassing mas.scs. 'riie <drect 
of these is to set up a slow rotation which continually increases as the mass 
contracts. The mass assunu's at first a spheroidal form, t.hen a pseiido- 
apheroidal form, until, when the rotation reaches an amount, given by eipiation 
(524), a sharp edge is formed niuml the eepmtor. Tlu' figure of the mass is 
now hmticular in sliafie, and any furtlu'r contraction ri'sulf.s in matter Ixdng 
thrown off from the [im-iphery or equator of tin- lens. 

tig. 41 shews the tlieori'tical cro.ss-Hections which have bemi found for 
two rotating masses ef gas at the instant at wliieli the sharp edge Is first 
formed, tlu* two figures corn‘spending to the two extri'me valm-s of 7 , 7 ^= l| 
and 7 - 2 ^ respectively. The next stagi* in the motieii will consist of the 
ejection of streams of matter from th** sliarp i‘<ig(>. 

On comparingthc.se figures with those of actual iiehuhie shewn on Plate 111, 
we at once notice the similarity in the cross-.si'ctiens of the two sets of figures, 






l.V.d 

Nebulae seen Edgewise 
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and it seems permissible to identify these actual figures, at least conjecturally 
and tentatively, with the theoretical figures shewn in fig 41 On this 
suggested interpretation then, the nebulae shewn on Plate III are masses of 
gas, or possibly clouds of dust, in rotation Rotation has actually been 



observed spectroscopically in some nebulae, as for instance the last nebula 
shewn on Plate III, namely N G.C 4594 and the Andromeda Nebula M 31, 
while it would be difficult to imagine any cause other than rotation which 
could account for the flattened symmetrical shape of the remainder 

One point of difference perhaps appears between the theoretical and the 
actual curves The photographs shew curves which are somewhat less blunt 
near the equatorial edge than the theoretical curves, in some of the photo¬ 
graphic curves the boundary appears to become convex to its equatorial 
section at points near this edge 

The theoretical curves have been obtained on the supposition that the 
angular velocity has everywhere the same value, the mass has been assumed 
to rotate as a rigid body If shrinkage were an infinitely slow process, or if 
the action of viscosity were infinitely rapid, a rotating and shrinking mass 
would rotate at every instant like a rigid body, but in nature viscosity acts 
so slowly in a mass of gas that we have to contemplate the possibility of 
uniform rotation never becoming established*. 

To examine the effect of non-uniform rotation, we return to the funda¬ 
mental equations (386) to (388) of Chapter VII Assuming the pressure to 
be a function of the density, these may be expressed in the form 

^ f^_ ^ ^ ^2 .(535) 

dos J p dx 

and these will be the equations of relative equilibrium even when varies 
from point to point in the mass 

Diffeientiating the x, y equations with respect to y, x respectively and 
subtracting, and treating the two other pairs similarly, we find 

d(i>^ da>^ fs 

so that a>^ must be a function oi x? + y^ Thus the surfaces of constant 
* Of Poincai^, Lec^ons sui les Hypotheses Cosmogomques, p. 28 
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angular velocity must be circular cylinders about the axis of rotation^. This 
being the case, the three equations of equilibrium (535) have the common 
integral 

l^=V+i j<o^diaP + f) 

and the boundary of the mass must be one of the surfaces 

+ = cons .(536). 

This equation can be put in the alternative form 

V-i-^eo^(a!^-h = cons 

where co^ is used to denote the mean value of aP at all points of the equatorial 
plane inside a circle of radius {o5^ + 

A nebula shrinking homologously in the way desciibed in the last chapter 
would increase its angular velocity at the same rate throughout, so that 
uniformity of angular velocity, if once established, would not be disturbed by 
homologous shrinkage But if a nebula has shrunk from an approximately 
isothermal condition to one in which there is a rapid temperature gradient 
from surface to centre, then the outer parts will have fallen in much more 
than the inner parts In the absence of any viscosity at all the conservation 
of angular momentum would require that the parts furthest from the axis of 
rotation should have a greater angular velocity than the parts nearer the 
centre In such a case would increase with -f 3/^ and when viscosity 
acts, but without sufficient power to produce absolutely uniform rotation, 
this increase of a>® with -f will still persist to some extent 

Thus in a natural nebula, or other rotating mass of gas, we should expect 
0)2 to increase as we pass from the centre outwards This is the type of 
motion observed in the sun, while the measurements of Pease f on the rota¬ 
tion of the Andromeda nebula suggest a similar increase of angular velocity 
with distance from the centre. 

It will be readily seen that the effect of such a variation in is to change 
the critical equipotential from the theoretical curves shewn in fig 4<1 in the 
direction towards the photographic curves exhibited m Plate III The 
general principle is sufficiently illustrated by a consideration of Roche’s 
model (§ 152) Let stand for x^ + y^ and let be the value of 'cr at the 
sharp edge of the critical equipotential The equation of this equipotential is 
seen from equation (536) to be 



* Pomcar4, I c p. 32 

i“ Nat. Acad Sc'ienees, 4 (1918), p. 21 It would perhaps be straining the evidence to regaid 
the variation of w with distance as being definitely established, the more so as Pease himself 
does not interpret his measurements in this way. 
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The value of '^o depends only on the value of at the boundary of the 
figure, being determined by the relation M — co"^ CTo®, where co is the angular 
velocity at the sharp edge tzr = CTo Clearly a lessening of as we pass 
inwards from the sharp edge ur = 'CTq Will result in a lessening of the value of 
the integral, and so in an increase in the value of r corresponding to any 
given value of tir, leading to the result stated. 

207 In most of the nebulae shewn m Plate III, as indeed in almost all 
known nebulae, the evolution has proceeded somewhat beyond the formation 
of the sharp edge, matter has, on our interpretation, already been ejected 
from this edge Thus before attempting a fuller interpretation of observed 
nebulae, we ought to return to the theoretical problem, and attempt to trace 
out the motion which is to be expected after the formation of the sharp edge 

Let us consider first what may be expected to happen to the mam 
mass The ejected matter, as soon as it is of sufficient amount, will exert 
gravitational forces on the remainder of the mass, but in the earliest stages 
of the motion, so long as the total mass of ejected matter is still small, the 
gravitational field set up by this ejected matter may be neglected, and the 
mam mass may be supposed to be acted on solely by its own gravitation 
As the mass slowly shrinks, the radius of the critical circle on which centrifugal 
force just balances gravity will also slowly shrink Matter will be gradually 
thrust across this circle much in the same way in which water would gradually 
drip over the edge of a slowly shrinking cup^ 

During this early stage, it is impossible for the sharp edge ever to dis¬ 
appear For if at any instant it did so, the main mass would at once become 
again a mass rotating freely in space under its own gravitation, the slightest 
amount of further shrinkage would pioduce an increase of rotation which 
would again result in the formation of a new sharp edge, and the ejection of 
more matter Thus the motion is one in which the mam mass shrinks, 
keeping always a sharp edge Just enough matter must be ejected through 
this edge for the mam mass to remain always of the form of the critical figure 
of equilibrium, the condition for this being that equation (534) shall always 
remain satisfied In the motion before the sharp edge was formed, the 
angular momentum of the mass remained constant, so that increased 

* Pomcar4 (Legons, p 26) appears to follow Ebche in believing that fairly violent oscillations 
might be set up in the mam mass, so that the rate of ejection of matter would periodically over¬ 
shoot the amount necessaiy for equilibrium Thus after an eruption there ought to be a period 
of quiescence until the angular velocityTias again overtaken the ejection of matter , after this 
another period of eruption, another period of quiescence and so on 

Although every opinion expressed by Pomcar4 must be considered with the greatest respect, it 
IS extremely difficult to find any dynamical justification for these supposed violent oscillations. 
The oscillations of the mam mass appear to be thoroughly stable (this has been rigorously proved 
for Boche’s model in § 150), and it is hard to find any agency capable of forcing oscillations of any 
but infinitesimal amplitude 
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steadily. In th(‘ motion after the sharp (‘dgc* has formed, lioth the migiilar 
momentum and thi‘ mass di^creast^ owing to loss from tlu^ sharp edge* Tin* 
lost particles are thorn* for which the* angular imamaitum is grefitest, ho that 
a result of this loss is tliat thes ratio of angular momentum to mass tleereases. 
The decrease has to at just sucdi a rati* that rt*mains eiaistaiit , 

this condition detcTUumss tlu* rah* at which matti*r is thnoMi off from tlie 
edge of the main mass 

During the later stages of tin* motion it will not In* legiiimah* to m*gle<i 
the gravitational field s<‘t u{) by tin* (‘j(‘(*ted mattt*!'. Tin* c*jeeted nmlttu* uil! 
exert gravitational forees on tin* main mass, in dir<M*tionH sueh as to reiiiforee 
ccmtrifugal force* and to n(*utralist? the gravitati<aial attrnc*tion of the nniiii 
mass Thus each (‘I(un(‘4it of inatU*r which is (JeeUal pro\i(h*H in iNelfa fmei* 
tending to increase tlie raU^ of (*j(*c.tion of matt(‘r. It is at «met‘ eliair that 
the motion of (*j(^ctiou must ultimai(*ly becamn* of a “ (*atnelysniic “ nature, 
it cannot cease until <uth(U’ tin* main (H‘ntral masH has become entirely 
disintegrated, or until the physical conditions of the proldem change in 
some way. 


The Theonj of Laphur and Hoohr 

208 Laplace and Roclu^ both imagin(*d the mass to tlirow otf mat ter f»>r a 
time and then to stop. The (*jected matter was Huppimed to form an anmihiH 
or ring out of which plan(*tH wcire ultimahdy formed, Hoein* uent, furtlnu' 
and imagined a continual si^ries of alUwnations in tin* physiciil tsmdition of 
the mass, so that the mass thrc'w off a HUeci'Hsion ofdt'taelnHl rings id di^timi 
inUTvals^, 

(jl(*arly the*- cyc^ction of math*r at the sharp talge can cf*ase only wlnui I lie 
condition fur the existence of a sharp edge and the condithai of the coii**i!aiicy 
of angular momentum (without (ejection of matter) becoim* identica!. Ho long 
as the ideal gas laws are olx^yinh tin* former condition rf*»|uireH lliiit cid/p 
r(*main constant, whik* the lattcw reijuirt's that (trip slmll vary as ip\K Thin 
it is (juites clear that tin* ej(*ction of mattc‘r, wlien onc*(^ it, IniN started, «*nii tnoer 
C(*aH(‘ so long as tin* nlcal gas laws an* obeyed. When these laws iin* siih- 
stantially departed from, tin* i*;j(*ction of matter may <*east*, but long oh w** 
regard our indmlous mass as being approximat(*ly a pf*rfect gas, the emiKsion 
of mattc‘r from tin* sharp edge will he a continuous process. 

209. Let us now examine the motion of tin* matter tlirown off from fin* 
sharp i*dge Each particle or molecule, as it leaves tin* i*dgi*. will have a fiiii- 
gmitial vcdocity in space equal to fi>r, arising from tin* ndiitioii of the masH in 
space*, and supeu'posed on to this ve*locity then* may be a vehicity nf ejfs*lniii 


Of. fo«taat<» to p. 209 . 
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arising from the motion of the matter inside the mass, and also a velocity of 
molecular motion when the nebula is gaseous 

As the problem is one of great complexity, it will be well to separate the 
difficulties, and consider first the motion to be expected when the velocity cot 
exists alone or preponderates enormously over the other velocities This 
condition would be approximately satisfied if we could regard the matter of 
the nebula as fluid, although it must be remembered that in actual fact a 
sharp edge could not form on a fluid mass in rotation unless there was a 
considerable central condensation of mass 

Since the sharp edge is determined by the condition that centrifugal force 
shall exactly balance gravity, it is clear that the tangential velocity cwr will 
be exactly that required for the description of a circular orbit Thus at first 
the ejected particles will form a chain of infinitesimal satellites in contact 
with the mam mass. 

As the main mass shrinks, this contact will of course be broken More¬ 
over, with the shrinkage of the main mass, the gravitational field will change, 
so that the velocity of the satellites will no longer be that appropriate to the 
description of circular orbits Clearly a shrinkage of the mam mass will 
result in a lessening of the radial gravitational force at a fixed distance r, so 
that the tangential velocity cor will become greater than the velocity for a 
circular orbit at distance r, and the ring will begin to expand. Throughout 
this motion the ring will remain circular, its angular velocity being deter¬ 
mined by the constancy of its angular momentum; cor"^ will always be equal 
to the value at the instant of projection. 

Th6 ring will not expand indefinitely To a close approximation each 
separate particle will describe an elliptic orbit, the loci of these particles at 
each instant being a circle. Thus it appears that the ring may be expected 
to expand and contract rhythmically 

Immediately after the ejection of the first ring, a second ring may be 
thought of as being ejected with approximately equal values of co and r, and 
this will be followed by a continuous succession of other rings. In the 
process of expansion and contraction these rings will collide and interfere with 
one another's motion. 

210 To follow out the train of thought of Laplace and Koche, we should 
have to imagine these rings to coalesce into a single ring of finite size which 
would rotate with a uniform angular velocity co about the mam mass This 
ring will be held together by its own gravitational cohesion but, like the 
mam mass, it will be subject to the disruptive effects of rotation. Clearly it 
will only be matter of very considerable density that will possess sufficient 
gravitational cohesion to form a definite ring Poincare^, by a very simple 

* Legons sur les Uyjpothesea Cosmogomques, p 22. ♦ 
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proof, has shewn that when a ring is formed, the mean density of the ring 
must always be greater than (o^j2ir By a simple extension of Poincare’s 
method, a much more general result may be obtained 

Consider the equilibrium of any mass whatever which is rotating approxi¬ 
mately as a rigid body with angular velocity co Let the motion be referred 
to axes rotating with uniform velocity ew, and let u, w be the velocity relative 
to these axes at any point of the mass. Let us assume that u, v, w are small 
compared with cor, the velocity of rotation. 

Then the equations of motion are of the form 

du dV ,, 1 dp 
at ox p ox 


Differentiating with respect to x, y, 5 and adding, we obtain, on using 
Poisson’s relation V^V=- 47 rp, 


d /du dv dw 
dt \dx dy"^ dz 




+ 


2co^ — 


3 ^ 1 ? \p dxj dy\p dyj oz \p oz) 


Let us multiply by dxdydz, and integrate throughout the whole volume 
of any detached mass, let us further transform the first and last integrals by 
Green’s Theorem We obtain 


d 

dt 



U + + 


rr r r r 

mv) d8 == (2a>2 — 47rp) dxdydz -f I 

j J J J J 


p dv 


where djdv denotes differentiation with respect to the inward normal. 


The integral on the left measures the rate of expansion of the volume A 
of the mass under consideration, so that the equation may be put in the 
form 


d^A 

di^ 


= (2a)2 - 


. 


(537). 


Now ^ vanishes at the boundary of the mass and must, if disintegration 
IS not to occur, be positive at all points inside. It follows that dp/dv must be 
positive at every point of the boundary, and hence that the final term in 
equation (537) must be positive Thus if jo < the whole right-hand 

member of the above equation is positive and d^Ajdf must therefore be positive. 
If the mass is relatively at rest, it starts expanding, if it is already expanding, 
it expands still more rapidly, if it is in process of contraction, the contraction 
is checked A condition for a steady state is that d^Ajdf shall vanish, and 
this clearly requires that jo shall be greater than which is Poincard’s 

result 


211. Eeturnmg now to the particular problem in hand, co will be sup¬ 
posed to be the angular velocity of the Laplacian ring. In the earliest stages 
of the motion this must be very approximately equal to that of the mam 
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mass Thus this angular velocity is connected with p, the mean density of 
the matter of the mam mass, by equation (534), 

= 0 35 X 271 jo, 

so that Poincare’s result takes the form that jb^, the mean density of the 
matter in the ring, must be not less than 0 35 times p, the mean density of 
the main mass—otherwise the ring cannot form at all 

To appreciate the full meaning of this result, we must remember that it 
presupposes the formation of a sharp edge on the mam mass, and that this 
sharp edge cannot form at all unless the matter of the mam mass has a degree 
of compressibility comparable with that of a perfect gas The ring, if ever 
formed, will be a structure m equilibrium under gravitation and its own 
pressure Clearly the matter of a ring of small mass will expand under its 
own pressure until its density becomes very small, and the condition that the 
mean density shall be as great as 0 Sbjb cannot be satisfied at all—the rmg 
will be disintegrated by its own rotation Thus we see that a ring of this 
type, if it forms at all, must have a mass comparable with that of the mam 
central body—for a ring of mass much less than that of the central body 
would have a mean density much less than that of the central body This 
result seems to dispose of Laplace’s theory of the formation of the solar system, 
for this supposed the planets to have formed out of a ring whose mass must 
have been small compared with that of the central mass 


EJECTION IN FILAMENTS 

212 The formation of Laplace’s ring required perfect symmetry of the 
mass about its axis of rotation To ensure this the mass was supposed to be 
rotating freely in space, unaffected by the presence of any other masses The 
distances of adjacent masses in space will in general be so great that their 
gravitational influence will be extremely small For most problems there 
would be no question that this gravitational influence might legitimately be 
neglected, but the problem we now have under consideration is peculiar in 
that even the slightest external gravitational field is sufiScient to alter entirely 
the nature of the solution. 

In the neighbourhood of the mass of gas under consideration the gravi¬ 
tational potential of all external masses will be a spherical harmonic, and 
therefore will be capable of expansion m the form 

Y^^So-\-S^ + S,+ . , 

where So, Si, Ss, .. are harmonics of degrees 0, 1, 2, . respectively. As in 

previous discussions of the value of (cf for instance, § 47), the constant 
term So may be omitted as giving rise to no forces, the term Si may be 
neutralised by supposing the areas of reference to have the same acceleration 
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as the centre of gravity of the nebula, and terms beyond may be omitted 
as being numerically small in comparison with Thus Fy may be sup¬ 
posed to reduce to the single term and the total potential 11 (cf equation 
(390)) assumes the form 

n = Fjtf + A82-hia)2(^24-2/2) . (538) 

When the external potential is omitted, the condition for a break-up 
(311/0?i = 0) becomes 

dr ^ 

and the break-up commences simultaneously at all points of the cross-section 
in the plane of xy But when the term 8^ is included in fl the cross-section 
in the plane of xy can no longer be circular, it becomes slightly elliptical and 
obviously the break-up will occur first at the two ends of the major-axis of 
this ellipse Thus instead of a ring of matter being thrown off, we see that 
matter will be thrown off initially only at two antipodal points 

The first elements of matter thrown off from these two points form in 
themselves a tide-generating system whose potential must now be included 
in the general tide-generating potential F^ The effect of this addition will 
clearly be to reinforce the value of the second harmonic term m so that 
when matter has once started coming off from two antipodal points, the region 
of ejection will concentrate more and*more at two points as the motion 
proceeds. Under ideal conditions we may expect to have matter thrown off 
uniformly from all round the equator, under actual conditions we must expect 
two streams of matter issuing jffom antipodal points 

213 At this stage it will be profitable to pause again m our theoretical 
mvestigation to compare theory with astronomical observation 

Theory predicts the existence of rotating masses of gas of a lenticular 
form having sharp edges in their equatorial plane These we have already 
(§ 207) found reasons for identifying, at least provisionally, with the so-called 
“ lenticular'' nebulae of which examples are illustrated in Plate III 

Theory further predicts that an emission of matter ought to take place 
in the equatorial plane most of the examples illustrated in Plate III shew 
an extension of figure in the equatorial plane which may very reasonably be 
interpreted as matter ejected from this plane The dark band in nebula 
N.G C 5866, lying as it does along the equator*, strongly suggests darker 
and cooler matter which has cooled after ejection, while still more pro¬ 
nounced dark bands are shewn m the three subsequent nebulae on Plate III. 
Theory predicts that the ejection of matter from the equator ought to continue 
almost indefinitely, so that the extensions m the equatorial plane ought to 
extend further and further as the evolution of the nebulae proceeds. Theory 

* Pease (Z.c ante) describes the dark streak as making an angle of 3° with the major-axis of 
the nebula 
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further predicts that the emitted matter ought to proceed mainly from two 
antipodal points on the equator of the nebula. 

To examine whether these latter predictions ol theory are verified, we 
must obviously study our nebulae from a line of sight near to the axis of 
rotation, the photographs shewn in Plate III, all being taken edgewise, can¬ 
not be expected to give any information on the question But there is no 
reasonable doubt that the last three nebulae on Plate III are nothing but 
ordinary spiral nebulae seen edgewise, although we cannot study the cross- 
sections of these by their equatorial planes, there are innumerable other spiral 
nebulae whose orientation in space is such that we look almost directly on to 
their equatoiial planes Typical examples will be found on Plates II and V, 
other types will be found in any collection of photographs of nebulae The 
general characteristic of all these nebulae is that the two arms proceed ap¬ 
proximately from antipodal points on the equator That these arms really 
represent an ejection of matter from the central nucleus is almost proved by 
the two instances of M 51 and M 101 already discussed in § 4. All this is 
quite in accordance with theory 

Two non-typical spiral nebulae are illustrated on Plate IV The peculiarity 
of the first is that the spiral arms have given place to an almost continuous 
cloud of gas or dust, the separation of the arms being shewn only by the 
faint rifts or lanes between them The peculiarity of the second is that the 
spiral arms are almost circular in shape, so that the whole figure is nearly 
symmetrical about its axis of revolution. In this nebula we appear to have 
a close approach to the manner of evolution imagined by Laplace It will be 
seen that our tentative hypothesis is able to account for these exceptional 
nebulae as well as for those of more normal type. 

Thus our conjectural interpretation of all spiral nebulae is that they are 
masses of gas or clouds of dust in rotation, this rotation being so rapid that 
no figure of statical equilibrium is possible. In the earlier stages of their 
evolution, they must have passed thiough a series of figures of equilibrium of 
the pseudo-spheroidal type discovered in Chapter VII, until a sharp edge was 
formed After this, matter was ejected along two arms originating from this 
sharp edge At first the points of origin of the arms were determined by the 
infinitesimal tidal forces set up by the rest of the universe, subsequently the 
tidal forces from the symmetrical arms themselves would suffice to confine 
the emission to two antipodal points. 

214 . It IS worth noticing that on this interpretation of the spiral nebulae 
the mean density of the nucleus can be approximately determined when the 
period of rotation is known, the angular velocity a> being connected with the 
mean density p of the nucleus by the approximate relation 

0)2 = 0*35 X 2Tryp = 2 27p, 

7 being the gravitation constant 
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For iriBtanct^ (of. § 6 ) van han tunnel ihi‘ jH^rieKt of rutation of tho 

TTrna Major nebula M 101 to b(‘ abe)ut 85,000 yearn fur a iiunib(*r of pointH n! 
av(mig<‘ dintanct^ of 5 ' from the ccnitn^ aiif^nlar voloeity in init qiiilo 

uniform, incrcahiuK Homowhai im the* uu(*.UniH is approneliod, hut if, for pur 
poHUH of a rough calculation, we aHHunu* tlio peritni of rutaiiem of the iiueliuiH 
to Ik^ 85,000 y(‘arK, W(^ find that the* im^an dtuwity of the nu«*!i*UH niiih! bo 
about 8*8 X 10 grauum^H pen* cubic c(uitimt*trt\ At thin dcuiHity thoro will 
bu about a million atomn or inohanih^H uf atuiuie or muleeular weight per 
cubic centimetns tht^ mt^an fnu* path Inung of tht‘ onli*r of two tliuiiNUid 
kilomctnu 

216. Tlu're remain Hum(‘ characterintie f(‘atun‘H of Hpiral nebtilne wliit'h 
have not ho far betm pnalicttMl or (axplaineel by our theeuy, and whieh will 
accordingly provid(‘ furtlua* tivstn of tlui tcmabiliiy of this the(»ry. In partieulfir 
may be numtioiKHl the characteristic shapes of tin* arms (cdl § 8) iiml the roii« 
elouHations or nueho in tln^m^ arniH. Tlu‘ (h‘t<‘rminatit>n of the shape of tin* 
aims to be I'xpiadesl <m our tindery hihuuh at. prestmt to be be\und the 
r(*ach of matlumiatical analysis, but tlu‘ formation of eondenHatioUH ndnuts 
of discusHion 

In examining tlu^ ejtw.tion uf Htri'ams of gnsesam or other eoinprtwihle 
matter uudeu* tidal foreijs (§ UJO) W(^ found that a long strenm of gim must 
iHscomc longitudinally unstable and will temd to bn^nk up into eondeiihaiiims 
or nucltu imdm’ its own gravitational attract,iom fkatd.ly similar eftects are 
naturally to b(‘ (‘xpecitnl in tlu^ presmit problem, and thesis seem to provide a 
very natural and satisfaetory t‘xplanatiou of th<^ un(»h*i t^lmerved in tin* arms 
of spiral tudnibu'. 

In a stremm of comprc‘SHibh‘ mattm* of uniform density p, the distaiu»e 
apart of Hucciissive. mu^.hh was Ibuml to In* (approximately) 



For a gas, or (luasi-gaH formed of dust or meteorib's, ji lpC\ wlierif f/ is 
thi‘- molecular velocity, so that 

bwv) .(.IK!)). 

lien' p may 1 >(> takc'ii to bo tihe moan (ioii.sity in tlio m'buliir anas. The 
m,‘aii (loiiHity af Urn imcloiiH, which wo liavo ho fSir ihmoti’d l,y p, will probably 
b(i Homowhat gn'aU'r: l(>t uh donoto it. by Op. Thou oijualiori (.'i:{ 4 ) bocmiioH 

m- = ()';15 X 'i'lpyOp ■» (say), 

.so that (scjuatioii (5K!)) gives 
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Some idea of the value of 6 can be obtained from the result of | 211 If 
the matter had formed a ring instead of spiral arms, 6 could not have been 
greater than (0 S5)-\ or say 3 The conditions in spiral arms are slightly, 
but not widely different, so that 6 does not appear likely to be much greater 
than 3, neither does it appear likely to be less than 1. If at a guess we put 
6 — 2 our equation becomes 

G = l(o 

This has a simple physical interpretation—the difference of velocity of rota¬ 
tion of two adjacent nuclei on the same radius must be approximately equal 
to the molecular (i e. temperature) velocity in the arms 

For the rotation of the Andromeda nebula, M 31, Pease* has found the 
velocity in kms per second along the major-axis to be given approximately 
by the formula 

-048a:-316, 

where x is measured in seconds of arc The distance of successive condensa¬ 
tion is perhaps about 3", so that Z<» = 1 44 kms a second about. On our 
theory this ought to be at least comparable with the molecular velocity We 
might of course invert the argument Assume a molecular velocity in the 
arms of 1 44 kms a second, which is a reasonable value to assume, and our 
formula (539) would at once give a value for I just about equal to the ob- 
served distance apart of adjacent condensations. 

TTo take another instance, the period of rotation of the Ursa Major nebula 
M. 101 has been found by van Maanen to be about 85,000 years This gives 
£0 = 2 35 X 10"“ so that if at a guess we put (7 = 1'6 kms a sec, we obtain 
1 = 1 X 10*^ kms (about parsec), and this must be the distance of adjacent 
nuclei. Since these appear to be at distances of about 5 apart, the distance 
of the nebula ought to be about 1000 parsecs (parahax 0 001") We have 
already estimated the mean density of the nucleus p to be about 4 x 10 
whence it appears that the mass of the nucleus must be of the order of 
10^^ gms j equal to 5000 times the mass of our sun. 

If we conjecturally suppose the values of G and p to be the same for the 
Andromeda nebula as for the nebula M. 101 just discussed, we find that the 
Andromeda nebula ought to have a parallax of about 0 0006 and a mass of 
the order of 10^^ gms, which is of the same order as the probable mass of the 
whole universe of stars of which our sun forms a member. 

No stress ought to be laid on any of these numbers except as shewing that 
our conjectural interpretation of the nuclear condensations in the arms would 
predict effects of the right order of magnitude. The figures indicate, how¬ 
ever, that our conj ecture commits us to supposing that the mass of the big 
Andromeda nebula (M. 31) is comparable with that of the whole galactic 


* Nat. Acad Science, 4 (1918), p 21. 
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tmiverse—the Maud univernc ** in which we live while the ninaller iiebnlne 
are of nuiswoB equal to thouaanda of that of our nun. The inaHHeH af the indi¬ 
vidual condensations in thi‘ arms appear to la* probably alanit eontpariible 
with that of our sun—a conclusion which wc*- sliall again arrive aj, in n more 
precise form, by a different path. 


216 - So far the ejected maU(*r has la‘(*n supposed ftam a. ch^finite fila¬ 
ment. Now it is clear that a ji‘t of gas (‘jt‘et(‘d into a vacuum will merely 
scatt<‘r into space* under its own t*xpansivt‘ forc(*s, except wlu*n tlit* mass is 
so large that its own gravitational colnu’cmer* is suflleir^nt (mthidiiiu'e t!a* 
expansive*, fevrees produei*d by molecular velocity. We must examine nmler 
Avhat conditions a, jet will eondenst* into a filament. 

Oonsid(*r hist the simph'r problem of the conditimis undcu* which a fila¬ 
ment, in (‘xistence, can continue in (*xiHtenec* witlunii w'attering into Hpaee. 
Led/ T h(‘ the* liru*. density, or mass per unit U‘ngth of a uniform long hlament. 
The* potential of this filammit at a point near its surfact* will la* eff tie* order 
of magnitude*, of 7T, so that a moh‘Cuh* moving with vehK*ity will e*hcapi» 
altoge*th(‘r if 

A (7T. 

'rhuH if 0 is th(* me*an»squar(‘ molecular Vi*Ioeity mair the surfaea* of the fila¬ 
ment, the* hlam(‘nt will scatter into spacer unless (approximately) 

T> ....(440), 

If th(^ filament is assumeel to be* in iHuthe*rmal (‘(piililrrium a mtm* preadso 
re‘Bult can be eibtained. Led so that ilxon tin* potential 

must satisfy the* diffe‘re‘ntial (*(piation 

V‘** V -P 47 re? ass 0, 

of which the appropriate solution for a long filame*nt is 


P BS 


kc^ A /■" 
2^/^ (l‘+ 


whero a and A arc. couHtantw of intogratioii. The maHH of gns j/cr titiit length 
iH readily found to ho r^kc. 


The (Ic-mity in tiniks at th(! (trigin only if (;^2; in ail other euHes there in 
found to h(‘ a micleim at the origin of Iuk' deiiHity k( \ - Jo), and the louhs of 
thiH rmcloUH togethor with that of th<> Hurrounding gun will give a tolal iuiihh 
per unit length «(jual to /i;(l + |c). 

Tnku-preted phynically, this ukmuiih that a filament of lint* <lenMity 2/.; can 
rcHt in (((luilibriurn with finite deuHity at th(‘ centre and no tendeney to 
scatter into spaco. A filament of lino density greater than 2k can rest in 
equilibrinin with no tendeney to scatter into space, but mutlumiatiodly thi-re 
will bo zero density at the contro and a lino ehargi* ri'polling the gas; in 
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nature this would mean that equilibrium could be established only when 
A had become so great, and therefore the density so great, that the ordinary 
gas laws would be departed from. A filament of line density less than 2k 
cannot rest in equilibrium at all under natural conditions, it would scatter 
into space Thus for an isothermal filament the exact critical value of r is 
seen to be 


2k 

^7 87 ’ 


(541), 


in which the gravitation-constant 7 has been restored This exact value 
differs by a factor | from the general approximate value obtained in 
equation (540). 


217. Thus the lowest line density for which condensation can occur at 
all will be comparable with that given by equation (541) Multiplying this 
by expression ( 539 ) which gives the length of filament which goes to form a 
single condensation m the nebular arms, we find that the minimum mass m 
one such condensation must be comparable with 

. 

For line densities much greater than this, the filament may become 
transversely as well as longitudinally unstable, the mechanism again being 
that already explained in § 160 If the filament is of n times the critical 
line density 2C^jSj, the linear dimensions of its cross-section will be of 
the order of , which is 2n times the critical length (539) at 

which wave-motion becomes unstable. Thus when a filament has a line 
density much beyond the critical line density 2 ( 7 ®/ 37 , the motion may be 
supposed to be one in which nuclei of condensation form both laterally and 
transversely, their average distance being comparable with that given by 
formula (539), namely , The average mass surrounding each 

nucleus will be p times the cube of this expression or 

.(543), 

which IS comparable with our former expression (542), although less by a 
factor f. 

Inserting our previous conjectural values 0 = 1 6 x 10® and p = 1 5 x 
the numerical value of expression (542) is found to be 1 6 x 10^^ or eight 
times the mass of our sun, while the numerical value of expression (543) is 
about three times the mass of our sun. 

Thus we are again led to the conclusion, reached rather more vaguely in 
§ 215, that the nuclear condensations m the arms of spiral nebulae are of 
mass comparable with our sun. 







CHAPTER X 

THE EVOLUTION OE STAR-CLUSTERS 

218. From a purely theoretical discussion of the evolution of a mass of 
mg gas we have been led to the hypothesis that the spiral nebulae are 
merely masses of rotating gas which have reached a stage of disintegration, 
the rotation havmg become so great through shrinkage that configurations of 
equi 1 are no longer possible. It would be of the utmost interest to 
follow ou dynamically the different processes of this disintegration but un- 
ortunately the mathematical difficulties have so far proved to be too great. 

We have, however, found that the masses of these spirals must be supposed 
to be enormously greater than that of our sun, and the general nature of the 
isintegration has been seen to consist of the formation in the nebular arms 
of condensing nuclei each of mass just about comparable with that of our 
sun. Thus the hypothesis which has already been adopted seems to lead 
mesistibly to the conclusion that the final result of the process of disintegra¬ 
tion which we see going on in the spiral nebulae must be the formation of 
star-clusters 

As to the features to be expected in these final star-clusters our dynamical 
analysis has so far told us almost nothing. It seems not unreasonable to expect 
that the star-clusters will be of the type we have described as “ globular 
thus we may conjecture that the observed spiral nebulae are formmg star- 

sters similar to observed globular star-clusters and that the observed 
globular clusters have originated out of spiral nebulae 

For the present we shall regard this conjecture merely as a hypothesis 
w ose truth is to be tested The hypothesis commits us to what is com- 
monly called the “island universe” theory-just as the spiral nebulae are 
distmct mdependent objects m space, so the star-clusters formed from them 
may be expected to be distinct mdependent objects in space. The “island 

fo?r''% however, be accepted in any extreme or categorical 

foim. Tmn nebulae are known to exist in the sky, and these may easily be 
imagmed to form overlapping or mtermmgling star-clusters Thus the “ island 
umverses may overlap or intermingle-one “ island ” may be entirely enclosed 
mside another and larger “ island.” These, however, will be exceptional phe¬ 
nomena, normally we regard the stars as falling into detached clusters or 
separate island umverses.” The particular cluster of which our sun is a 
meniDer will be spoken of as the galactic universe 
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219 Some features of similarity between spiral nebulae and star-clusters 
have already been noted, these fall m naturally with the hypothesis we are 
now considering We have already mentioned (§ 5) that the velocities in space 
of the star-clusters are approximately of the same order of magnitude as those 
of the spiral nebulae. The masses again are of the same order of magnitude 
At a reasonable estimate the mass of the galactic universe is that of 
1500 million stars each of mass equal to 1 7 times that of our sun (2 x lO^^ gms ), 
giving a total mass of 5 x 10^^ gms, which is of the same order of magmtude 
as our estimate of the mass of the Andromeda nebula M 31 (p 217) This 
nebula is perhaps the biggest of known nebulae, just as our galactic universe 
IS the biggest of known star-clusters Shapley inclines to an estimate of 
about 100,000“^ or possibly moref for the mean number of stars in more typical 
clusters This may correspond to a mass of the order of 10=® which is com¬ 
parable with the mass of the nebula M 101 conjecturally determined on 
p 217. Finally according to Pease and Shapley (§ 6) many of the so-called 
globular clusters are in reality of a flattened shape, suggesting that the plane 
of the spiial nebula persists as the plane of symmetry of the resulting star- 
cluster, this being of course the galactic plane in our own universe. 

On the other hand before the hypothesis can be finally accepted some 
obvious features of dissimilarity between the spiral nebulae and star-clusters 
will demand explanation The known star-clusters are very few in number 
compared with the spiral nebulae, and their observed distribution in space is 
different (§§ 5, 6). Also the star-clusters are on the whole probably more 
distant than the spiral nebulae Curtis| gives 0 033" as the average annual 
proper motion of 66 large spiral nebulae, whence, the order of magnitude 
of their linear velocities being known, Curtis suggests an average parallax 
of the order of 0 0003" On the other hand Shapley (§ 6) has estimated the 
nearest star-clusters to have a parallax of only about 0 00012, a later study§ 
of the distances of 69 globular clusters has led him to the conclusion that the 
nearest clusters of all, to Centaun and 47 Toucanae, are distant just under 
7000 parsecs (w = 0 00014), the furthest, N G C 7006, is distant 67,000 parsecs 
0 000015), while the mean distance of 69 is 23,000 parsecs (vr = 0 000044) 
These facts suggest problems which have to be solved rather than fatal diffi- 
• culties For the present we may confine ourselves to discussing the general 
theoretical problem of the possibility of nebulae evolving into star-clusters 
As we have found it impossible to progress in a forward direction from nebula 
to star-cluster, we must attempt to pass backwards from star-cluster to nebula 

220 Of all the star-clusters known to us our own universe is naturally 
the best known Let us try to reconstruct the nebula out of which, on our 
present hypothesis, it must have formed 

* The Observatory, 39 (1916), p 453 
X Asti on Soc, JPacific, 173 (1918). 


t Astro^hys Journ 48 (1918), p 181 
§ Astrojphys Journ, 48 (1918), p 154 
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Some evidence can be obtained from the masses of the stars and their 
distribution, but, except for our own sun there is no means of determining the 
mass of a star except when it happens to be a binary Eddington^ has given 
a list of all the stars whose masses he believes to be really well determined 
They are only seven in number, their masses in terms of that of our sun 
being 0 7, 1 0, 1 3, 1 8, 1 9, 2 5 and 3'4 Including our sun, this gives eight 
stars, all of fairly equal mass, the average of these masses being 1 7 times that 
of our sun, or gms The circumstance that the masses of the stars are 
fairly uniform is not unfavourable to our hypothesis as to their origin, we 
should expect the condensations in the nebular arms, if formed m the way we 
have imagined, to be all about equal in mass 

On equating the average mass of the stars to the mass of a nebular con¬ 
densation, as given by formula (543), we can determine the density of the 
primitive nebular arms The equation is 

= . (544) 

Unfortunately the value of p depends largely on the unknown molecular 
velocity G, varying as On taking (7 = 1 6 x 10® we find p = 4 x For 

cold gas, or gas mixed with solid dust particles the value of G might perhaps 
be only a quarter of that just used, and the calculated value of p would then 
be only one four-thousandth part of that calculated, say p = 

If I IS the mean distance of the condensations in the primitive nebular arms, 
each member of equation (544) is equal to pZ®, so that 1= p~^ x cms. 
Taking p = 4 x 10“^^ we find I = 10^® ^ cms. == parsec Taking p = 
we find Z= 10^*^ cms = parsec 

Compare these figures with the present density and distances in our galactic 
universe Eddingtonf estimates that there are probably between 30 and 40 
stars within a distance of 5 parsecs of our sun The higher estimate gives 
a stellar density of one star per 13 cubic parsecs, or per 10®®®^ cubic cms, 
and an average stellar distance of (13)"^ or 2*3 parsecs Introducing our 
former estimate of 10®®’®® for the average stellar mass, this gives an average 
density of matter of about 10""^® in the neighbourhood of our sun 

It is more difficult to estimate the mean-density in the universe as a 
whole. At a rough guess, our universe may be supposed to be a lens¬ 
shaped figure of equatorial radius 2000 parsecs and transverse radius 
600 parsecs. The volume of such a figure is 4 x 10® cubic parsecs or 
10 ®® cubic cms Thus a total mass of 5 x 10^® grammes would require a mean 
density of 5 x 10“^®, or five times the density just estimated for the neigh¬ 
bourhood of the sun 

Both these estimates evaluate the density of the matter in the bright 
stars only, the dark stars, of which it is impossible even to guess at rhe 

* Stellar Movements, p 22 f Z.c p 15 
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uuiubor, will increaHc the density to a quite unknown extent, so that the 
CBtiniates only provide lower limits to the true density 

Assuming these estimates to be somewhere near to the truth, a com- 
parison with our previous estimate of the density of the primitive nebular 
arms shews that the system must have expanded very largely m its passage 
from nebula to star-clustcT. Even the lower estimate of p = 10"^'^ requires an 
expansion of about six linear diameters The necessity for some such ex¬ 
pansion can be seen without detailed calculations. Our estimate of p 217 has 
already suggested that the mass of the Andromeda nebula is about equal to 
that of our galactic universe, so that we may think of it as a picture of the 
primaeval nebula out of which wc are conjecturing that our universe has 
bei‘ii formed But th(^. Andromeda nebula subtends an angle of less than T 
from th(‘ centre of our univ<nBe, whereas our universe probably subtends 
about IW when sc^cn From the Andromeda nebula. 

The i<l(^a of such an cxpauHion will probably present no difficulties to the 
observational astronomer. The general appearance of the spiral nebulae is 
certainly not unfavourable to the view that they are m an expanding state, 
and this view is confirmed by the measurements of van Maanen and Kostmsky 
already ri^forrod to (§ 4); the matter in the nebular arms appears to bo moving 
away from the nuclmis with no inconsiderable velocity. 

221. For furtluu’ calculations, let us assume the density of the original 
michms to have boon corresponding (§ 214) to a period of rotation of 

1 GO,000 years. Th(^. mass of the whole system being supposed to be 6 x 10^^ gms, 
the volumes of th (5 nucleus before disintegration commenced must have been 
6x10®® cubic centimetres—say a figure of radius 30 parsecs in its equatorial 
plane and of radius 10 parsecs perpendicular to this. 

W(* supposej that this figure has expandiKl until its equatorial radius is 
about 2000 parsc^cs—say 00 times that of the original nucleus. During this 
expansion the angular momemtum Mk'-^co must remain constant. The value oi 
A® may b(‘- supposiHl tro have increased about (60)® times or say 4000 times, so 
that th(* mean vahu^ of co will hav(^ (h^creased to one four-thousandth of its 
former valuer and the final period of rotation will be about 640,000,000 years. 
Thus our whok^ system may bo (jxpccted to average one rotation m 040,000,000 
years, or about 0-0020'' per annum. The rotation calculated in this way 
depends only very slightly on tluj initially assumed value of p, being in point 
of fact proportional to pK 

In this connection it may be mentioned that Charlior* has found that 
tht‘ node of the invariable platan of the Solar System has a direct motion 
on the plane of the Milky Way amounting to 0‘003628" per year, or a revo¬ 
lution in about 370,000,000 years. This, as Eddington f has remarked, might 
equally wtil be interpreted as a retrograde rotation of the Milky Way m space 
* Lund Meddidandm, n 9, p 78. 1 Stellm Movements, p 260 
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General Stellar Dynamics 

222. After this brief consideration of the possible origin of our own 
universe, let us proceed to a general discussion of the motions of stars in 
clusters. In searching for numerical data we may be guided by the figures 
we have conjecturally obtained for the past history of our own universe We 
have a number of stars, or, at first, gaseous condensations, moving in space 
under their own attractions and possibly also under the attraction of a central 
nucleus We require to find as much as possible about the nature of the 
motion and the evolution of the system 

The motion of the stars may to some extent be compared to the motion 
of the molecules of a gas, and certain formulae may be borrowed from the 
kinetic theory of gases which will give approximately true results when 
applied to a star-cluster 


223. Let us begin by considering the frequency of actual material col¬ 
lisions in a cluster of stars 

At first let us regard the stars as being uniformly spheres^ of diameter cr, 
and let us treat the problem as a purely geometrical one, the gravitational 
attractions of the stars being momentarily neglected. By the familiar methods 
of the kinetic theory of gases, it is readily shewn that the number of collisions 
experienced by any one star in time dt will be 

nrvcr^Vdt, 

where v is the number of stars per unit volume, and V is their mean relative 
velocity 

Thus the mean time between successive collisions of a single star will be 


1 

irvar^V 


.(545) 


For our universe in its present state we may take v = 10“®^ ® and 
F= 40 kms a sec = 4 x 10® c G S units Thus formula (545) gives for the 
mean interval between collisions 10^^ ®/<r2 years. Even if we assign to the 
average star a diameter equal to that of Neptune’s orbit, say a* = 4 5 x 10^"^ cms , 
this gives a mean interval of 4 x 10^® years, a period which is so large com¬ 
pared with any reasonable estimate of the age of the universe, that it is at 
once clear that the chance of material collisions may be disregarded entirely 


224 This calculation has neglected the eftect of gravitational attraction, 
which naturally increases the chances of collision. Not only this but stars 
will act on one another gravitationally, and so influence one another’s motion, 
at distances far beyond those at which material collisions can occur. The 
event of two stars commg so close to one another that their gravitational 
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afetraeticHi appreciably intlueaccH thcar uiotioii may ccnvcadcntly be referred 
it) an aa *'enconuUa\” It now becomc^n n<‘.ceHHary to <‘Htimatc the fre(|uency 
of Htellar encoimUau 


225, In iig. 42 hd. bt^ a nlightly curvt‘(l orbit (b^scrilKal by a Htar 
of maHH M abotit G th(‘ <*,(mtrc^ of gravity of a necond Htar of maas M' and itself, 


P 



Tht^ distance of idoHCHt approach PGP^ will Ih‘ denott^d by a. The velocity 
of M reiative to G will be AV VjiM + i/'), where V in tlu‘. r(dativc‘, vcdocity of 
tlii' pair of Htaiu 

Whmi the star M is at /i, the accuderatiori along Gli is yilf' coh^ 

7 btdng th(^ gravitation constant. Thus the rat(‘. of change of vcdocity along 
PG IS Oj<f\ and tin* total chang<‘ of vidocity along PG will be 


J (tV erV 


,(546). 


'I'hiH ttttal chaiig(‘ of vulocily niuHt howevor bo (‘((unl fo 

i/T , 


whore ■f' iH tlio total deviation of either orbit; thiiH 



:^y(Af + M') 


(547). 


It luuHt bo, roniotnb(‘re<l tiiat this formula may only bo used whoii is 
small. 


A curtain value, of y/r will correspond to each value of closest approach cr, 
and conversely. The value of cr which corrcHiKiudH to a deviation yfr of 1“ is 


cr 


11607 ( Af+• Jl£') 
ttF* ■ 


(548). 


Taking,as valuesapproiiriato toourpriwintunivorso, 1/+Ar=6'8xl0®“gms., 
4 X 10" ems., we find as the value ol‘ cr about :}‘12 x 10'" oms,, or about seven 
timiis the radius of Neptune’s orhit. 


,1. c. 


16 
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Encounters for winch a is equal to, or less than, this value i e encounters 
in which the deviation is 1° or more—may be expected from formula (545) to 
occur only about once in 10“ years It is true that formula (545) was 
obtained only by neglecting the curvature of the stars’ paths produced by 
gravitational attraction, but it is quite legitimate to apply it to determine 
the present critical value of <r, in which by hypothesis the total deflection of 
path is only 1°. 

A similar consideration also justifies our estimate of 4 x 10“ years obtained 
in § 223 for the interval between collisions In obtaining this estimate we 
neglected the gravitational curvature of the path, formula (547) now shews 
that this curvature would only be about 7°, of which only half, or 34°, would 
occur before the collision took place Thus the estimate will remain very 
approximately true even when the full effects of gravitation are taken mto 
account 

226. We have now, allowing fully for gravitation, obtained two estimates 
applicable to a system of stars m the state in which our universe now is 
For the firequency of actual collisions, even assuming the stars to have a 
diameter equal to that of Neptune’s orbit, we have found 4 x 10“ years, and 
obviously for smaller stars collisions would be still more infrequent. For 
encounters producing a total deflection of path of 1 or more, we have ob 
tained a frequency of one in 14 x 10“ years These intervals of time are 
both so long in comparison with astronomical times that it is clear that, in 
statistical calculations dealing with our universe as it now is, we may neglect 
altogether the possibility of collisions and of encounters in which is as 
large as 1°, and confine our attention to encounters for which is less than 
1 °. For such encounters formulae (546) and (547) may be regarded as 
accurate. 

227. We proceed now to study the cumulative effect of these feeble 
encounters 

It will be remembered that we have so far been concerned only with 
motion relative to the centre of gravity of two stars. In fig. 43 let OP , OQ 
represent the velocities m space of the two stars if, if', let these velocities 
be denoted by Di, and be inclined at an angle a. Let 0 divide PQ in the 
ratio if': if, then OG will represent the velocity of the centre of gravity of 
the two stars. 

The dmection of the line of closest approach may be supposed to be SP 
This IS necessarily perpendicular to the direction of relative velocity PQ. 
Let the angle 8P0 be 8 

The effect of the encounter is to superpose on to Vi, the velocity of if, a 
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new velocity 2yM'laV along 8P, Tkns after encounter the components of 
the velocity of M along and perpendicular to OP will he 



228 Let TP be the intersection of the plane POQ with the plane per¬ 
pendicular to PQ in which the direction of closest approach must lie Let 
the angle OPQ be 9, and the angle TPS be <j5 Then cos /3 = sin ^ cos <^. 

In a series of encounters all directions in the plane TPS are equally likely 
for the direction of closest approach PS, so that all values are equally likely 
for (f). Thus, using a bar to denote mean values over a series of encounters, 


cos = 0, 


cos^ S = ^ sin® d = \ 


sin® a 

— yT— 


Eeturning to formula (549) it is clear that the expectation of the com¬ 
ponent along OP IS simply , the velocity along the original path remains 
unaltered. The component of velocity perpendicular to this, say can be 
in any direction perpendicular to OP. After any number of encounters the 
expectation of the value of Vn will be 


Now 



sin® /3. 


sin® y3 = 1 - ^ 


vi sin® a 


and since F® = 4- vi — ^ViV^ cos a, this can be expi essed as 


sin®^ = i + 




15—2 
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A comparison of these expressions shews that, whatever the values of 
and v^, sin^/3 must always be between J and 1 . For rough numerical 
estimates, which can at best only be accurate as regards order of magnitude, 
we may take sin^ ^ uniformly equal to f, giving 

/ylf'V 




<jV) 


(550). 


This value of becomes very large if there are encounters for which F 
is very small, but our original formula is not applicable to these Moreover, 
whatever the law of distribution of stellar velocities, the frequency of encounters 
for which Fis small must be proportional to VHV, so that the influence of 
such encounters on is negl^ible We may accordingly suppose V to be 
replaced by its average value F 

In an mterval t, the number of encounters for which a lies between cr and 

a- + d<r may be taken to be _ 

2'7n'F adat, 

so that the expectation of r,/ after time t will be 


2 I"”'" d<T ^ _ ^rrrvr^M'^ 


V 


V 




..(551) 


In this evaluation of we have assumed M' to be about the same for 
all encountering stars; if it is not we need only replace M'^ by its mean value. 

Further, as the limits indicate, we consider only encounters for which a 
lies between two values cti, We notice at once that the expression on 
the right would become infinite both for cri = 0 and for < 72 = oo We are not 
entitled to put 0*1 = 0 because by doing so we should be taking into account 
the effect of violent encounters, for which our formula does not apply. Wo 
have seen that encounters for which > 1 ° will be of extremely rare occur¬ 
rence Reserving these for separate discussion, we may give to (Tq the 
mmimum value for which 1 °, which we have seen to be about 10 ^® ‘’ems 

The circumstance that expression (551) becomes infinite when 0 - 3=00 
shews that encounters with very distant stars contribute greatly to the value 
of We may, however, use our formula to find the effect of encounters 
with fairly near stars, say stars within 20 parsecs, and to do this we put 

o-g = 20 parsecs = 10 ^*^ ® cms. 

With these values, we have 


log.(^“) = logel0'‘®=9 9 

Thus we find for the expectation of produced by non-violent encounters 

with stars within 20 parsecs, 






9 9i5=187 
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_ With the numerical values already assumed {v = lO-®’ “, M' = 10 ^® 

F = 4 X 10 ®), this gives — x 10 ~®i 

Here t IS measured m seconds If t is measured in years, the formula 
becomes, nearly enough, 

•• .(552). 

Thus m one year the expectation of cross-velocity is -J- cm a second, in a 
million years it is *005 km. a second It only reaches 1 km. a second after 
40,000 million years Taking v — 25 kms. a sec, the time lequircd for Vn^ to 
become comparable with i e for the direction of motion to be entirely 
changed by encounters for which yfr < 1°, is found to be of the order of 
1013 5 years*. 

These numbers, it will be remembered, refer only to our universe as it 
now IS, and measure the cross-velocity to be expected from encounters with 
neighbouring stars within 20 parsecs. It is accordingly clear that the velo¬ 
city set up by encounters with neighbouring stars is quite negligible. Thus 
we arrive at the very important result that the changes in stellar velocities 
may be regarded as coming from the forces exerted by the mam body of the 
universe * near stars need not be taken into the calculation at all. 

229 It now appears that, for our present universe, the problem of stellar 
dynamics is the same as the problem of the kinetic theory of gases with the 
collisions left out. This being so, stellar dynamics is naturally very much 
simpler than gas-dynamics. As Eddmgtonf has remarked, it may, in virtue 
of the result just obtained, be regarded as a quite different study from gas- 
dynamics, or from that of the motion of any type of system that has yet been 
investigated For the action of contiguous units, which becomes gradually 
simpler as we pass in succession through rigid dynamics, hydrodynamics and 
gas-dynamics, disappears entirely when we come to stellar dynamics. 

230 Just as in gas-dynamics, the units in any small region of space may 
be classified according to their velocities into a system of showers of parallel- 
moving units. But there is the essential difference between the two cases, 
that in stellar dynamics these showers retain their identity through very long 
periods of time, whereas in gas-dynainics they do not 

Suppose that in any small region of space dcodydz, the number of stars 
which have velocities lying within a small range dudvdw surrounding the 
values % V, w at time t is 

/(^ 6 , V, X, y, 5 , t) dudvdwdxdydz .( 553 ) 

* This time corresponds to the ‘‘time of relaxation” m a gas For this same time, 
Prof Charlier has obtained, by a somewhat different piocess, a value of the order of 10^^ years 
(Lund Meddel ii No 15) 

t Stellm Movements, p. 256. 
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Within the small range dwdydz^ the gravitational forces arising from the 
iimverse as a whole will he sensibly constant, suppose them derived from a 
potential V. Then the motion of every star included m formula (553) must 
be determined by the equations of motion, 

dt dx’ dt dy' dt^ dz . 

After an interval dt^ this group of stars must have velocity components 
lying within a small range dudvdw surrounding the values 


^+^dt, v + ^dt, w + -^dt, 

while its position will be confined to a small region of space of extent dxdydz 
surrounding the point 

X + udt, y + vdt, z 4* wdt 

Hence, with the notation already introduced in formula ( 553 ), the number 
of stars in this group must be 


4 x-\-udt, y-^^vdt, z + wdt, t>\-dt^ 


dudvdw dxdydz .. (555), 

so that this expression must be equal to expression ( 553 ). 

Expanding expression (555) as far as first powers of dtj and equating to 
expression (553), we obtain 


df dV 0 / 0 F 0 / , dV 0 / 0 / 0/0/ , , 

This is the differential equation which must be satisfied by the distribu¬ 
tion function f in every problem of stellar dynamics*. 


231. Being a linear equation in f, this equation may be solved in accord¬ 
ance with Lagrange’s rule This rule directs us to find as many integrals as 
possible of the system of equations 


^_dv ^dw ^dx dy dz 
dx dy dz 


,(557). 


If — cons, E 2 — cons.,... are all the integrals of these equations, then 
the solution of the original equation (556) is simply 


.(658), 

* The student of the Kinetic Theoiy will recognise that it is simply Boltzmann’s well-known 
equation with the collisions left out Of Boltzmann, Vorlesungen 'tiler (xastheone, i. p 132, 
or Jeans, Dynamical Theory of Gases (2nd Ed), p. 226. 
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where ^ is any arbitrary function. It is however clear that equations (55*7) 
are merely the equations of motion of a star or other particle in the universe, 
so that E-i, are the first integrals of the equations of motion^ 


232 The general solution (558) contains the most general law of distri¬ 
bution which is consistent with the conditions of continuity, but the finding 
of f IS only the first step in the solution of a given problem. The potential 
V may in general be supposed to be of the form 


7=F^-hF^.. 


....(559), 


where Fj,^ is the potential of the mass of stars under consideration and F^ is 
that of any extraneous forces Thus V 2 Fji 4 - = — 47rp and V^F 2 i = 0 at all points 
inside the star-cluster, so that 

V“F= —47rp. .(560) 


We need not assume all the stars to be of equal mass or type. Let us 
assume them, however, to fall into a number of distinct classes of masses 
M, M\ etc., the corresponding laws of distribution being denoted by /, etc. 
Let the number of stars of these types per unit volume be denoted by v, v\ etc. 


p = XvM = 2if j j' j/dudvdw . 

.(561), 

so that equation (560) becomes 


= —4i^I,MjJJ/dudvdw . 

.(562). 


We shall now shew that values of/, /', .. of the form (568) which are also 
such as to satisfy equation (562) will give a natural motion of stars. 


233. The general characteristic equation satisfied by /is equation (556) 
Let us multiply this by udiidvdw and integrate with respect to all values of 
u, v,w. We have 



ududvdw 


-////. 


dudvdw 


on integrating by parts, while similarly 



^ ududvdw —Q. 
cv 


Hence the resulting equation is seen to be 


^\\\fududvdw + ^J\\fv 


dudvdiv + 


dy. 




uvdudvdw 


-h 


“^^^fuwdudvdw = ^ J j *dudvdw .(563). 


* An alternative proof ■will be found m Monthly Notices R A S. IQ (1915), p. 78 
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We may however put 


jjjfuvdudvdw = vlw, etc, 


where uv denotes the mean value of uv for stars of the first class at the point 
X, y, Thus equation (563) becomes 

It ^ + Iz 

When there is only one type of star, this and its two companion equations 
are simply the hydrodynamical equations of motion of the element dxdydz of 
the star-cluster They could be derived directly from the equations of motion 
(557) by the methods of the Theory of Gases*. When there are several types 
of star we merely multiply the equations such as (564) by M, M', etc and 
add, and the resulting equations are then seen to be the hydrodynamical 
equations of motion of the element dxdydz 

Thus it appears that if equations such as (558) are satisfied by /, f\ etc., 
then the hydrodynamical equations will be satisfied at every point of the star- 
cluster in addition to the equation of continuity being satisfied Every such 
solution will accordingly give a possible motion of the stars of a cluster in a 
field of potential F. In order that fhe field may be a purely gravitational 
field, V must further be such as to satisfy equation (562), while we must still 
further have F^r = 0 if the stars move purely under their mutual gravitational 
forces. 


Steady Motion 

234 . The simplest problems of stellar dynamics naturally occur when the 
group of stars under consideration is supposed to be in a steady state. The 
steady state problem is the analogue of determining the configurations of 
equilibrium for a gravitating mass of gas and we shall at once find that there 
is a considerable similarity between the two solutions. 

Analytically the characteristic of a steady state solution is that/must be 
independent of the time, the integrals which enter into / must 

therefore not involve the time Equations (557) reduce to 

du dv dw dx dy dz 

dV~dV^dV~~^^lf^w * * 

dx dy dz 

and one integral can be written down at once, namely the equation of energy 
Ei=^ 4 - w^) — F = constant 

Jeans, Dynamical Theory of Gases (2nd Ed ), Equations (454), p 180 
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235 As regards other integrals, equations (565) assume their simplest 
form when the cluster is spherically symmetrical, so that F is a function of r 
only Denote dVjdr by iJ, then dVjdx = osR/r and the equations become 

du ^ dv ^ dw ^dy __^dz 
xR yR zR u V w 
r T T 

There are obviously three integrals, 

zv =cons, 

'272 = = cons, 

XV — yu — cons., 

these integrals expressing that the moments of momentum per unit mass, 
OTi, - 072 , 'cjj, remain constant 

It IS clear that with the most general value of R there can be no other 
integrals, although with special values of R there may be. For instance, if 
R = fcT, where a; is a constant, there will be integrals of the form 

— KX^ = cons., etc., 

each particle describing an elliptic orbit about the centre. 

Apart from very special and artificial cases such as this, the law of distri¬ 
bution in a spherically symmetrical cluster must be of the form 

f{Ei, - 271 , ' 572 , dudvdwdxdydz . (566) 

Not every such law will give a possible cluster, for equation (562) remains 
to be satisfied Since the cluster is supposed to be spherically symmetrical, 
he law of distribution must be invariant as regards change of axes, the origin 
being kept fixed Now the only invariant of 'zst^, - 573 , '273 is 27i®-f- 272 ^ + < 273 ^^ 
whence it appears that the law of distribution in a spherically symmetrical 
cluster must be of the form 

/(j&i, 271^ + ^ 2 ® + (567) 

236 . The next simplest solution occurs when the cluster is arranged 
symmetrically about an axis, say that of z, so that the figure is one of revo¬ 
lution In this case there is only one general integral beyond the integral of 
energy, and this is -573 = cons Thus the law of distribution must be of the 
form 

/(^i,^3) .(568) 

237 Consider finally clusters which possess no symmetry at all, so that 
the only integral is that of energy, and the law of distribution must be 

/(E^) .(669) 

Inserting for Ei its value ^ (u^ + — V, it is clear from equation (561) 

that the density p must be a function of V only 





234 


The Evolution of Star-Clusters [on. x 

Now this is exactly the same relation as that obtained in Chapter VII 
(equation (396)) in discussing the configurations of equilibrium of a com¬ 
pressible mass, namely 

^( p ) = F -|-0 ....( 570 ). 

In this equation different forms of the function / corresponded to different 
relations between pressure and density It is at once clear that the different 
laws of distributiony* in formula (569) correspond exactly to different relations 
between pressure and density for a compressible medium. 

Further, the different possible configurations of a cluster of stars given by 
law (569) must be identical with those of different compressible masses m 
which the pressure is a function of the density In particular, when no 
external forces act, these configurations must be spherically symmetrical. 

This conclusion, however, is antagonistic to the hypothesis from which we 
started, namely that the cluster was to possess no symmetry at all our search 
for asymmetrical clusters has merely led us back to a group of spherically 
symmetrical clusters which form only a sub-group of those already discovered 
in § 235 

238. Thus it has now been found that, except for special isolated cases 
such as that mentioned in § 235, the only possible configurations for a cluster 
of stars moving freely under their own gravitation in steady motion are those 
in which the stars either form a spherically symmetrical figure or a figure of 
revolution which is symmetrical about an axis. 

For a spherically symmetrical cluster, the law of distribution must be 


/(E'l, + .(571); 

for a figure of revolution the law of distribution must be 

.(572). 

Let us examine these laws in detail, paying special attention to their 


relation to observation in the case of our own universe, and also their relation 
to possible final states of the cluster of stars originating from a rotating nebula. 

239. If stands for -{■ and for 4- -1- the law of distri¬ 

bution (571) may be expressed in the form 

/[Jc^ - F, - (ux + vy + m)^]. (o73). 

If a denote the angle between the radius r and the direction of the velocity 
c, ux vy + wz ■= rc cos a, so that / may be put in the form 

/ [i 0^ sin^ a] 

Thus at any pomt x, y, z in space / is a function of c and a. The velocities 
of the stars at this point are accordingly not distributed uniformly for all 
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directions in space. If a velocity diagram be drawn at any point w, y, 
formed of lines representing the velocities of the stars near this point in mag¬ 
nitude and direction, this velocity diagram will not be spherically symmetrical, 
it will be a figure of revolution having the radius through the point as an 
axis of symmetry 

In the particular case in which this figure of revolution is very elongated 
in the direction of the radius, the majority of the stars would appear to be 
moving in directions only slightly inclined to the radius, and the motion might 
be interpreted as that of two streams of stars intermingled, each moving in a 
radial direction, but one moving inwards and the other outwards. 

This brings to mind a suggestion made by H. H Turner"^ to explain 
the observed “ star-streaming in our own universe. Turner supposed that 
the star-streaming ” might originate in the backwards and forwards motion 
of stars describing orbits of high eccentricity (nearly parabolic) about the 
centre of gravity of the universe The question of the possibility of some 
such motion was investigated theoretically by Eddmgtonf, who found, by a 
method different from ours, that steady states of types included in formula 
(573) were possible Eddington, however, did not notice that such motions 
were possible only in a strictly spherical universe Our universe is almost 
certainly not spherical, being a lenticular or biscuit-shaped structure, and the 
star-streaming is almost certainly not along radii but in directions nearly 
tangential to radii. Thus it appears fairly certain that a formula such as 
(573) cannot express the observed stellar motions in our own universe 

Before leaving this formula, let us notice that the angular momentum of 
the whole sj^stem of stars about the axis of z 


= XM [[[[[{f^^dudvdwdxdydz = ' 
J J J J J J 


Since the angular momentum of a system moving solely under its own 
gravitational forces must remain constant, it follows at once that a system 
specified by formula (573) cannot possibly have originated out of a rotating 
nebula or out of any other system in which the angular momentum was not 
zero 


240 We pass now to the consideration of the type of motion expressed 
by formula (572). In this the total angular momenta about the axes of a? and 
y are easily seen to be zero, but the angular momentum about the axis of z 
IS not zero. The plane of scy is accordingly the invariable plane of the system, 
and the system can have originated out of a system in rotation, the axis of 
rotation having been parallel to the axis of z, 

* Monthly Notices M A S 7% (1912), pp. 387 and 474 

t Monthly Notices E A S 74: (1914), p 5, 75 (1915), p 366, and 76 (1916), p 37. 
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Let us pass to cylindrical coordinates 'CT, 6, z and let the components of 
velocity at any point in these directions be denoted by II, Z Then 
^3 = otII, and the law of distribution (572) becomes 

+ + .( 574 ). 

The velocities at any point are again not distributed uniformly for all 
directions in space, but the velocity diagram at any point will be a figuie of 
revolution having the direction of d increasing for axis. In other words star¬ 
streaming will take place, the direction being everywhere along the circles 
OT = cons, 0 = cons, which are circles coaxal with the axis of the whole 
universe 

This type of system, we have now seen, is the only type of system m a 
steady state which can have originated out of a rotating system Thus if we 
assume, as we most reasonably may, that the cluster of stars generated out of 
a rotating nebula will ultimately assume a steady state, then this state must 
be one expressed by formula (574). In particular, if our universe is believed 
to be in a steady state, the hypothesis that it has originated out of a rotating 
nebula must fall unless the stellar motions are found to conform to a law of 
the type of (574) 

STELLAR MOTIOIXS IK THE GALACTIC UNIVERSE 

241 Let us examine the special problem presented by our own universe. 

Charlier, who has made a special study of the distribution of stellar 
velocities, believes that the velocity surface is approximately an ellipsoid of 
revolution, m his opinion the axis is approximately, though not exactly, per¬ 
pendicular to the radius vector to the centre of the system^. We have seen 
that if the system, whatever its oiigm, were in a steady state, the axes of the 
velocity surfaces would have to be either exactly radial or exactly perpen¬ 
dicular to the radius vector at each point Charlier’s result accordingly 
indicates that the system has not yet finally attained to a steady state, but 
that it IS approaching a steady state of the type indicated by the law of dis¬ 
tribution (574) And this steady state is, as we have seen, the one to which it 
would necessarily tend if it had originated, as we conjecture, out of a rotating 
nebula. 

242 . Let us try to estimate the length of time required for this final 
state to be reached We have already supposed our universe to have a mass 
of 5 X 10^^ gms and an equatorial radius of 2000 parsecs or 6 x 10^^ ems The 
period of a star describing a circular orbit round the equator would be about 
160,000,000 yearsf, and the period of description of any orbit by any star 
* The Obseivatoiy, 40 (1917), p 390, or Scientta, Aug. 1917 

t Eddington, in his Stellm Movements, using somewhat different data, obtains periods of 
300,000,000 years (p 255) and of 0 5" a century or 259,200,000 years (p 261). 
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would obviouHly In, of t,h(>, smu« onlor (»f inagtufcudo. This may be compared 
witli l,he poHHibh' [)eriod of rotaUon of 370,000,000 yc-ars for th(‘ Milky Way 
referred t,o in § 220. Thus afku- 10,000,(100 years the path of the average 
•star will hav(> uuderg<me a deflectioti of <.tdy alxuit 22" on account oi' the 
description of it.s orbit under the attraction of the univerKe as a whole, while 
('ncounterH with luuir stars will, as we found in § 22H, have given it a cross- 
velocity out of its orbit of the order of Ifi midri's a second. This velocity, for 
a star moving with a velocity of 25 kms. a second, corresponds to a deflection 
of only about 2'. 


Thus It appears that after an interval of 10,000,()()() years the courses of 
tlie stai-s will b(> but little alten-d; their orluts over 10,000,000 years are not 
far ri'inoved fnuu the straight liiu's they would describe if gravitation were 
Hiiddiuily annihilated. It is clear that the approach to a final steady state 
is an (‘xcessively slow pro<*ess. 

We must, however, beai in mind that th(‘ foregoing calculations have 
bi'cn basi'il upon numi'rieal data diwived from a consideration of the systcun 
in its {iresent sOitia Our conjecture that the system may have evolved out of 
a rotating nebula of dimensions much less than those of the pri'se.nt system 
compels us to su|)po.s(‘ that conditions must hav(> biam very different in the 
past. Ado|)ting the conjectural flguri' arrived at in § 221, we see that the 
period of dc.scription of an orbit in the eai best stages of a star’s life* must have 
approximati'd to I (»(),()()() years, as c,om|)ared with our estimated present value 
ol about 1(10,000,()()() years. Here we liavi'immi'diately a shortening ef the 
time scale to about a tlmnsaiidth jiart of its present value; what gravitation 
fails to aceonifilish now in 10,000,000 years may have been accomplishi'd in 
10,0()0 years when the system was young and the stars closidv naeked 
togetlu'r. ‘ 


243. A still moi’i' far-reaching change eccurs when we turn back to 
nebular cenditiens. 

In ^ 220 we (‘stimated that the density of stars in the nebular arms may 
initially have* lain lietween two limits. According to the first, stars wi're 
it, parsec apart, giving about 400,000 stars to the cubic parsiHi; according to 
the second, in which the stars were parsec, apart, there would Ix' 125 stars 
to the cubic parsec Either star-density is vtuy liigh compared with that of 
our present sysfem which we have ('stimated as one star per 13 cubic parsecs. 
Thus the (piatitity v whicli we have taken to be 10 »“■» must be increas'd at 
least a theu.sniid-fold, and pi'rhaps a million-fold before onr calculations can 
apply to our sysl.em in its earliest stages. 

Till' effect on our pri'vious calculations is profound. The times between 
successivi' collisiutis and the time reipiiri'd for a star to hi' dolh'ctcd appreciably 
frem its course by (‘iicuunteiH with neighbouring stars are reduced enormously 
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—instead of being measured in billions (10^^) of years they must be measured 
only in millions. In a period which is, astronomically speaking, a short time, 
each star may be expected to have been knocked about considerably both by 
direct collisions and by close encounters with other stars The only factor 
which makes a complete calculation of the final result impossible is that we 
do not know for how long the period m which the stars were close together 
must be supposed to have lasted. 

244. If this period lasted indefinitely we know quite certainly what the 
final result would be—it would be a final steady state m which Maxwell’s lawr 
of distribution of velocities and the law of equipartition of energy would 
hold. The final law of distribution would necessarily be of the general type 
found to be necessary for every cluster, namely 

. (575), 

but Maxwell’s law fixes the form of the function / The appropriate form 
for a rotating system is known to be * 

'23*3)= + ^ ^ ^ .(576), 

wheie (7, h and k are constants. 

The shape of the cluster is determined by making V satisfy equation (562) 
It is clear that this demands that the shape and arrangement shall be the 
same as that of a uniformly rotating mass of gas in isothermal equilibrium, 
the stars of types M, M\ . playing the same part in the clusters as molecules 
of different kinds of gas N ow a uniformly rotating mass of isothermal gas 
cannot form a figure of equilibrium at all—its molecules merely fly off into 
space. It follows that a star-cluster cannot ever finally attain to the equi¬ 
partition law expressed by equation (576). 

245 We must therefore suppose our system to have moved part way on 
the path towards equipartition but not to have attamed it by the time that 
its expansion had become so great that all hope of finally attaining it had 
disappeared We may suppose the law of distribution in our system to be 
appioximately of the general type (575) and we may further suppose the 
equipartition law (576) to give a very rough approximation to the actual 
form of this law 

Let us examine some of the consequences of the law (576) with a view to 
testing whether any of them are fulfilled, even approximately, in our system 

The first property implied in the law of distribution (576) is one of 
correlation between a star’s mass and its velocity, this being of the kind 
predicted by the well-known theorem of equipartition of energy. If c, c' 


Jeans, Dynamical Theory of Gases (2nd Ed.), §§ 107, 113. 
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denote typical velocities of stars of two types of masses M, M', then the law 
of equipartition requires that 

. (57Y)^ 

where the bars over and c'^ denote that the means of these quantities are to 
be taken over a number of stars of the appropriate types; the stais included in 
these means may be selected in any way provided that this does not, directly 
or indirectly, imply a selection according to velocity Clearly the law (577) 
requires that, statistically, the most massive stars shall move with the smallest 
velocities. 

It appears to be generally accepted that the stars of greatest mass do, on 
the whole, move with the lowest velocities*, Halmf has gone so far as to 
claim that the correlation between mass and velocity is actually that required 
by the equipartition law (577) Whether we accept this result or not, it is an 
undoubted fact that there is a very marked correlation between a star’s 
velocity and its spectral type, the .B-type stars moving the most slowly, and 
so on^, while there is little doubt that .B-type stars are on the whole the 
most massive 

246 . A second property implied in the law (576) is one of correlation 
between mass and distance from the centre of the system, the most massive 
stars tend to remain in the more intense parts of the gravitational field 
while the lighter stars spread to greater distances, just as is the case with 
molecules of different masses in planetary atmospheres Eememhering that 
there is also a correlation between mass and spectral type, it appears that 
there ought to he correlation between spectral type and distance from the 
centie of the universe, the Jf^-stars being statistically the most remote Cor¬ 
relation of this kind has been found, but the E-stars, and apparently also 
the A-stars down at least to about A 4, appear to form an exception§. 

247 A third property implied in law (576) is that stars of similar type 
shall have the same average linear velocity relatively to the system as a whole, 
no matter what part of the system they are selected from This is probably 
approximately true in our system, there appears to be no correlation between 
a star’s distance and its velocity (|. 

In § 221 we imagined our system initially to have been a nebula of about 
30 parsecs radius rotating in a period of about 160,000 years The velocity 
of a point on the equator would be approximately 1200 kms a sec, and the 
velocity of the ejected stars must at first have been comparable with this 

See, lor instance, Eddington’s Stellai Movements, Chap. VIII, oi Charlier, The Observatoy, 
40 (1917), p 391 •' 

I Monthly Notices It A 8 71 (1911), p. 634 

t Eddington, Stellar Movements, p. 154, Campbell, Stellai Motiom, Chap VI 

§ Eddington, Stellai Movements, p 167 

II Eddington, Stellar Movements, 161, Kapteyn, Amsterdam Akad,Pioc. 1911, pp 528, 911 
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Ah the Hyntein t)f ntarn expiuulod th(W‘ ntellar vt‘hH*itieH iiiUHi hiivi* flrtaynni^d,^ 
the taiig(‘ntial coaiponenUs in nccordanee with tie* law i»t fiinw‘r\atiett et 
angular luumeuiutu and the radial eoinpoiu^ulH t»u ntTouiit^ of tin* gra\it»" 
tiunal aitrae.iien of tlu^ central ntaHs, In ilie preHiuit hfat.e w<‘ may HuppiiH^ 
orhitH of an avtnugt‘ of perhapn !2()(H) parhtasH ilimnvtvr to Ih‘ doMTilietl in 
about 1 (!0,()()(),OdO y<‘arH, this rain <d‘ d(‘Hcripti<ai of orbitn wmihl gm* linear 
v(dt)citu^s of the order oi 25 kinn. a HtH'oiul, whtidi is of tlie order ol miignilmlt* 
of obHcrvt‘d vc^loeitieB. 

StarH of diffiuxmt maHwss will dtwribt* <u’hith of diftereut hi/ea We ha\<* 
aln^ady netm that according to the tHpiipartititm law (5710. tin* inosi immHive 
Htarn will utay n(*art‘Bt ti> tlu‘ cuaitn* of the univtu’se; they \\itl therefore 
deH<*rib(J the HinalleHt orbitn. Ah t/he |B‘ri«)d td an orbit' in ap{iro\tiiifitely 
indi^pendent of itn Hiz<‘^ it fbllowH that- tin* mohl maM‘-i\e htara will imai* 
moHt Hlowly. If the law #i‘rc* fully idayanl, the relation bet\\eeii mitHH 

and velocaty would be that alrcauly <»btaiiUMl in equation {tul t 

248, A fourth proptady impHtal in the law in that' there i^ no stnr- 
Htreauuing at any point oi* regnm of the syntenu I'he h\fHieiii ro!,iti\H aw a 
wliole witli a uniform angular velocity m, ho that- an)'aelMieil ♦*♦«*! of com*' 
parinon ntarB wotdd rotatt* an a whole wit-h this wnne angtdar \elotdt),and 
tlu^ only moaiiH (>f (hditadang the robition ol the syatem would be by Bonti* 
undhod hucIi an that (d tlharlim-explained in | 221. Uelative to a\ei. rotating 
with tluH angular velocity, tin* ntellar veh)e,itiea will, if law’ fa7d| is obeyed. 
b(i uniformly dintrihuted oV(U’all diri'ctions iuHpaee^ and tin* \f'totdt\ diagrams 
will he uniformly Hpluudcal. 

ThuH thc! fact that Htar-Htn^aming in olmiawed ih deftniff* e\tdiUii*e that 
law (STd) in not fully olayeiL On general principlen we might exptad tin* 
haiHt maHHivt* ntarn to havi* advanced furtlmst. towards eqitiparttfiom Aa wt* 
hidii‘V(‘ that tliere in corredathm lictwism Hpe(*triil type and maas, there taiglif 
alno t<» Ih‘ iiorndation Indwcaai npetdral type and Htm-Hlrenming. ifi t'lie Murse 
ofi/dypi* BtarH Hhewing Htar-Htriiuning h^ant. Snt*h corndation is obsfU’veth 
with tht‘ /#*typo Htarn formittg an t*Kcoptiom 

249. A fifth property implied in the law {575), or iiifl«s*d in any other 
Ht(*ady-Btatc‘ law, in that tht* average radial Vi*loeify of the ntitrf4 of any type 
rnt‘aHured from any point whi(*!i in at roht. r<*lHtively to the HyBleiii as a whob* 
nhall hi* niL 

(Campbellt haa meanurtsl the radial velocdtieh of IllliCI Htars mid idler 
rre(‘ing thmn from the. Holnr rnotimi fiinlH thati 5H0 an* receiliiig from tin* huii 
whih* only 474 are advancing ttavardB it. lh\idtng t!ie ntais into firnf typ** 

* If the Btarw wiae iimuigHl in a nphiirnml cf laditaiii llie juried woiilcl lie 

(‘ntin‘ly mdepenchait of the 8i55i» of orbit. 

I St film Motiom^ Chap. VI. 
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stars {B to i^4) and second type stars (-P5 to Jtf) it is found that there are 
723 second type stars of which 371 are receding while 352 are advancing, the 
average velocity being found to be a velocity of recession of less than 1 km. 
a second Of the first type stars, however, 215 are receding while only 122 
are advancing, and there is an average velocity of recession of 3 33 kms. a 
second Further analysis shews that the motion of recession may be attributed 
almost entirely to the £-type stars, 138 of these shewing an average velocity 
of recession of 4 93 kms a second 

Thus although stars of types A, F, G, K, M behave very approximately as 
required by the steady-state law (576), it is quite clear that the type stars 
do not, at least if the most direct and obvious interpretation is put upon the 
observations Campbell and others are inclined to explain the observations 
away by supposing that there may be a systematic error in the spectroscopic 
determination of radial velocities, but our theory suggests another explanation 
namely, that the universe is still expanding and that the 3f-type stars, 
being nearer to their steady state than the 5-type stars, are expanding less 
rapidly 

250 We have discussed five properties which ought to be observed in our 
system if the final steady-state law (576) gave a tolerable approximation to 
the motion Of these properties we found at least a strong tendency for two 
to be obeyed by all classes of stars The remaining three were obeyed tolerably 
well by all classes of stars except the 5-type stars and possibly some of the 
J.-type stars 

Let us for the moment consider our universe as it would be if these latter 
stars were blotted out of existence altogether. Then we have a universe of 
which we can understand the mechanism well enough, the motion is in 
accordance with the laws of statistical mechanics and the system is exactly of 
the type we should expect to find formed as the final product of a rotating 
nebula. 

To a first approximation, to which the ilf-stars conform particularly well, this 
universe is simply a mass of stars rotating in an equilibrium configuration, the 
angular velocity being everywheie uniform and of the order of 1''in 300 years. 
Superposed on to the rotational velocity (which does not come into our 
observational data, since the comparison stars share it with othei stars) are 
individual velocities of separate stars, these, to our approximation, arc dis¬ 
tributed according to Maxwell's law, the mean velocity depending on a star's 
mass but not on its position in space The shape of this universe is what we 
have called a pseudo-spheroid The whole equilibrium is analogous to that 
of a rotating mass of gas, the stars forming the molecules." Throughout the 
central portion, this gas ” is in isothermal equilibrium, although doubtless 
this condition changes at the boundary. In accordance with the laws of 
statistical mechanics, iihe heavier stars tend to congregate near the centre. 
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This scheme gives a fair representation of the Jlf-stars, but when we pass 
through K, 0, F and ^-stars, the representation becomes less good If we are 
right in believing the if-stars to be those of least mass we can find a reason 
for this. In the earlier stages of evolution of the system, when the stars were 
much more closely packed than now, encounters between the various stars 
were of fre(][uent occurrence The light ilf-stars would be easily and rapidly 
deflected from their paths by encounters with the heavier K,G,F, ^-stars, but 
these more massive stars would only be slightly affected by encounters with 
ilf-stars Thus we may naturally expect some departure from the equipartition 
law to be observed in the case of these heavier stars, we expect to find some 
trace remaining of their original motion along the nebular arms The actual 
motion to be expected has been investigated, we found it to consist of a 
motion of '' star-streaming ” the directions of star-streaming forming circles 
round the axis of symmetry of the whole figure This, according to Charlier, 
is the type of motion observed, and the amount of star-streaming, which is 
insignificant for the If-stars, becomes progiessively greater as we pass through 
types K, Q, F, A 

251. Thus the observed stellar motions would admit of a simple and 
natural interpretation if only the JS-stars did not exist. The 5-stars fail to 
carry on the sequence of the other types K, G, F, A m almost every respect 
No very satisfactory explanation of their anomalous behavioui suggests itself, 
but a conjecture may perhaps be risked 

Equation (543) suggests that the most massive stars may perhaps have 
been formed when the primitive nebula had its greatest density^, and therefore 
in the latest stages of its history Thus, dividing the stars according to their 
present spectral types, the stars which are now 5-stars may, statistically, 
have been created last They may be the youngest type of stars This con¬ 
ception may go some way towards reconciling Russell’s theory of stellar 
evolution with older views to the relative ages of stars of diffeient spectral 
types, we have already had occasion to notice (§ 201) that it is in no way 
inconsistent either with Russeirs theory or with the results of our own 
theoretical investigations on stellar evolution 

Thus we may conjecture that the 5-stars fail even to approximate to law 
(576) because they have not had time in which to begin to do so, they were 
created when the universe was already not far removed from its present state 
in which collisions and close encounters of stars are very rare They have 
been acted on only by the main gravitational attraction of the universe as a 

* The mass depends on C^p~K Foi homologous contraction p varies as oi as C^, so that 
the masbes would all be uniform But homologous contiaction is an ideal process, occurring 
only if the physical properties of the gas lemain unaltered with changes of temperature and 
density It is possible that actually may have varied more rapidly than p, leading to the result 
stated. 
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whole, and consequently their original motions persist to a much greater 
extent than is the case with othei types of stars Thus they still lie mainly 
in the galactic plane in which they were born, they are still, perhaps, ex¬ 
panding in this plane, to a large extent they still move in undissipated star- 
clusters, perhaps even carrying wisps of uncondensed nebulous matter along 
With them 

Although some such conjecture naturally suggests itself, it has to he ad¬ 
mitted that the subject is full of difficulty No single hypothesis seems able 
to explain all the facts, for the present, apparently, we must be content to 
hold a number of self-contradictory hypotheses Each of these hypotheses 
can, perhaps, give us a glimpse of part of the truth, but the time for welding 
them into one consistent whole has not yet come 

GLOBULAR STAR-CLUSTERS 

252 Even the roughest of calculations makes it clear that the dimensions 
of globular clusters are much less than those of our galactic universe, while 
their star-density is vastly higher. Shapley* has made a special study of the 
bright cluster ilfS (N. G C 5272) in Canes Venatici He estimates its 
parallax to be 0 000074" with an error of less than 20 per cent ; it follows 
that the maj'ority of the stars in the cluster are included within a sphere of 
10 parsecs radius Shapley estimates that such a sphere will contain at least 
15,000 stars blighter than magnitude 20. Each of these stars is at least two 
absolute magnitudes brighter than the sun 

Now in a sphere of the same ladius surrounding our sun there are at most 
five stais of absolute magnitude two degiees brighter than the sun As 
regards stars of this brightness, the stellar density in the cluster is 3000 times 
greater than that in the neighbourhood of our sun We are not entitled to 
make a similar statement for stars of all kinds, but may notice that the 
stellar density of these bright stars in the cluster is far higher than our 
estimated stellar density for stars of all kinds in our galactic universe. The 
density of these bright stars in the clustei is about four per cubic parsec, as 
against our estimate of one per 13 cubic parsecs for stars of all kinds in our 
galactic universe 

Thus as regards stellar density the condition of this cluster approximates 
more closely to the eailier condition we have imagined for our universe than 
to its present condition, and the same is leadily seen to be true for other 
clusters To examine the effect on out calculations as to collision-frequency, 
etc, lot us suppose the stellar density to be 1000 times greater than that 
assumed for our universe in § 223. Assuming the stars to be of diameter 
equal to that of Neptune’s orbit we find that a star would experience material 

* Astron Soc, Pacific^ No 172 (1917), a later study of this and other star-clusters will be found 
m Mt Wilson Contributions, No 152 
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collision once in 4 x 10® years, assuming the masses to be equal to those in 
our system, encounters producing a deflection of more than 1 would occur 
about once m 10® years, the cumulative effect of encounters feebler than this 
produces a cross-velocity of 1 km a sec in about 4 x 10^ years, the “time of 
relaxation” (| 228) is of the order of 3 x 10'» years 

These estimates suggest that the typical globular star-cluster is hardly 
hkely to have attained fully to the final steady state of equipartition of 
energy, but that this state is likely to be more closely approximated to than 
m our own system 


253 If we suppose the claster to have formed out of a rotating nebula, 
the law of distribution of density and velocities must, as m § 240, be of the 


general form 


/ {E,, ^3) =/ ft (n^ + + zo - r, ^®] 


(578). 


Approximation to the final equipartition state will be shewn by^ the 
function / approximating to the special form expressed by equation (57b). 
This law of distribution can never be fully attained, as it is approached, the 
stars having the highest total energy escape from the main cluster and form 
runaway stars in space just as those molecules which are endowed with the 
highest total energy may escape from a planetary atmosphere and describe 
orbits in space These stars carry with them an undue share both of energy 
and of angular momentum, with the result that the cluster contracts and 
rotates less lapidly, the cluster must contmually approach, but never quite 
reach, a spherically symmetrical configuration 

The investigations of Pease and Shapley to which reference has already 
been made (§ 6) suggest that the majority of star-clusters still shew evidence 
of a flattened form, but the approximation to a globular configuration is 
nevertheless tolerably close The approach to a spherical form will be indicated 
by the function / (Bj, ots) depending less and less upon Wj. In the final 
spherical form the law of distribution will reduce to the law / (A,) discussed 
in § 237 

In this law the stars behave like the molecules of a gas, different forms 
of the function/correspond to different relations between pressure and density 
in this supposed gas In the final equipartition law, / (AO reduces to the 
exponential form C'e"®'*®-, and the corresponding law between pressure and 
density is that of an isothermal gas With this law the density at a great 
distance from the centre falls off as 1/r® Thus the total mass is infinite or 
the central density mfimtesimal, the law is not one which can ever be 
attained in an actual star-cluster 


254 Let us simplify the problem by limiting the possible relations 
between pressure and density in the supposed gas to those which correspond 
to adiabatic equilibrium, different laws are supposed (quite arbitrarily) to 
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correspond to different values of 7 m the relation p = fcpy The approach to 
the final equipartition state will he represented by 7 approaching the value 
7=1 which corresponds to isothermal equilibrium, but the lowest value of 7 
which is possible, short of the cluster scattering to infinity, is 7 = 1 |. Thus 
with .our arbitrary supposition that different laws are adequately represented 
by different values of 7 , it appears that the value of 7 cannot fall below 
and the final law of distribution of density in a globular star-cluster would be 
the same as that in a gas in adiabatic equilibrium with 7 =H, namely 
Schuster’s law (cf § 149) 

p = /)o (1 

This is the law actually found in a number of globular star-clusters by 
Plummer and von Zeipel (§ 6 ). It is at best only approximate, indeed it 
appears that a law falling off at great distances as would fit the distribution 
in many star-clusters still better"^ This is hardly surprising Our limitation 
of the various laws to those corresponding to adiabatic equilibrium was quite 
unjustifiable, it may lead to an approximate picture of the processes going 
on in a globular cluster but cannot be expected to reveal the whole truth 

* Monthkj Notices R A S 16 (1916), p 667. 
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THE EVOLUTION OF BINARY AND MULTIPLE STARS 
THE PROCESS OP FISSION 

255 The motion of our hypothetical mass of nebulous matter has now 
been traced out through its earlier stages in which it formed a rotating nebula, 
and through its later stages in which this nebula condensed into stars In 
the last chapter we considered the general nature of the motion to be expected 
in the cluster of stars so formed, the present chapter will be devoted to the 
further history of individual stars 

We have supposed that an individual star comes into existence as a con¬ 
densation in a nebular arm In this earliest period of its existence its mean 
density is very low, being perhaps of the order of 10“-^'^ grammes per cubic 
centimetre, and its surrounding atmosphere is contiguous with that of the 
neighbouring stars At this stage it shares in the rotation of the nebula of 
which it forms part, the period of this rotation being perhaps of the order of 
160,000 years 

As time proceeds the arms of the nebula expand while individual stars 
contract, so that the stars become continually more distinct from one another 
until finally they may be regarded as entirely separate bodies, each describing 
its independent orbit under the gravitational attractions of the other stars. 
For pui poses of numerical calculation, which must necessarily be very vague 
and inexact, let us suppose that the star starts its independent existence as 
a separate star when its linear dimensions have contracted to one-quarter, so 
that its mean density has increased 64-fold, and is now of the order of 
64 X 10“^^ Let us also suppose that during this process the linear dimensions 
of the nebula have doubled, so that its period of rotation will have increased 
four-fold, to about 640,000 years This will also be approximately the period 
of rotation of the average star when it first starts its existence as an inde¬ 
pendent body. 

From these estimates, we find that the value of co^/27ryp for the star when 
it starts as an independent body will be of the order of 00035. During the 
subsequent further contraction of the star, the conservation of angular 
momentum requires that co shall increase (approximately) inversely as the 
square of the linear dimensions of the star and so as whence it follows 
that G)V27r7p will increase approximately as p^. By the time the density of 
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the star has increased by a further factor 10^ the value of 6t>V27r7p will have 
increased by a factor 10^ to 0 35 This is just about the critical value at 
which a sharp edge forms (§ 205) and the mass begins again to disintegrate 
by throwing off matter from its equator 

Naturally no stress can be laid on these particular figures but they suggest 
that a star formed in the way we have imagined would begin to disintegrate, 
owing to rotational instability, as soon as it had contracted to a density of 
the order of 64 x 10"“^'^ x 10^ or, say, 10“^ 

256. Consider next the course of events after this density has been 
passed A sharp edge forms and jets of matter are thrown off from the 
equator Will these jets of matter condense into filaments in the way we 
have imagined the arms of spiral nebulae to condense ^ 

The minimum mass per unit length for which a jet of gas can condense 
into a filament has been seen to be about 2G^IZ<y (§ 216) The velocity with 
which the matter is ejected can hardly be less than the velocity of effusion 
into a vacuum, say ^ G*, and is likely to be greater Thus condensation can, 
only occur if the rate of ejection of matter is greater than G^/6y grammes 
per second Taking the very low value (7 = 4 x 10®, the value of this quantity 
IS found to be 1 6 X 10^*^ grammes per second Thus condensation is hardly 
to be expected unless the star ejects matter at this rate, which would corre¬ 
spond to a dissolution of the whole star in a few centimes 

This time is so small compared with what we believe to be the time of 
shrinkage of a stai that the formation of condensed filaments can hardly be 
regarded as a probable, or even as a possible, event If such filaments were 
formed, the mass would constitute a miniature spiral nebula of mass comparable 
with that of a single star, and the filaments might ultimately condense into 
a system of enciicling planets In some such way Arrhenius, See and others 
(| 16) have imagined our system of sun and planets to have been formed. 
The foiegoing calculations make it very improbable that this process can ever 
take place in masses comparable only with those of the stars 

This conclusion is in accord with observation, for not a single spiial nebula 
IS known which there is any reason to suppose lies within the confines of our 
galactic system If such miniature spirals existed we should expect them to 
shew a preference for regions near the galactic plane But the observed spiial 
nebulae, with remarkable unanimity, avoid this region of the thousands of 
spirals which are known to exist, not a single one has been found within the 
galactic structure f 

257 If the ejected matter does not condense into filaments, it will 
form a surrounding atmosphere, and as the dissolution of the central mass 

* Jeans, Dynamical Theoiy of Gases (2nd Ed ), p 133 
t Campbell, Science^ 45 (1917), p 530 
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progresses the atmosphere will continually increase at the expense of the 
central mass This motion is one which it is exceedingly difficult to trace out 
dynamically, even in its main outlines It seems possible that the atmo¬ 
sphere may in time condense into nuclei, and that these might ultimately 
form planets, but this has to be mainly a matter of conjecture It is perhaps 
worth considering whether the planetary, and possibly also the ring nebulae, 
can be bodies of the type we have been considering* We may also con¬ 
template the possibility of planets being formed m this way although, as we 
shall see later, the planets of our solar system cannot have been so formed 

258 The equatorial ejection of matter will continue until a further 
critical density po is reached, at which the pseudo-spheroidal figure for the 
nucleus becomes unstable and gives place to a pseudo-ellipsoidal form 
(cf § 185). The new pseudo-ellipsoidal figure will eject matter only at its 
two pointed ends, it is perhaps worth considering spindle-shaped planetary 
nebulae such as N G 0 7009 in this connection (see Plate I) Ultimately 
the pseudo-ellipsoidal nucleus gives place to a jiear-shaped figure and this 
will divide into two detached masses 

The final result of the process of disintegration will accordingly be a binary 
star, the two components rotating about one another in a moie or less dense 
atmosphere of ejected matter, through which they will plough their way 
This formation at once recalls Duncan’s attempted explanation of the Cepheid 
variables']' At a later stage the atmospheres will condense round the two 
stars, leaving an ordinary binary star 

During the process of condensation, the greater part of the atmosphere is 
likely to condense round the more massive constituent, so that the light from 
the more massive star will be more screened than that from the lighter one 
Temporarily the more massive component may shine less brightly than its 
smaller companion This condition is observed in /S Lyrae, a spectroscopic 
binary in which the dark star has a mass about 2 2 times that of the bright 
star, the two masses being very nearly in contact, the explanation we have 
given of this condition was first suggested by Meyers^ If this is the true 
explanation, it would appear that /3 Lyrae provides an instance of a binary 
star in the very earliest stages of its existence 

259 If the stais may be regarded as masses of ordinary gas, it is not 
difficult to obtain an estimate of the critical density po before which fission 
cannot begin 

Discussing a mass of gas in adiabatic equilibrium, we found in Chapter VII 
that fission could not begin so long as y, the ratio of the specific heats, was 
less than about 2 2. 

See Plate I (p 5); also Campbell, Science, 45 (1917), p. 5,18 
i Lick Ohs Bull. 6 (1911), 151 See also Campbell, Stella7 Motions, p. 307. 

X Astrophys Joimi 7 (1898), p 21 
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Since for an ordinary gas under ideal conditions, 7 is always less than If, 
this result indicates that fission cannot begin, at any rate for a mass of gas 
of uniform composition, until the density is so great that the ideal gas laws 
are substantially departed from Koch^ has obtained the experimental value 
7 = 2 21 for air at 100 atmospheres pressure and temperature ~79°C., the 
corresponding density being about 180 times that of normal air, or say 23 
Thus if a star were made of air in adiabatic equilibrium, the critical density 
Po would be something like 

More generally we have seen that the critical density po> a mass of 
uniform composition, must be one at which the gas laws are substantially 
departed from Now according to RusselFs theory of stellar evolution, for 
which as we have seen (§ 200) there is a strong theoretical basis, a star is 
supposed to get continually hotter until the gas laws are substantially departed 
from, after which its temperature begins to decline On this theory the 
point at which the gas laws are first substantially departed from may be 
approximately identified with the point of maximum temperature in the star’s 
evolution, and this corresponds to spectral type B for massive stars, but to a 
later spectral type for lighter stars 

The two estimates we have formed of the critical density po are in fair 
agreement Russell estimates the average density of giant” M-type stars 
to be about so that J is not an unreasonable estimate for the density of 
jB-type stars 

It would now follow, from our preliminary theory in which a star is repre¬ 
sented as an adiabatic mass of air, that 

( I ) no binary star which has formed by fission can have a density of 
less than about 

( II ) no giant binary star can have been formed by fission, 

(ill) the temperature of a binary star which has formed by fission must 
decrease as its evolution progresses 

260 The densities of eclipsing binaries can be estimated with very con- 
sidera,ble accuracy Shapleyf has computed the densities of 90 of these, the 
results being given in the following table in which densities are classified 
according to spectral type 

At once it appears that there are binaries of very low density, 33 out of 
the 90 having a density of less than tV^ and 4 having a density of less than 
Further, in Shapley’s table the division into giant and dwarf stars 
IS quite marked, the entries in the table lying approximately thus <; the 

* Soc Fiang. de Physique^ Recuetl des Constantesy p 321 

t Contributions ftom the Princeton Umv Observatory, 3 (1915) I have omitted from the 
table three stars which Shapley states should not be given much weight” and “probably 
deserve little consideiation ” 
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stars on the lower branch are giant stars. The six stars which occupy the 
bottom nght-hand corner must all be regarded as binary giant stars, of types 
F, G and K and of density less than 


log p 

9 

B 

A 

F 

G 

K 

Total 

+ 0 5to0 

1 to 3 2 




2 

_ 

2 

0 to-O 5 

32 to 1 

— 

11 

7 

1 

— 

19 

-0*5 to-1 0 

10 to 32 

8 

24 

3 

1 

— 

36 

-1 0 to-1 5 

032 to 10 

5 

13 

— 

— 

— 

18 

-1*5 to-2 0 

01 to 032 

3 

6 

1 

1 

— 

11 

-3*0 to-4 0 

0001 to 001 

— 

— 

— 

2 

1 

3 

-5 Oto-60 

order of 2 x 10”® 

— 

— 

— 

1 

— 

1 


The densities of 40 visual binaries have been estimated by Opik^, although 
the method does not admit of great accuracy Of the 40 computed densities 
32 are greater than one-tenth of the sun’s density, say greater than 14, while 
8 are less than this The two lowest densities are 0 017 and 0 018 for the 
brighter components of e Hydrae and ^ Bootis These densities are well 
below the limit which our theory allows for fissional binaries; moreover these 
two stars, being of spectral types and Kb, must both be “ giants ” 

261 Thus observational material shews either that all binaries are not 
formed by fission or else that our estimate of the critical density, below which 
fission cannot occur, stands in need of revision 

This estimate was based upon the study of a particular model star, namely 
a mass of gas of uniform composition arranged in adiabatic equilibrium Cal¬ 
culations of the temperature distribution in such model stars have been 
made by Emdenf, EddingtonJ and others Assuming the two components of 
/S Lyrae to consist of monatomic hydrogen in adiabatic equilibrium ( 7 = 1 |), 
Emden calculates central temperatures of 6 8 x 10 ® and 42x10®, if the 
matter is supposed to be diatomic hydrogen the temperatures are found to 
be 1 8 X 10^ and 11 x 10*^. For a model star of mass 2 87 x 10^ grammes and 
mean density 002 , supposed made of iron vapour of atomic weight ^4 in 
adiabatic equilibrium with 7 = 1 J, Eddington finds a central temperature of 
1 52 X 10 ® The essential point is that all such calculations give a central 
temperature of the order of 10 ^ Now this temperature is so high as to be 
quite inconsistent with the supposition that the gas is of uniform structure 
throughout—if our physical knowledge is to count for anything, it is almost 
certain that the properties and structure of gas at a temperature of 10 ’' will 
be widely different from those at the surface temperature of a few thousand 
degrees 

* Astrophys Joutn 44 (1916), p 292 

+ Gaskugeln, p 292 

t Monthly Notices R A S'. 77 (1917), p 22 
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262. The most plausible conjecture that can he made is perhaps that in 
the far interior of a star the atoms must he almost completely broken up into 
their constituent electrons* In this case, the effective molecular weight 
would approximate, as Eddington has pointed outf, to 2 This limit would 
be almost independent of the chemical structure of the matter, since the 
number of electrons in all atoms except hydrogen is nearly equal to half 
the atomic weight 

This reduction of the effective molecular weight will greatly modify our 
numerical estimates Assuming the star to be made of air (molecular weight 
about 30) we found m § 259 a critical density p — \ If other factors lemained 
unaltered a reduction of molecular weight from 30 to 2 would reduce this 
critical density from \ to Other factors do not, however, remain un¬ 
altered On our present tentative view of the interior structure of a st^r, 
the effective molecular weight m must have its minimum value, nearly equal 
to 2 , at the centre of the star, and must gradually increase as we pass out¬ 
wards towards the surface Our critical value 7 = 22 was determined on the 
assumption that m had a uniform value throughout the star It was found 
that a decrease of m on passing outwards would increase the critical value of 
7? in the same way a decrease of m on passing inwards must decrease the 
critical value of 7 This might possibly result m a still further decrease of 
the critical density p. 

Beyond this there are general physical considerations which require a 
still further adjustment of the critical density Eddington;]: has pointed out 
the importance of radiation-pressure in the internal mechanism of a star 
When there is extreme ionisation in a star’s interior, Eddington s conclusions 
will need modification, and the disturbing effect of radiation-pressure will be 
less than that originally estimated but it will still be appreciable^ Finally 
the departure of our ordinary gas laws from the laws of a perfect gas, on 
which the relation between 7 and the density depends, arises from the '‘size” 
of the molecules and the extension of the field of force surrounding them. 
When the gas is highly ionised, we have to deal rather with the extension of 
the field of force round individual electrons and positive nuclei, and it is 
almost impossible even to guess at the density at which the departure from 
the gas laws becomes appreciable. * 

All these considerations suggest that our preliminary theoretical con¬ 
clusions must be viewed at least with suspicion, so that there is certainly 
no ground for surprise that they have not proved to be confirmed by 
observation 

* Eddington, Monthly Notices RASH (1917), p. 596 
t The Observatonj, 40 (1917), p. 44 
J Monthly Notices R A S 77 (1917), p 16 
§ Eddington, Monthly Notices R A S 77 (1917), p 603. 
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263 We have seen that a double-star must be supposed to be born as 
the result of cataclysmic motion The pear-shaped figure is unstable, so that 
as soon as it is formed dynamical motion ensues and fission results The 
masses are at first projected away from one another with considerable velocity, 
but seem likely to settle down finally to describe steady orbits about one 
another. 

In his researches on this problem, Sir G Darwin supposed that the initial 
orbits would be strictly circular, but this was because he believed the process 
of fission to be a statical process and not a dynamical process, as we have seen 
it to be. According to Darwin s view, the changes in the star while fission 
was taking place were, initially at least, of a purely secular nature, and it was 
natural to suppose that the final result would be two masses rotating in actual 
contact and at rest relatively to one another 

We have seen that this cannot be the final result of fission for incompres¬ 
sible masses, because such a configuration would be statically unstable, as 
indeed was ultimately found by Darwin himself (cf §§ 64, 65) Foi a com¬ 
pressible mass, there is no reason why it should not be the final result of 
fission (cf § 164) although the intermediate processes would almost certainly 
be different from those imagined by Darwin, cataclysmic motion probably 
ensumg immediately the pear-shaped figure is formed, but possibly giving 
place to steady statical motion before actual fission occurs 

There being no longer any theoretical justification for supposing that the 
initial orbits will be strictly circular, we have to consider the possibility of the 
masses bemg thrown apart with appreciable radial velocities, and describing 
elliptic orbits about one another. 

Consider for simphcity the case m which the original star is supposed to 
divide into equal masses, and suppose that fission occurs when the centre of 
each mass is at a distance r fi:om the common centre of gravity Let each 
star be supposed to have a radial velocity v in addition to the tangential 
velocity cor m space resulting from rotation Each mass will describe approxi¬ 
mately an elliptic orbit in space so that after the orbits are partially described 
the masses will again each be at a distance r from their common centre of 
gravity, but are now approaching each other with a radial velocity v, A col¬ 
lision of some kind must occur, and since the masses will not be perfectly 
elastic, their velocity of recession after collision will be some velocity less 
than y, while the radial velocity (or must, from the conservation of angular 
momentum, be the same as before. It follows that the new orbit will be of 
less eccentricity than the old, and the eccentricity will further diminish at 
each subsequent collision We cannot argue that the eccentricity will be 
finally reduced to zero, a limiting value will be reached such that the masses 
just graze one another at periastron. 
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264 Sir G. Darwin further supposed that immediately after fission the 
periods of rotation of the two masses and the period of revolution about one 
another would all three coincide, so that the system would rotate as a rigid 
body There is no longer the same justification for this supposition when it 
IS recognised that fission occurs only after cataclysmic motion 

We may however notice that only one vibration is unstable at the point 
of bifurcation at which cataclysmic motion begins, this vibration is one in 
which neither half of the mass gains upon the other either in rotation or 
revolution When the elongation Qf the pear-shaped figure first takes place, 
the pointed end of the pear must, on account of conservation of angular 
momentum, lag somewhat behind the rotation of the blunter end, but any 
such difference of rotation produces a distortion which corresponds to a stable 
vibration forces of restitution at once come into play and equalise the angular 
velocities Similar forces of restitution will be in operation right up to the 
instant of fission, so that m the final system the rotations maybe expected to 
agree with the revolution, both in period and in phase The stars will 
accordingly rotate about one another like a rigid body except for the slight 
eccentricity of orbit discovered in the preceding section 

Comparison with Observation 

265 These theoretical conclusions are borne out by observation on stars 
of the /3 Lyrae type In stars of this type the light curve varies continuously, 
shewing that the masses must be either m actual contact or close to actual 
contact as in fig 34 (p 163) Any difference in the periods of rotation and 
revolution would shew itself in nonperiodicity of the light curve, of this 
there is no evidence whatever The eccentricity of orbit is invariably small, 
being about 0 02 for ^ Lyrae, X Cannae and RR Centauri, in which the 
separation calculated from the light curve, is zero or negative (corresponding 
to imperfect fission), and being 0 03 for U Pegasi m which the separation is 
excessively small. 

The periods are short, varying from 14 h. 32 m for RR Centauri to 12 908 
days for yS Lyrae 

MOTION SUBSEQUENT TO FISSION 
Tidal Friction 

266. Darwin has shewn the importance of tidal friction in the subsequent 
motion As the stars shrink, the rate of rotation of each will increase in 
accordance with the conservation of angular momentum, so that the rotations 
of the separate masses will gam on their revolution about one another, and 

* Campbell, Stellai Motions, Table XXXI 
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the arrangement will be of the type represented in fig, 44. In such a con¬ 
figuration, each mass will exert a couple on the other m such a direction as 
to augment the motion of revolution already taking place These couples 



are the direct successors of the forces of restitution, mentioned in § 264, 
which tend to equalise the periods of rotation and of revolution. Let us 
investigate the effect of the couples on the orbits of the masses 

Suppose the original star of mass M+. M'to divide into two components 
of masses M, M\ each of which will describe an approximately elliptic orbit 
about the centre of gravity of the two. Let e be the eccentricity and a the 
semi-maj or-axis of the oibit of either mass relative to the other 

If the tidal friction couples were non-existent, there would be the usual 
two first mtegrals of the motion, 


MM' 

M+M 


-,r^6 


= h, where = 


M^M'^ 

mTm 




(579), 


Energy = j&, where E= — MM'l2a .. .. . (580) 

Let the couples produced by tidal friction he supposed to act for a short 
interval dt, each star exerting a couple 0 on the other in the direction of 
rotation. The orbit will be disturbed and at the end of the interval dt a new 
orbit will be described The eccentricity and seini-major-axis of this may be 
denoted by e + edt, a + adt, in which e and a maybe regarded as rates of 
increase during the action of the couple 0. 

These rates of change are readily found From equation (580) 


so that 


1_ 2E 
a~ MM" 

1 da. 2 dE 2 
dt MM' dt MM' 


.(581) 


Smee G must be supposed to act in the direction of 0 increasing, G6 will 
be positive, so that dajdt is positive Tidal friction increases a 

By logarithmic differentiation of equation (579) 


I dt^ h dt 


1 da 
a dt 


2a 


MM 


jGe 
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from equation (581). Using equations (579) this becomes 


h 




( 1-60 


Introducing the polar equation of the orbit in the form 

a(l — 60 ^ 

-= 1 + 6 cos 


we find ~ (1 @0 = ^ [(1 - eO - (1 + e cos d)% 

^ [cos 0 + 6 (1 + cos^ 6)\ 

As G acts in the direction of 8 increasing, Gjh will be positive, while 
6(1+ cos^ 6 ) IS necessarily positive. Tidal friction acts mainly when the 
masses are closest together—i e when cos 6 is nearest to +1 Hence it is 
readily found that Q cos Ojh is preponderatmgly positive and dejdt integrated 
through a whole orbit will be positive 

Thus tidal friction increases both a and 6, and as the evolution of a binary 
star progresses we ought, on the tidal-fiuction theory, to find—(i) increasing 
separation, (ii) increasing period, (in) increasing eccentricity. 


267 Campbell has attempted to test these conclusions with the help of 
material provided by his studies of spectroscopic and visual binaries*. The 
general summary of Campbeirs classification of spectroscopic binanes is 
shewn in the following table 


Period 

Short 

unknown 

0—5 

days 

5—10 

days 

10 days— 

1 year 

Over 

1 year 

Long 

unknown 

No of types 0, B 

8 

15 

10 

14 

1 

0 

e~ 

— 

0 04 

0 10 

0 34 

— 

— 

No of type A 

4 

10 

1 

12 

2 

0 

(3 = 

— 

0 04 

— 

0 55 

— 

— 

N 0 of type F 

0 

6 

2 

4 

3 

1 


— 

0 05 

— 

0 15 

0 44 

— 

No of types (7—if 

0 

0 

0 

3 

9 

13 


— 

— 


0 06 

0 38 


All types 

5= 

12 

31 

0 04 

13 

0 14 

33 

0 36 

15 

0 38 

14 


In this table the values of e are mean values for all the binaries for wdiich 
the eccentiicity can be calculated, no entry being inserted when the eccen¬ 
tricity IS known only for a single star 

^ “ Second Catalogue of Spectroscopic Binary Stars,” iicfc O&s Bull No 181(1910), Stellas 
Motions, Chap. VIII. 
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We notice in the last two lines that increasing period goes with increasing 
eccentricity, as it ought to do. The parallelism hecomes still more striking 
when visual binaries are included Campbell gives the following table ‘ 


in 


Type of Star 

Number 

Mean Period 

Mean e 

' 31 

2*59 days 

0*04 

Spectroscopic 

13 

6*90 „ 

0 14 

Binaries 

33 

73 5 „ 

0 36 


1 15 

20'5 years 

0 38 

Visual 

( 25 

32 8 

0 48 

Binaries 

1 25 

1081 „ 

0 51 


which the increase of eccentricity with period is very apparent 


Returning to the original table, it will be seen that the entries form 
roughly a slanting diagonal thus \ Advancing spectral type goes with 
increasing period and eccentricity, and these according to the tidal friction 
theory increase with age The inference drawn by Campbell and others is 
that, generally speaking, age and advancing spectral type go together^ The 
youngest binaries are of types 0, B, then come types A, F, and finally types 

Q _ M. This would bring us back to our theoretical conclusion of § 259 that 

fission takes place at about J5-type, but we shall immediately find reasons for 
modifying very considerably this interpretation of Campbell’s table 


268 Increasing separation of the two components of a binary star, whether 
under tidal friction or otherwise, requires an increase in the orbital momentum 
of the system. So long as the system remains free from external disturbance, 
the total angular momentum of the system must remain constant, so that 
the increase of orbital momentum is necessarily gained at the expense of 
the rotational momenta of the constituent stars When the masses of the 
two components are very unequal there is a large store of angular momen¬ 
tum in the rotation of the more massive one, and separation can proceed 
veiy far before this has all been transferred to orbital momentum But, as 
Russell has pointed outf, conditions are very different when the components 
are of approximately equal mass, as is the case with the majority of binary 
stars (§ 2) 

Consider a binary star whose components are of masses M, M' Allowing 
for the finite sizes of the components and fox their distortion from the spherical 
shape, the force between them may be supposed to be 


MAP 


(1 + a 


* Campbell, Ltd Ohs Bull 181 (1910), p 42 , Stellai Motions, p. 269 Eddington, Stellar 
Movements, p 178 

t Astiophys Journ 31 (1910), p 185 
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as in § 62. An elliptic orbit will be described only if f remains sensibly con¬ 
stant , in this case the “ mean motion ” n is given by 


M-^M' 


(i+rx 


this reducing to our former equation (121) when the orbit is circular. 
The orbital momentum of the system is readily found to be 


MM' 

{M+M'f 


(1 + O^z^ . 


(582), 


where I is the semi-latus rectum, equal to a (1 — e^), whence, on addmg the 
rotational momenta, the total angular momentum is found to be 


M = ^ .(583). 

{M+M')^ ^ 

Let us suppose that in the earliest stage of existence the components 
rotate fairly close to one another with a common angular velocity m an 
approximately circular orbit of radius R In this case a>~a>' = n, and formula 
(683) becomes 


M = 


Mk^ -I- M'k'^ + 




{M + M') j 


{l + O^iM+M'fR-^ .(584), 


an equation which has already been given in § 64. 


269 Consider first the extreme case in which the masses are supposed 
homogeneous and incompressible To obtain some idea of the ratio of division 
of M into its rotational and oibital paits, I have calculated the ratios of the 
separate terms in M for Darwin’s figures of closest approach, the data being 
those already tabulated in § 65 The results prove to be as follows 


II 

0 

04 

05 

1-0 

Rotational mom of M' 

0 

039 

046 

077 

M 

„ „ „ J.rx 

1 

160 

135 

077 

Orbital momentum 

0 

801 

819 

846 

Total 

1000 

1000 

1000 

1000 


With very few exceptions all known binary stars have values of M'/M 
lying between 0*4 and 1 0 Excluding the few systems for which M'/M is less 
than 0 4, it appears that the orbital momentum must initially be at least 
80 per cent of the whole if the components move in circular orbits, it would 
of course be still greater if they moved in stable elliptical orbits 

Thus no matter for how long tidal friction or other similar tendencies act, 
the orbital momentum cannot, in the whole course of a binary star’s history, 

17 


j c. 
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increase to more than li times its initial value. From formula (582) it follows 
that (1 + f) Z cannot increase to more than 1 56 times its initial value For 
bodies at a considerable distance apart ?= 0, for two similar ellipsoids in 
contact f = 0 22, which is the maximum value of ^ Thus in the whole course 
of evolution the value of 1 + ?" cannot decrease more than in the ratio 1 22 1 
It follows that at the very most I cannot increase in a ratio greater than 
1 56 X 1 22 or 1 90 

These calculations refer to a perfectly homogeneous mass To study the 
effect of compressibility let us pass to the extreme case of matter so com¬ 
pressible that Roche’s model (§ 149) may be supposed to give an approximation 
to the arrangement of density We may put P = P = 0 and f = 0. The whole 
momentum is orbital, and the constancy of M requires that I shall remain 
constant. Thus we may reasonably suppose that compressibility lessens the 
possible range of increase in I and that the ratio of 90 per cent just calculated 
for an incompressible mass is the maximum possible, always provided the mass 
ratio does not exceed 2| 1, and that the system lemains free from external 
disturbance. 

270 8;imi1fl.r calculations can be made with respect to the period. Calling 
this P we have 

27r_ _ 

{I - (M + M'f {1 + O'' 

As evolution progresses (1 -t- 0^> 'which is proportional to the orbital 
momentum, will increase, but not in a ratio greater than 1 25 1 if -<2 5 
Similarly 1 -t- ? will decrease but not in a ratio beyond 1 22 1. The factor 
-vvill decrease to an unknown extent, and may decrease beyond limit. 

Thus there is theoretically no limit to the increase of P, but large increases 
can only occur through 1 — e® becoming very small, so that a binary in which 
P has increased largely must have an almost parabolic orbit Observation 
has so far revealed no binary with a nearly parabolic orbit; the largest observed 
eccentricities are 0-90 found by Aitken for yVirginis and 0 88 found by 
Campbell for /S Anetis, for these 1 - = 0 19 and 0 23 respectively. The 

average values of e for binaries of different types will be seen from Campbell’s 
tables given on pp 255, 6 Campbell has catalogued e for 75 spectroscopic 
binaries*, in only one case (/S Arietis just mentioned) is e greater than 0’80 , 
similarly out of 50 visual binaries, e has a value greater than 0 80 in only three 
cases (7Yirginis, e = 090, yAndrom BC, e = 0-82, 99 Herculis, e = 081) 
Thus we may take e = 0 80 as an upper limit for e for the groat majoiity of 
binaries, this makes 1 - e®= 0 36 and the maximum evolutionary decrease in 
may be taken to be one of 1 0 216 

* I have excluded Cepheids in view of the uncertainty as to whether these really are binaries 
01 not 
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With the various maximum figures which have now been mentioned, the 
greatest increase possible in P is found to be one of 13 6 times This is a 
maximum, and entirely abnormal increase, foi most binaries e is not greater 
than so that (1 —e"*)- is not less than 0 65, and the maximum possible 
increase in P is one of 4 4 times 


271 Detailed calculations can be made for individual stars For a Cen- 
tauri, P = 8118 years, M = M' (approximately) and e = 0 53. The parallax 
IS 0 76" and the semi-major-axis subtends an angle of 17 71", whence 
a = 3 5 X 10“ cms. and ^ = 2 5 x 10“ cms. Since Jf = if' it appears from the 
figures on p 257 that the maximum possible increase in (1 + cannot be 
greater than 1 0 846, so that ?(1 4 f) cannot have increased by more than 
40 per cent, and I cannot have increased by more than 71 per cent Thus in 
the very earliest stages of the star’s history I cannot have been less than 
59 per cent, of its present value, say 1-5 x 10“ cms, and a cannot have been 
less than the same amount The period, which is now 8118 years, can never 
have been less than 20 4 years. 


272 Still assuming that the binary system may be supposed to have 
been free from external disturbances, a simple relation can be obtained 
between the dimensions of the present orbit of a binary star evolved by 
fission and those of the primitive nebula out of which the system originated 

Consider the primitive nebula of mass if 4- if' at the instant at which the 
pseudo-spherical form first became unstable. Let r and p denote its mean 
radius and mean mass at this instant, so that if + if' = ^-jrpr*, and let 6 denote 
the value of <o^/2Trp. The angular momentum at this instant is 

M = (if 4- if') k^a> = (M+ Mf ^ (| 


After fission has taken place and the components have become thoroughly 
separated, the orbital momentum will be 


(if 4 if')* 


Since this must always be less than M, it follows that at any stage of the 
star’s orbital motion 


I 

r 




Suppose first that the primitive nebula is wholly incompressible The 
figure is a Maclaurm spheroid at its point of bifurcation, so that = 0 3838 
and 6 = 0 18712 Our inequality becomes 


- < 04135 
r 


{M + MJ 

M^M'^ 


(585). 
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For a c...aproH«iblc. mnHH fcho vahu- of in 1 >‘hh. la.t. tho val.u- <.r 0 in 
t/nnitor. It is clear that will d.-cTc-as** inu<-h more raimlly thaii . so that 
compressa.ility lessens our calculaksl faet,or -O-tUlo -f-.r .nstam-e lor Ibwhes 
model it reduct'S to sau-o. 

Thus the uusiuality (•’•Hr)) will he true indei>endmitly of the compressihdity 
of the mass. 

For a binary in which the components are ot very mietjnal mass 

(M+ 

will be very large, so that / maybe vm-y large eom[»!Uvd with r the com. 
poiumts can separaU' t«> a distanei' large eom[!areil with the diim iisions ot 
Uit^ |)rinuiiv(‘ nebula. Btil Ibr l>inari<‘H in whifh tUjM tbi ii« 

is less than 24'01 and our iimtpiality (AHo) becomes 

I < 

Thus under no ciremnstnnees c-aii the semi lilt ns rectum oI a binary system 

in wliicli exceed the mean radius of the primiti\e tieltula at the 

instant at' which the spheroidal lorm became unstable. 

For a ('entauri tla> present value of I wt^x 10’^ cuts,, subtending an 
angle of 12-7r)". If it was generated by lission, t.lie menu radiu-* of the 
pseudo-spheroid just before elongation commenced must, hav.- been at least 
2-5 X lO*’' ems, so that the major axis must have been at. least I? x 10“ ems., 
Biditicnding (at its prtwnt distance) an angle of at least OO". The mass of 
th(> system being .‘FH x lO-'* gms.. the mean .leimity must have been less 
than (! X to 

273 The results just obtained dispose at mice of the hj pothetieid inter, 
pretation put ujiou (JampbeH's Udde on p. 2.'’i5. So long as .i bin.iiy star is 
regarded as a self-contained system, we have seen that, for the gieat m.i|orit,t 
of binaries, the linear dimensions and periitd of the mbit can only vary 
slightly through the wlmle (‘ouise ot the stars life. A bin.uy ‘.tar can no 
longer be supposi'd, as it grows older, fio pass in turn ihiough I la ditlerent 
columns of that bdih*; on the contrary, ••xcept. in r.ire I’ase-, ii will remain 
continually in th<! same column. Its spec-tral type and eecentiiniy wdl v.iry 
as its evolution progri'Kses. but the gmiend onier of m.igmtude of its js iiMl 
must remain perpetually the same. If w*- suppose '•peetiosr’opic lunaiie.s |o 
have originatisl by fission, the problem of I'XpIammg why it n* that short- 
period binaries an* generally of small eccentricity of orbit and of eitrly '•{HTtin! 
tvt>c, tin* reverse being true of long-periial binaries, admits of no.nitwer so 
long us we r(*gard a binary star as a self I'ontained dyiiamieal sy stent. 
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Fi/iup<(i'(lti(>ii of F)u>)yi/ 

274, I,ct iih cKuniiiic hinv thu [mihlciu .stands wlusii account is taken of 
the tons'H fn»in the other Ktura Wi- huvt* .sooti that in thc‘ pri'Mcnit .state of 
tin- nniviTso tli(‘ fon’oh from noighhouritiff stans may ho ni'^di'cted in a 
st.iti.sticjil ilisi‘its.sion ; tho forcon aidinjf on a Innary systi'in from outsnh' may 
ho HiijiiMwil to ho thoso arisuiK from tho ^rruvitational hold of tin ‘ inuvonso an 
a wlioli*. 

Ovi*r th<» of any binary nysUan, tlu^ poicaitial of ihis gravitalional 

fioM ittny l>i‘ ropivhi*nt<*(| by a singlt* niMHind hannomc Uaau, nay 

i//’’ - U”), 

tho aofitro of gravity of tho, binary Hynloin Ixnng (.alum for origin. Wo may 
firht i*xniiiiiio uhothor ttio aotitm of Hnoh a (b^ld ih to incri^ano ih(‘ (‘cconiriciiy 
ami poriod of tin* orbit, of tin* binary Myntom. 

Tht* hold may bo r<*gartit‘d an tho Hupi^rpoHition of two fu^dn, having 
jiotiaitklH rt»«|H*ntiivfdy 

— I fM h 1/^ + and fjut\ 

Tho firnt of fhoHo fioldn givt^H nno nu‘n‘ly to a forco of ropulHion gr acting 
a\\ay from tin* oonlro of gravity of tlu* atar. So long m fx ixanainH coiustant, 
thoiipsidal dihtnnooH of tho orbit. naturaJly rmnnin fixod; wliiai g incroaHCH, 
flam* IH an inoronw* in tho dinammonn and pimiod of tin* orbit, but when g. 
dooroaxoH, thoro in a oorroaponding door(*a.H<‘. Thun any Hocnlar change in the 
dimmiHionH and poriocl of tin* orhit can di'pmid only on which is so nmall 
an to bo nogligiblo, 

Tlio hold of forot* of (HitmiiinJ ijga*'* givers rino to a rt^pulHivi* force h/iir away 
from tho plaiio of y:. Ah tho lint' of apm'H of the orbit luuHt lu* HuppoBcd to 
mako all angh*M indifforontly with t.h<» axis of ,r, it in nwlily Htaai that tluj 
avorago oflbot of (ln*.st» fon^on munt. la* a/7* Thun any niauilar c.hange can be 
imiporiional only to tho nt*gligibh* (piantity jix% 

It aooordingly appoarn tbat in tho pnvsmil. Hta.t(‘ of tlu* univmvse, tlui 
goiionil gravitational hold oan only havi* a.n inliniti*Hinnd (dfiHit upon the 

orliitH of binarv Mtarn 

276. Wo liavo alroady had ma^uHion to ront<*mplat(^ a pant ejioch in the 
history of tin* nnivona*, in which tho ntarn \v(‘ro much cIohit together than 
tlioy mm are* Wi* ha,vt* found nmoms for nupposing that Uit tluH time the 
Htara woiv c*loso onoiigli to affotn. one anutln‘r\s orhiis in npacas to an approci- 
alilo dogroo, and it k naiurai to impun* m what way the cloHti (mcounters of 
lluM opooh wotdd intliioma* tin* rtdativi^ orliiUs id’bimuy Htarn. 

d1io proldont now hofon* uh has a cIohc^ analogy in the Kinetic Theory of 
In tho prohcni opocdi tlu* Htarn have benm Hcmu to behave like the 
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molecules of a gas m which no collisions occur. In the past epoch that we 
have under consideration, they behaved like the molecules of a gas in which 
collisions occurred in the ordinary way Single stars must have behaved like 
monatomic molecules and binary stars like diatomic molecules There is 
however the welcome difference that we understand the dynamics of a binary 
star, whereas we do not yet understand the dynamics of a diatomic molecule. 
The tendency of encounters with other stars must have been towards estab¬ 
lishing an internal distribution of energy such as would be m equilibrium 
with the translational energy of the stars It will, ho'wever, be best to state 
the problem in a form which does not imply or presuppose any analogy with 
the Kinetic Theory of Gases 

276 Let M, M' be the masses of the two constituent stars of a binary 
system of total mass M 4- M\ Let u, v, w denote the components of the 
velocity of the centre of gravity in space, and let r, 6, (j) be polar coordinates 
of M relatively to M\ Then the whole kinetic energy of the system is 

MM' 

M') (ll^ + ^ ^ ^ (^2 ^ ^ ^2 gij^2 ^ (586). 

Following our view of the genesis of binary system, we suppose that when 
a double-star first comes into being, the value of will be very small, while 
the value of 4- sin^ the square of the tangential velocity, bears no 
relation at all to the translational velocity of the system as a whole. The 
theorem of equipartition of energy shews that the tendency of stellar 
encounters must be towards equalising the mean values of the different 
terms in formula (586). In the final steady state which would be attained 
after an infinite number of encounters, the mean square of the tangential 
velocity would be equal to twice the mean square of the radial velocity, it 
would also be equal to | {M 4- M'y/MM' times the mean square of the velocity 
of translation in space 

Consider the description of an orbit of eccentricity a Without loss of 
generality the plane of the orbit may be supposed to be ^ = 0, and the equation 
of the orbit will be 

~ = 1 -f e cos 6'. 

T 

The motion will have the usual integral of momentum = so that 

dt= T^ddjh 

Usmg a bar over a quantity to denote its mean value at all instants of 
the description of a complete orbit we readily find that 

^ [1 - (1 - 

- 2 _ 2 3 

q.^COS^)^ = -^ (1 — 6^)^ 
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The mean square of the tangential velocity will be equal to twice the 
in square of the radial velocity, as required by the Theorem of Equiparti- 
i, when 

equation whose root is 

(l-e0^= 7709, e= 6370 

Thus the general effect of stellar encounters is to decrease the eccentricity 
•rbits whose eccentricity is greater than 6370, and to increase the eccen- 
ity of orbits whose eccentricity is less than 6370 If the constituents of 
aries start life by moving in nearly circular orbits, the general effect of 
lar encounters must be to increase the eccentricities of these orbits until 
y are langed about a median value e== 6370 This, however, is not the 
jhmetic average of all eccentricities in the final equipartition state, it can 
shewn that in the final state, the eccentricities would be distributed 
ording to the law 2ede, so that the average value of e would be f 

If denote the mean value of + -y" -f w^, the second equipartition con- 
Lon *will be satisfied if 






{^+My 

MM' 


G\ 


In terms of the peiiod P of description of the orbit, this becomes 


27r7 (1/ + M') 
P 




MM' 


. (587) 


If M, M' are fairly equal, the value of (M + M'y/MM' will not differ 
‘atly from 4. Moreover as equation (587) does not depend greatly on e 
may suppose e to have its equipartition value *6370 The equation now 
iomes very approximately 


We notice that for a massive slow-moving star, P will be large, for a light 
i rapidly-moving star, P will be small. Taking ilf + M' equal to the sun s 
iss, 2 X 10^^ grammes, and G equal to 25 kins a second, the value of the 
nod is found to be almost exactly three months. For a binary star of nine 
aes the sun's mass, say an average P-type binary star, the equipartition 
lue of would be only one-nmth of that just assumed, and the equipartition 
lue of P would be 243 times that just calculated, or about 60 years 


277. It has now been seen that stellar encounters produce the same 
neral effect as tidal friction, namely increases in the eccentricity, linear 
nensions and period of the orbit But, whereas tidal friction was found 
mpetent to produce only small proportional increases in the period and 
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linear (linuuiHioiiH, utiellar eucounU'rH iiusreaw iheHt* ijuantities until tlie jieriml 
iH measured m years, rt'ganlh'ss of the value of the initial jii'riod. 

Any group of stars which has expi'rieuced a large uumher <>f stellar 
eueouuters will have orhits in which the eeceut-ricil.ies are ranged aee«»rding 
to the law 2edc. round a uu'au value of Jj, while the periods will ilepmid on the 
mass of the star, being of the onh-r of a year for stars of the average mass of 

1*7 taiuiss the maas of ih(‘ hiuk 

Tho int 4 ‘rpr(‘iaii()ii of (^ainpbt^irH tabh^ (p. "255) whirti ikhv MiggoHin itnoif 
is on(‘ which fits in^ exactly naul (*<au])l(‘tc*I}\ with caaicltihiooH 
already reach<‘d from a stady ef Htellar laoiions {|251K Tie* stars 
an* now H-Hkxm (inchiding Honu» /l-stars) wta-o tie* last tola* h«*rn ; flea 
born wh(‘n ilu‘ anivta’se wan alrt*ady ho far dovi'bpod that clone ciicfaiiitcrn 
W(*re ran\ and as a nwilt ilu^ i‘cce!itricitac*H and |H*riods (»f their orhitH ditler 
only slightly from vvduii tluiy wen* when fisHiem occurred. I'tie Htarn of later 
type wert‘ born (‘arli<‘r; fisHion took phua^ while tdo.s(‘ encamnters w<‘re still 
cotnparatively fnspumt, so that sonu' approximation at leant* towards etpii 
partiti(m has heem attaimsl; tht‘ periods an* ftu’ the most part) imaihured in 
ycaU'H and t.lu* t‘ee(‘ntrieitieH havt* advanetal appnH*iahly ttowards the mean 
e(pupartitio!i valiu* 

77/e f/cMcx/.x of Triple ami Multiple ISpHtemn 

278. Aftc*r the, two comptmtuitH of a binary are fully separated, <audi will 
coutnuK^ to shrink. If tht^ angidar moumntum (d‘ eatdi caunpommi were to 
nutuun constant, this W(Hild n^sult in ati intu’c'asi^ of tin* xalin* of raV-'^p fnr 
each aanpommt, so that fission of th<* compomuiiH might eventually take place, 
Thc^ angular monumium of i‘acdi component will not in actual fa«d* remain cam* 
stant, btung diminislusl to an unknown (*xtmit by tulnl friction, hut it is Htil! 
poHsihh* for fission to take place, although of courst* not at sucli an early dafi' 
as it would if tidal friction did not opm’aU^ L(‘t us examim* the «*onilitioiiH 
und('r which this second fission can occur. 

L(^t us consider a limiting idtsd case in which tidal fricd.ion is supfaweil to 
he wholly inoperative^ so that tho angular momeniutu of each cmmpoiient 
rmnains unaltcnsi aft(*r fission has occurrcsl. Suppose for simplicity that tie* 
masses arc* incompremsibh*. The* value of pihl after fission occurs mill 

1)(^ tlu^ samc^ for each comporu‘nt, l><‘ing givc*n in the* last column of the tfiblc 
on p, fkl If t\u) componc»nts an* (‘cpial this valuta is 01)420 ; if they arc in the 
ratio 2| • 1, tho value is the* ru‘arly (‘cpial cpiantity 0 0435. As shriiikagf* takes 
phua* the value* of will inc.rc‘aHt^ for t‘ach c<nup<unuit m siicdi a uay as 

to ke(*p th(^ angular mom<‘nium constant. 

During this shrinkages tho tidal infliumen* of the* e*uniponeniH on one fiiiotJie*r 
continually de^creases. Afte*r a time* mill attain to a vidiie 0i87l2. 
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The figure of the component under consideration will now be a Maclaurin 
spheroid ]ust about to give place to a Jacobian ellipsoid The increase in 
ft)^/27rp since fission took place is one of about 4 3 times, whence it follows 
that the stars will now be separated by about 4 diameters and the tidal dis¬ 
tortion of one on the other may legitimately be neglected The increase of 
density in the mass under consideration will be about (4 3)^ or 79 5 A further 
increase of density to 4 3 times this value is found to bring the figure to the 
critical Jacobian ellipsoid, after which fission of the component takes place 
and the star forms a triple system The total increase in density since the 
first fission occurred is 79 6 x 4 3 or 342 times, so that the linear dimensions 
of the sub-system will be about one-seventh of those of the original system, 
while their periods will be m a ratio of about 18 to 1 

279 This calculation has neglected tidal friction altogether, it is clear 
that any action of tidal friction will postpone the formation of a sub-system 
and so will mciease the inequality of dimensions, density and period between 
the two systems The calculation has also supposed the masses to be incom¬ 
pressible, it IS easily seen that compressibility will further increase the 
inequalities, for the ratio of rotational to orbital momentum in the original 
pair decreases with compressibility 

Thus the inequality we have calculated is the minimum possible. When 
triple systems form under natural conditions, the density at the second fission 
must be more than 342 times that at the first, and so on* 

With still further increase of density either component of the sub-system 
may again sub-divide, but this cannot happen until the original density is 
more than (342)^ or 11,700 times that at the original fission, 
while the period of the final system must be less than ^ times 
that of the sub-system of which it is part and less than 

times that of the mam system 

A typical multiple system of the kind predicted by the 
rotational theory appears to be found m Polaris This shews 
spectroscopically periods of 4 days and 32 years, while 
Courvoisier finds that the spectroscopic triple system is m 
orbital motion with a fourth visible star, the period being 
20,000 years 

A typical visual system of the kind predicted by theory 
IS illustrated in fig 45, this being the star 1502 in Jonck- q 

heere’s Catalogue f The figure is drawn to scale to repre- • ^ 
sent the projection of the system on the celestial sphere, Fig 45 

* Bussell, to whom the hist investigation of this question is due, gives 380 as the minimum 
increase, the mass ratio in the hist fission not heing greater than 3 1 {Astiophys Jowni 31, 

1910, p 196) 

t Memoin BAS Vol 61 (1917) 
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except that the distance Gc has been somewhat increased. The actual 
separations (epoch 1908 9) are 

Cc = 310", CD = 22 61", AB = 2411'\ AG=2S512" 

280 Generally speaking, all that can be observed of a multiple system 
is its projection on the celestial sphere at a single instant of time Even when 
the orbital elements of the close paii can be determined, it is still impossible 
to determine those of the wide pair Thus effects of foreshortening and ellip- 
ticity of orbit make it impossible to decide whether any observed individual 
system conforms to the demands of theory or not 

In a statistical discussion, allowance can of course he made for foreshortening 
and ellipticity A group of triple systems having the same ratio of their semi¬ 
parameters 4 /^ 1 ) 9 .nd oriented at random in space, would shew projections on 
the celestial sphere such that the ratio 52/^1 of their observed separations ought 
to obey a definite law of distribution The summarised results of an mteresting 
statistical discussion of this kind by Russell* are shewn in the following 
table: 


Observed ratio 
of separations {s^jsi) 

Number of systems 

Class I 

Class II 

Theoiy 
(Z2/Zi = 0 09) 

>0 40 

1 

5 

1 

0-40 to 0*30 

2 


2 

0 30 to 0 20 

3 

_ 

3 

0 20 to 015 

5 

_ 


0 15 to 0 10 

8 

3 


0 10 to 0 05 

17i 

2 

16*' 

0 05 to 0 025 


2 

8 

<0 025 

13 

7 

1 


The material for discussion consists of 74 triple or multiple systems given 
in Burnham s Gatcdogioe, smce multiple systems appear two or even three 
times in the list the total number of entries is 83. Class I consists of 64 
systems in which the separation of the wide pair is less than 1000 years’ proper 
motion, while Class II consists of 19 systems in which the separation of the 
wide pair is greater than this, this gives a rough classification according to 
the actual dimensions of the system The last column gives the theoretical 
distribution of Sq/s^ to be expected for 45 systems for which 4/4 has the 
uniform value 0 09 

It IS clear that the systems in Class II do not conform at all to the theo¬ 
retical law of distribution, while the systems m Class I confoim closely down 
to a separation ratio of about 0*05. Those having a separation ratio of less 

* Astrophys. Journ 31 (1910), p. 200. 
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than 0 05 shew an excess of about 6 systems m the last line but one, and of 12 
m the last line of all Doubtless these represent systems having a still smaller 
value of 4/ 4 

Thus, so far as Class I is concerned, the law of distribution of s^jsi is what 
might statistically be expected for a number of systems in which 4/4 had 
\alues ranging from about 0 09 downwards This distribution fully conforms 
to theoretical requirements 

The systems m Class II fall into two sharply defined groups A group of 
14 for which is less than O’l 5 may very possibly have originated by fission, 
but we must look for some other origin for the group of 5 for which s^js-^ is greater 
than 0 40. Eussell, following a suggestion of Moulton’s, supposes that these 
may perhaps have been evolved from separate nuclei in the original nebula 
There is no reason why, in the star-cluster motion we discussed in the last 
chapter, some pairs of stars should not end by permanently describing orbits 
about one another—indeed it would be contrary to all laws of statistical 
mechanics if this did not happen Russell further makes the very reasonable 
suggestion that if we could extend our survey to systems of still greater linear 
extent we should find systems such as the 5 triple systems just discussed 
gradually grading into the moving star-clusters such as the Pleiades (§ 6) 
On this view these triple systems are merely moving star-clusters consisting 
of three members, or of two members one of which has subdivided by fission. 

281 Russell’s investigation accordingly shews that it is possible that the 
majority of pairs of stars in orbital motion about one another at distances of 
less than about 1000 years’ proper motion have originated by fission It also 
assigns a limit of about 1000 years’ proper motion to the dimensions of the 
orbits of systems which can have been generated by fission, and this, except 
for a project]onal effect, and for changes which may have resulted from en¬ 
counters with other stars, must also be a limit to the dimensions of the nebulae 
out of which binary systems evolved by fission (§ 272). Taking 25 kms a 
second as an average stellar velocity* the distance represented by 1000 years’ 
proper motion would be of the order of 8 x 10^® cms If a stellar mass of 
3 5 X 10^ gins were spread through a sphere of diameter equal to this, the 
mean density would only be about 1 3 x 

This density is of the order of magnitude of what we have supposed to be 
the density in the original rotating nebula, it is enormously less than the 
density at which we have computed (§ 255) that fission might be expected to 
begin Moreover, even after allowing for all uncertainties m our theoretical 
discussion of the density at which equatorial disintegration gives place to 
fission (§ 263), it seems impossible that matter of such low density as 10“^’ 
could possibly break up by fission Thus it seems unlikely that the fissional 

* We take the total velocity in 3-dimensional space so as to eliminate the projectioual effect 
just reterred to 



268 


The Evolution of Binan/ and Multiple Htars [oil xi 

hypothesis can bo inaintauuMl for Hystoina whosc^ H(‘paratioti is of the order of 
1000 years’ propci motion 

282 Anothci hypothesis suggosts itsidf Wt‘ idtaitity ilie <lenHity 
1 3 X 10""^^ which corresponds to a st‘paration of 1000 yc^ais’ proper motion with 
the density ill the anus of the original rotating ludmla out of which tlu‘ wholi‘ 
system of stars was evolved As stars form out of tlu‘ nuelm in tluvsc* arms 
the majority will, as we have supposed, uiov(‘ as separates and in<li‘peudiuit 
systems, but there must tu‘c(‘ssarily bt‘ a mimbiT of eases in whicdi f.wo ad¬ 
jacent nuclei in the mdmlar arms remain piumianently (hwaibing orbits about 
one another. Such a pair of stars is dynamically, so far as HusHC'irs inviwti- 
gations go, indistinguishable from a pair which has (woIvchI by fissiom It 
has not evolvinl by fission hnt th(‘ relations bidwcam angular V(‘locity, w'paration 
and mass are the same as if it had (wolvcul by fission, and thi‘ distribution of 
momentum between rotational and orbital momentum is the same as if it had 
evolved by fission. 

Thus wo are led to conjecture^ that wid(‘ binary systmns of si^paration less 
than about 1000 yeais’ proptu* motion an‘ th(‘ rmuains of adjacmit mu^hu in th<‘ 
original nebula which hav(^ ncw<‘r got out of oiu^ anotluum gravitational at 
traction, systems of separation greater than this may piubnps pairs of 
stars which havi^ fallen into orbits round ont' anotluu' in ilu^ random motion 
of those stars which had becoim^ properly H«‘parat(‘d. (Ilost^ binary systcuus 
may no doubt have been evolved by fission, but at prestuit it is difficult to 
draw the line hetwemi such systems and systmus which hav(‘ nev(*r formecl a 
single mass. 

The most direct (‘.vid(uice wi‘ hav(‘ on this point is providtxl by the obsiu'ved 
distribution of jieriods. Wci have found that, britdly spi^aking, encounters with 
other systems cause ih(‘ periods to approxiinatt% on th(^ avmmgts to about om^ 
yean Thus bmancs wifch periods of less than one ycuir probably (althongli 
not certainly) started Ide with still shortm* pmiods, such hinaric‘H probably 
originated by fission. In tlu^ same way, binari(‘s with peuiods gn^atcjr tJian 
one year probably st»arted life with still longer pmuods, so that the majority 
of these stars are likely to represmit th(‘ redies of imU^piuident imcku in the 
original nebula Thus we may pcudiaps e.onjeiduin^ with some confidiuux^ that 
such binaries as a (lentaun, diseuHS(‘<l in ^271, 272, ami wil.h it tlu* vast 
majority of long-pcniod visual biuari(»s, have* lud- Ixhui (*volved by fissioin hnt 
m more doubtful cases, such as W (huicis which ligurt^s in tlu* bottom line of 
Hhaplcy’s table (p 250), thii only leason for filming a d(*cision is that supplietl 
by dynamical th(‘ory, and this as wt* have* sixm lc*ads to vc^ry indtdluite n‘Su!tH. 



CHAPTER XII 


THE OKIGIN AND EVOLUTION OF THE SOLAE SYSTEM 

283 The sequence of events to be expected in a mass of astronomical 
matter left solely to the influence of its own rotation has now been traced out 
with tolerable completeness. 

Of the five uniformities of structure mentioned in our introductory chapter 
we have found that two fall naturally into their places in the scheme of evolu¬ 
tion of a rotating mass, these two being the spiral nebulae and the binary 
and multiple stars Two others, namely the planetary and ring nebulae and 
the globular and moving star-clusters, seem at least to be capable of explana¬ 
tion in terms of a rotational theory of evolution, although our interpretation 
of these formations was largely conjectural 

The fifth uniformity was that observed in the solar system, and for this 
no place has been found in the rotational scheme of evolution. It is true 
that we found (§ 257) that planets might possibly form out of the atmosphere 
thrown off equatorially from a rotating mass of gas, but several objections 
present themselves against any attempt to explain the origin of our solar 
system in this way—primarily the objection that the next stage m evolution 
ought to be for the central mass to break up into an ordinary binary star, 
whereas our sun and planets are not binary Also the arrangement of the 
components of typical multiple stars such as can have been formed by rotation 
(cf fig 45, p. 265) does not in the least resemble that observed in the solar 
system 

Such considerations alone would throw doubt on a rotational theory of the 
evolution of our solar system Beyond these there is the objection already 
referred to in § 14, that the total angular momentum of our system appears, 
at first sight at least, to be much too small for the system ever to have broken 
up by rotation We proceed to examine this supposed objection in the light 
of the theoretical knowledge we have now obtained as to the conditions for 
rotational break-up to occur 

THE ROTATIONAL THEORY 

284 For an incompressible and homogeneous mass of fluid, rotational 
break-up cannot commence until after the configuration has passed the 
Maclaurin-Jacobian point of bifurcation, at this 

^ = 018712 .. . (588). 

Z'jryp 
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For compressiTale and non-homogeneous masses, rotational break-up can 
occur m two, and only two, ways—by fission or by equatorial ejection of 
matter Fission can only begin after the configuration has passed the point 
of bifurcation at which the pseudo-spheroidal form gives place to the pseudo- 
ellipsoidal The value of at this point depends naturally on the 

structure of the mass For a gas in adiabatic equilibrium, the possible limits 
have been found to be 

018712 <5^ <0 31. 

Ziryp 

The limits for equatorial break-up for a mass in adiabatic equilibrium 
have similarly been found to be 

0 31 <sr^< 0 36075. 

JLiryp 

In both these sets of limits the entry 0 31 is subject to considerable error, 
but this is immaterial to our present purpose. It seems quite certain that a 
mass of gas in adiabatic equilibrium cannot break up rotationally unless the 
value of <B“/27r7p has exceeded the value 0 18712 

A natural mass of gas differs fironi a mass in adiabatic equilibrium in two 
respects—the quantity k, or pfpy, will not be constant throughout the mass, 
and the chemical structure will not be constant throughout the mass For 
stability, k must increase on passing outwards along a radius, and the heaviest 
molecules or atoms must sink towards the centre Both of these departures 
from the adiabatic arrangement tend to increase the degree of central con¬ 
densation of mass. The mass approaches more closely to Eoche’s model, and 
the critical value of a^j^Tryp approaches more closely to the value 036075 
Thus we seem fully justified m supposing that no mass can break up rota- 
tionally until after a^j^iryp has exceeded the value 018712 

In particular, if our solar system has been formed by the rotational 
break-up of a primitive mass of any kind whatever, the value of coy^-n-yp for 
this body must have been greater than 018712 before break-up commenced 

285 Babinet’s criterion (| 14) proceeds on the suppositions that the mass 
of this primitive body must have been equal to the total mass of the present 
solar system, and that the angular momentum of this body must have been 
equal to the total angular momentum, rotational and orbital, of the solar 
system 

Neither of these suppositions is altogether justifiable The supposition 
that the angular momentum has remained constant requires us to suppose 
that our system has remained entirely undisturbed by encounters with other 
systems ever since its birth This is in opposition to the results reached in 
the two last chapters, where we came to the conclusion that most stars, with 
the exception of 5-type and some A-type stars, shew evidence of having 
experienced considerable disturbance by other systems, there is no reason 
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why our solar system should, he expected to have escaped this common fate. 
Close encounters with other systems are now so rare as to be negligible, hut 
we have been led to suppose that conditions were widely different in the 
remote past, so that close encounters in a past epoch may have greatly 
altered the angular momentum of our system. There is also another pos¬ 
sibility to be considered. If a wandering star were to enter into our system 
and carry off Jupiter by capture the total angular momentum of the system 
would be reduced to less than half, although the total mass would only be 
reduced to an insignificant extent The occurrence of such an event in the 
past would invalidate entirely the supposition of the total angular momentum 
remaming constant 


286. Leaving this objection aside, let us follow Babinet in supposing 
that the primitive body out of which our system formed had a mass equal to 
the total mass, and angular momentum equal to the total angular momentum, 
of the present solar system Let us proceed to investigate the possibility 
of the value of oy^j^iryp for such a system having ever been greater than 
018712 

The mass of the system is 1 0013 times that of the sun, and this, to 
within one per cent, will be 2 x 10« grammes The angular momentum M 
arises mainly (cf. § 14) from the orbital momenta of the four outermost planets, 
and these are known perfectly About a sixtieth of the whole anses from 
the axial rotation of the sun, and this, depending on the sun’s interior arrange¬ 
ment, IS not known with great accuracy. But to withm one per cent, we may 
take the whole moment of momentum of the system to be 

M = 3 3 X 10“ c G s units 


Let n be the mean radius and p the mean density of the primitive mass 
before break-up, so that M = | 7 rp)Let k have been the radius of gyration, 
so that M = Mk?(o From these relations it follows that, m any configuration 


whatever, 


0)^ _ 2M^ ^ 

2'77'7P B'yM‘ 


. (589), 


or, inserting numerical values for M, If and 7 , 


^ = 134x10=^ 


....(590). 


It follows that (»V27r7p can only have been as great as 0 18712 if k*jra^ 
was less than 7 16 x 10 ®cms If r„, the mean radius of the original nebula, 
IS supposed to have been n tunes the present radius of the sun, then k^Vo^ 
must have been less than 0 I01l>/n. For instance with u equal to the radius 
of Neptune’s mbit, must have been less than 0 0013. The exact value 
which ought to be assigned to n can only be a matter of conjecture It is 
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probably largiJ, but whatever,r reaBonablc value iB aBBigiu'd to n, the* value 
erf OiOl/Va or conies out very sxnalL Thus there must hav(‘ bcuui very 
extreuK^ ctuitral condensation in the primitive niasB 

(huieral dynamical theory has shewn that thmx^ arc^. two, and only two, 
distinct typi^s of rotational break-up The fissional brt‘ak-up happtuis in a 
mass in which gn^at variations of dimsity do not occur, whik* the eaiuatorial 
break-up happens in masses with consklcu’able tumtral condimsation. We 
havc‘ scHUi that, if our sysUun broke up by rotation, there must havt^ been 
very extrcmu‘ ccmtral condensation, so that wc‘ may be coniidmit that the 
bri‘ak“Up, if (‘wer it occurred, must hav(‘ been by tapiatorial (*jc‘ction* 

T!i(‘, vahu*s of fo^j^ir^yp for (npiatonal ejiastion range from about Odl to 
03(5(175. With ctmlral eorKhmsation as (‘xtrenu* as that W(‘ mv now con- 
sidt^ring must be very ncuirly (ajual to the lattiT valium. Within an 

c*rror of about oiU‘. per emit, we may suppose it to be ()'3(), 

287 . Wi^ have now (U'tiuanim^d thre(‘ numcu'ical data, 

M « 3*3 X 10®'*, i/ =* 2 X 1(F*, M^irryp - ()‘36, 

all probably aexniraU' to within about om^ pm' <uait Ktpiation (590) now 
deUannines the furthm- value 

aB3’7 X 10*^01118. 
ro‘* 

Tins givess tlu» following vahuvs for these still being c^xact to about 
oiK» per ctmi.: 

t'o« Radius of pr(‘8ent sun « 0 072, 

ro «2 „ orbit of earth k^l / o® =» 0*0()5, 

=» „ „ Neptune «0*00090. 

Kxact analysis has not so far sustahuHl th(‘ objection of Babinet (§ 14) to 
Laplace’s Theory. The smallnosB of the present angular momentum doi^s 
not sliew that th(% system cannot have broken up rotationally; it uuu'tdy 
sluwH that the' value of must have boem very small if the syste'in ewer 
eliel breuik up rotationally This necessity fea extreme central coudemsation 
was, howeweu’, apparemt to Laplace, and has be‘('n fully re‘Cognise‘el by subw'- 
(|ue*nt cosmogemistsj”. Ir should, howt^vei, be adele^d that Seui anel also 
Moulte)n anel (yhamberlin, starling apparently from the tacit assumption that 

^ For an adiabatic maws of gas, the transition occurs when 7 = 2-2 (about), 7 here denoting 
(inoinentanlv) the ratio of the two spocific heats. The value of F/ro'^ for a spherical mass in 
which 7 -I'tf) is 0 22 , for one m which 7=2 is 0 - 2 (han(l for one m which 7 = 00 is 0'40. Thus it 
appeals that for a mass m which 7 s-2*2 the value of will be about 0*20. The flattening 
produced by rotation naturally moieases so that there is a wide margin of safety in sup¬ 

posing that ;c 7 ro‘^ = 0 lOltr^ conesponds to equatorial break-up. 

t Of. Poincard, Le^om mr les llypoMses Cosimgonuiue^, p. IB. 
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extreme cential condensation is impossible, have arrived, naturally enough, 
at the conclusion that rotational break-up was also impossible. Such extreme 
condensation as is demanded by the rotational theory will be admitted to 
be highly improbable, but there seems to be no way of proving it to be 
impossible 

At the same time, as we shall now see, a slight change in the form of 
the argument brings to light considerations which suggest very strongly that 
Laplace’s hypothesis musb be abandoned, at any rate if we hold to the assump¬ 
tion that the angular momentum of the system has remained constant since 
its birth. 

288 Small values of can only mean that the matter in the out¬ 
lying parts of the nebula is of density low compared with the mean density p 
Let Pq denote the density of matter near the edge. The interior matter may 
then be supposed of density greater than pe The moment of inertia is 

Mk^ = jjj(a^ + y^) pdxdydz, 

and, since p> pe except near the edge, this requires that 

Mk’^ ^ PejJJ + yO dxdydz 

For the figure coiresponding to extreme central condensation (§ 152), the 
integral is easily evaluated, and found to be equal to 0 52313times the 
volume of the figure It follows that 

0 523??< 

P 

The table of § 287 (opposite) now assigns upper limits to pe/p We have 
I’o = Radius of present sun pjp < 0137, 

^0 = „ orbit of earth Pe/p < 0 009, 

7*0= „ „ Neptune pe/p< 0 0017 

289 We have seen that the method of break-up, if this occurred at all, 

must have been that of equatorial ejection, as imagined by Laplace and 
Roche They imagined the next stage of evolution to be the formation of a 
ring This, on account of the conservation of angular momentum, must have 
rotated with angular velocity co practically equal to that of the original mass, 
and so given by co^J 27 rp = 0 36 The theorem of Poincar6, quoted in § 210, 
now assigns a lower limit to the mean density pr of this rmg, it must be 
greater than and therefore greater than 0 36p 

Thus foi evolution to have taken place on the lines imagined by Laplace 
and Roche, pr must have been much greater than pe, the ejected matter must 
have increased in density, and so contracted, befoie a ring could form 


j c 


18 
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To make the matter definite, let us suppose the mean radius of the 
original nebula to have been equal to the radius of Neptune’s orbit, about 
4-5xl0“cms The total mass of the nebula bemg 2 x 10« grammes, the 
mean density p must have been 5 5 x 10““. From the table just given, pe, 
the density in the outer regions of the nebula must have been less than 
0-0017 times this, say less than 9 x 10'“, whereas the density of the^ejected 
matter when condensation began must have been greater than 0-36 p and so 
greater than 2 x 10““. The ejected matter must have had a density more 
than 200 times as great as the density in the outer regions of the nebula 

If the ejected matter remained gaseous such an increase of density would 
be unthinkable. It will, however, be remembered that we have already (§ 211) 
found reasons why the ring of matter imagined by Laplace could not be 
gaseous For Laplace’s hypothesis to be saved, it seems to be necessary to 
suppose that the ejected matter liquefied shortly after ejection so that the 
planets were bom in a liquid, or possibly even in a solid state*. 

This supposition is not objectionable in itself, but it leads into difficulties 
when we proceed to the consideration of the further stages of evolution 
According to the Nebular Hypothesis, the planets shrunk further after their 
birth, until the rotation had increased to such an extent that a further 
break-up took place, resulting in the formation of satellites. Now if the 
planets were born in the fluid state, it is impossible to imagine a further 
shrinkage of anything like sufficient amount to effect a second break-up. 
Using the relation M^l^vyp — 0 36, and assigning to p the value already 
assumed, namely 5 5 x 10-“, it is found that the period of rotation of the 
original nebula must have been about 35 years, and this must also have been 
approximately the period of rotation of the planets when first horn It is 
inconceivable that the planets, already fluid, should shrmk until this period 
was reduced to a few hours, which is the period necessary for rotational 
break-up to occur in a fluid mass Moreover, even if the inconceivable were 
to happen, if this shnnkage took place and the planets broke up further, the 
break-up of the fluid planets would necessarily be by fission into masses of 
comparable size, and the final formation of the planets would be that of a 
system of binaries of the well-known type 

290 For the foregoing reasons, it seems probable, although by no means 
certain, that we must abandon the Nebular Hypothesis of Laplace Before 
abandoning the rotational theory altogether, we ought perhaps to consider 
the possibility, not contemplated by Laplace at all, of the ejected matter 
being localised in one or two streams, as we imagined it to be in the forma¬ 
tion of the spiral nebulae. 

* A modified form of the foregoing argument has been presented by Jeffreys {Monthly 
Notices It A S 16 (1918), p 424), who arrives at the same conclusion as that stated here 
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B mam objection to this form of the rotational theory has been already 
(§ 253), for condensation tp occur the emission of matter would have 
very rapid Calculation shews that the mass of the earth must have 
Oected in less than three years, and more probably in a few months* 
bher objection is that even if jets of matter were emitted with 
mt rapidity to condense in the gaseous form, they would condense into 
3 very much greater than the planets of our system—we have seen that 
ain masses comparable with Uranus or Neptune the density must be 
10-“9 which IS about 200 times the mean density (5 5 x 10“^^) of the 
Bed primitive nebula, and 100,000 times the mean density just calculated 
outer regions On this form of the hypothesis we are again brought 
i conclusion that the planets must have started life in the solid or 
state, and this is open to the objections mentioned in the last section. 

daily, an objection to any form of rotational theory is that the central 
ought to continue disintegrating until a double star is formed. Our 
left off disintegrating and has not formed a double star, and the same 
3 of all the planets 

1. We may perhaps sum up as follows. Babinet^s criterion in itself 
>ti provided conclusive proof against the solar system having been formed 
joition, and could not in any case do so, for the whole criterion becomes 
licable as soon as we admit the possibility of interaction between our 
d and external stars But exact analysis has shewn that the present 
ar momentum is excessively low for a system which has broken up by 
on, so that after making full allowance for the possibility of this angular 
Kiitum having been reduced since the birth of the system, it still seems 
Y probable that our system was formed in some other way. Combining 
(Tith the circumstance that we have been unable to discover any process 
rational fission which would lead to a final formation resembling our 
system in the least degree, it becomes almost impossible to continue to 
that our system is the result of a rotational break-up We have 
: 5 tured that spiral nebulae, star-clusters, binary and then multiple stars 
>x‘ined by rotation, these complete the chain of rotational evolution, and 
£tppears to be no room on this chain for systems like our own. 


THE TIDAL THEORY 

92 It being apparently impossible to explain the genesis of our system 
rms of the evolution of a single mass rotating by itself in space, it is 
■'d.l to examine whether it can be explained in terms of the interaction of 
□aasses This brings us at once to the tidal theory, which has already 
investigated dynamically to a considerable extent. 

* Monthly Notices i?.^ S, 77 (1917), p 197 
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Tlu> gi'iu'ml uf Uu- Ti.kl Theory Hi) an uppli.-.! lo our Holar 

Hyntcin w thai a wcoiul umhH ImH at hoiu<‘ pawl, poriu-l npiiroachod wt cIuho t<> 
our Hun an to hroak it up by iuteiiHc Utlnl rorcoH into a nutiilM'r oi dofachotl 
luaHHOH. Ah la^two.ai t,lu- t-idal au.l rolational theorioH. lirni appoaraucoH are 
all ill liivuur of the tidal tlu-ory. Wo havo found that tho rolatioual theory 
applied to a maKa ooniparahlo with that of otir nun loadH only to a hiiinry hjur 
258) <a- iiorhapH ultiiaatoly to a trii.lo ..r laultiplo Hyafoui of a typo whu-h 
iH well known and law oortainly no roHi'inhlanoo to our s-dar H\htoni 27K). 
The tidal thooiy on the other hand loada at onoo ami uatiu-ally to the con- 
caption of a nuudior <(f M<'[iarato niasMOM hooouiing dotachoil troin tlio primary 
muHH and finally dowrihing orbit ,h alaait it. 

A further g<-neral feature whieli favours the tidal theory may l.e noticed. 

A syHtem in rotation, and eonsenuent ly also a hysteni which has bniken up 
by rotation, liaH an invariable plane, which in jaTpendindar to the origimd 
axis of rotation. Such a, system ought to remain Hymimdrieal about this 
plane, and the axis of rotation of the eentral nniMs ought to remain perpen- 
(hctdar to this plain’. 

In the Holar system over 98 jier cent, of the angular momentum is orbital, 
the remainder arising alimmt entirely from the sun's rotation. (>f the orbital 
momentum over tiff'd [ter ci’iit. belongs f,o the cuit.er plaiii’ts, whose orbits all 
lie within l.i degrees of tin’ invariable plane indeed th<> orbits of Jupitim, 
Saturn and Ne|)tune, contributing it4'H p<’r cent, of this momentum, lie within 
•kV of the invariable plane. The plane of the sun's rotation, on the ot,h<>r 
hand, lies alsmt tl" from this ptan<’. The rotational theory fails to account 
for this distance between the plain’ of t,he orbits and t.hat, of the aun's rota¬ 
tion; till’ tidal tlu’ory I'Xiilains it very naturally by suppomng that the 
present invariable plane records the plane of pnssage of the tilde-generating 
mass, while the presi’iit plane of I,he sun’s rotation coinehles approximately 
with that of th(’ rotation of the original mass. 

293. The di’tailH of tidal motion have Imen dynamieally invi’stigated for 
two models for an incxnu{>n'Hsihle mass of uniform density, and for llwihe's 
model, representing the limit of non-uniform ilensity. In each ease the mass 
IS found to break up into a numher of separate masses, but the im’om 
pri’Hsihle mass bri’aks up into mnssi’s of eompurahle siw’, while the very 
mm-uniform mass breaks up only by the ejectimi of one or two streams of 
matt.er, whic’h will probably condense into massi’s small eompa,red with the 
eentral mass, dh’nrly these latter conditions give the elow’r approximation 
to those obsiTved in our solar system, so that if our .system has broken up 
tidally, it must have been far from homogeneous wlicn the Im’ak-up <imuTed. 
and Hochi‘’H model may be I’xpeeted to give the bi’tter pieturi’ of the 
process. 
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The Tidal Theory 


The action between the two masses in a tidal encounter may be of varying 
degrees of rapidity. These we have classified as slow, intermediate, and 
transitory 

In a slow encounter, the changes are so leisurely that an equilibrium 
theory of the tides is supposed to give a good enough approximation For 
these we found that break-up would occur if the secondary mass {M') ap¬ 
proached to within about 2 2 x (M'/Mf radii of the primary This limiting 
distance was approximately the same both for the incompressible mass and 
for Roche s model, so that it may reasonably be expected to be about the 
same also for all intermediate types of structure 

At the other end of the scale come “ transitory ” encounters Here the 
tidal forces are supposed to be impulsive, their function is to set the parts 
of the primary into relative motion and the break-up occurs in the subsequent 
motion of the primary under its own internal forces Unfortunately it has 
so far only proved possible to work out the details of this motion for the 
incompressible model. 

294. We have found (§ 130) that, with relative velocities of the order of 
present stellar velocities (40 kms. a second), all encounters except the very 
closest ones may be classified as transitory—in the very closest ones, the 
action is still more rapid, but the forces may not be treated as impulsive 
because the primary has departed substantially from its original spherical 
shape before the tidal forces disappear. We have found that a transitory 
encounter will break up an incompressible mass if 


R^< 


M'ry^ 


(591). 


0-675’ 

where R is the ponastion distance, M' the mass of the tide-raising body, 

D the relative velocity, p the density of the primary, and y the gravitation 
constant (now restored) 

Our system is unlikely to have been broken up by a very massive star, 
for these are rare It is likely to have been broken up by a star of mass 
rather above the average, for massive stars are moie likely to effect a break-up 
than lighter ones For definiteness, let us assign to M' a value equal to 
twice the sun’s mass, or 4 x 10^® grammes Equation (591) becomes 

i?<124xl0i=xv”ip“^ .(592). 

Taking z) = 40 kms. a second and p = 5 5 x this being the density of 
our sun expanded to a sphere filling the orbit of Neptune, we find the limit 
for to be 4 05 x 10“ ems, which is slightly less than the radius of Neptune’s 

orbit 

Thus with a secondary of double the sun’s mass, a relative velocity of 
40 kms. a second would require actual grazing contact before tidal forces 
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could break up a sun of density such that it just filled the present orbit of 
Neptune. Moreover since the critical value of R only varies as it is 
clear that even grazing contact would not suflSce to break up a primitive sun 
of density less than this 

We are haidly free to suppose the secondary to have had a mass much 
greater than that already assumed, nor to suppose the primitive sun to have 
had a radius much less than that of Neptune’s orbit. For, as we shall see 
immediately, either of these suppositions would result m encounters capable 
of effecting tidal break-up becoming excessively rare events. We accordingly 
letain the already assumed values Jif' = 4xl0^ grammes, p = 5 5 x 10”^^ 
and examine the effect of assigning a smaller value to the relative velocity v. 

With a relative velocity of only 4 kms a second, formula (592) gives 
1 28 X 10^® cms. as the limit for R, but encounters with this velocity are 
no longer transitory, on taking t; = 4x 10® the calculation of § 180 gives 
1*6 X 10^® as the closest distance of transitory encounters Indeed the 
encounter is so far from transitory that we may expect the calculations 
for slow encounters to give a better approximation Taking M'fM = 2, the 
critical value of R for a slow encounter is 2‘78ro for an incompressible mass 
and 2 87ro for Roche’s model Taking ro = 4 5 x 10^^ cms (the radius of Nep¬ 
tune’s orbit), these limits are found to be 1*25 x 10^® and 1*29 x 10^® cms. 
respectively 

Thus with a primitive sun filling Neptune’s orbit our calculations give 
the following critical distances for a mass double that of the sun, passing 
with a velocity of 4 kms a second. 

Incompressible mass, transitory i? = 1 28 x 10^® cms 
„ „ slow ii = 1*25x10^® „ 

Roche’s model „ R = 129 x 10^® „ 

The encounter we are here considering {R = about 1 27 x 10^®, ^; = 4 kms. 
a second) is neither slow nor transitory, and the actual sun is not likely either 
to have been incompressible or to have conformed to Roche’s model But 
the calculated values of R agree so closely among themselves that there is not 
likely to be much error in taking the limiting value of Ji to be 1 27 x 10^® cms , 
or about 2 8 times the radius of Neptune’s orbit 

This value of R corresponds to a velocity of 4 kms a second Higher 
velocities of course require closer approaches, a velocity of 40 kms a second 
requiring as we have seen an approach to a distance of 4 x 10^^ cms, which 
represents grazmg contact On the other hand lower velocities do not permit 
of larger values of J2, for these lower velocities give rise to slow encounters 
for which R is independent of the velocity Thus the largest value of R for 
which tidal break-up can occur in a sun of density such that it fills a sphere 
of radius equal to Neptune’s orbit is of the order of 1 27 x 10i®cms 



294, 295] The Tidal Theory 279 

295 The average time between encounters at a distance equal to or less 
than B is, as in formula (545), 

^ .( 593 ). 

In our present universe, v, the stellar density, is about 5 x 10-®®, while v 
averages 40 kms a second The average interval between encounters at a 
distance less than 1 27 x 10^® cms is found to be about 10^® seconds or 
3 X 10^® years This period is much longer than any reasonable estimate of 
the age of the universe Moreover, of the encounters in question, only a few, 
namely those having small relative velocities, are likely to effect a tidal 
break-up Thus tidal break-up is an excessively rare event, and only a small 
fraction of stars can ever experience it at all 

This estimate of frequency of encounters which effect a tidal break-up 
has of course depended on the assumed density of the broken up star, which 
we took to be 5 5 X 10-^^, corresponding to a solar radius equal to the radius 
of Neptune’s orbit. Greater densities would make tidal break-up still more 
improbable, the time interval varying as for transitory encounters and as 
p^ for slow encounters. No reasonable density could make tidal break-up 
probable within astronomical time 

Thus if we suppose the constitution of our stellar universe to have been 
always as it now is, a tidal break-up would be an abnormal event, the 
d prion odds against our sun having broken up tidally would be so great 
that we might feel inclined to discard the tidal theory on the grounds of its 
inherent improbability 

We have, however, already had occasion to contemplate an earlier epoch 
in the evolution of our stellar universe, in which the stars were much closer 
than now, their relative velocities probably much smaller than now, and their 
densities very low Making the appropriate alterations in the numerical data, 
the mean interval betw^een tidal encounters is greatly reduced Suppose that 
in this earlier stage the mass-density in space was of the order of 10“^® grammes 
per cubic cm Taking the mass of the average star to be 1 7 times that of the 
sun, the value of v, the number of stars per cubic cm, would be 3 x 10-®^ or 
10,000 times that previously assumed. The time-scale (593), which varies as 
1/z^, IS reduced from 3x10^° years to three million years by this change The 
time-scale ought no longer to be compared with the whole supposed age of 
the universe, but rather with the duration of the epoch in which the stars 
were closely crowded together Tidal break-up, even now, can hardly be con¬ 
sidered a likely event, but it is considerably more probable than our former 
calculations would have shewn it to be, and the improbability of close en¬ 
counters among the stars no longer provides adequate grounds for rejecting 
the tidal theory 
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296. Formula (59.1) hKowh that th(* frtMjuoucy of oneount4'rH at a dintmicn* 
loHB than ii in proportional to IP* It follcnvB that tidal hivak*up of our mm, 
if (‘V(^r it {)ccnrrt‘d, in lik<‘ly to hav(^ boon oauHotlby iwi <uic"f)uiitor In wliioh tho 
value of R was not far 1 h4ow tlu^ maximum pohHiblt^ In | 294, iwHiunm^^ 
<uirtain dc^ifimk'. minuu’ical data, we humd tlu* gn^atost valm* of R at wliieh 
tidal l)rc‘ak-up could possibly Ih‘ (dlta^kal to la* alaait 1*27 x 10’^ cmm, flu* 
oorr(*Hponding n^lativi^ velocity at ptauastron lading nboul< 4 kmm a mmoiid. 
But a relativi* vt4o(uty as nmall hh tliin must la* (‘xchubal on dynamical 
grouruk Tlu^ n^lativi^ velocity at p(U‘iaHtron must, i^xeopt in the Hpcinal cuho 
of a triple (uicounku*, In^ grt*at(U‘ than that dtu* to a fall from infinity, and 
wluui the aaHunusl muBm^s (0 and 2 0) fall fnuu infinity to a dihtanoo of 
1*27 X KPemH., thty acquirt* a rtdativi* velocity of 7*9 kmm a wim. It now 
follows that tho rtdativi^ vi^locity in not lik(‘ly to havt* Ikhui mmli groatm* than 
that (liu^ to a fall from infinity. 

In general this velocity is given by -f il^) while in | 11CI \vv 

saw that an (mcountm* would be “ transitory*’ if 2 was small, (loarly 

the (uicounter wi* are now considtunng is far from transitory and may pmliaps, 
with fair accuracy, hi* tnniU'd as slow. If so, tin* eritn*nl value kr R is simply 
proportional to n, tin* sun’s mean radius, and wt* see that tin* Him is most 
likely to hav(0)(‘en hrokt'n up when its density was V(*ry low. 

297 On tlu* tidal tlnsiry, as we an* now consiilering it, tin* planets must 
have* been fornuHl as ccanUmsationH in an arm of matU‘r thrown out from the 
Him towards a passing masH, In terms of tln^ molec.ular velocity (* and mean 
density p of tin* matU‘r in this arm, tin* mass of eadi plaiu't tmght to la* of 
tlu* order of ^ if its birth oecurred in tin* maimi*r couHiilerefl 

in §217. 

Tln^ calculations aln‘ady mad<^ have* shc^wn that fuir HyHti‘m is d /m/on 
most lik<‘ly to havi* brokim up when it was of low density and wlnui tmr stellar 
univcirse was in tin* (‘arliest Htag(‘H of its exist-eni’e. Let uh coiyeciurfdly 
asHimu*- for tin* nebular arms a mean dmisity 5*5 x 19 this lieing one4ienth 
of that of our sun Hpn»ad through a sphtwe of radius equal to that of the orbit, 
oFNeptmie; let us assunn* a mohvudar vt*loeity of 4x 10b this being about 
that of hydrogen or oxyg(*n at tlu*ir boiling piunta Tin* mass of the rcHulting 
condensations is found to Is* about 1()^“grammes a mass intiernnHlinte In*! \\f*on 
those of Jupiter and Saturn. It is chair that if our system nmtuiiied, beytmd 
tho central sun, only plain*ts of nuiHH(*H of tin* imler of those of tin* two greatest, 
planets, tho tidal tluMuy would providi* a highly satisfactory explanation of 
till* giuiesiB of the HyHk*m. 

298. The tidal tln‘ory can only inspin*! etinfideina* if it proves abb* b» 
account for tho small plaiu^s as well as for the large planets, Hint also if it (*an 
account for the satollites of tho plam*tH in the same way in which it aecoimts 
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for the planets themselves. The systems of Saturn and Jupiter are so like 
that of the sun that any hypothesis which assigned different origins to the 
system and its sub-systems would be condemned by its own artificiality 

The first five satellites of Saturn all have masses comparable with 5 x 10^ 
grammes. Assuming these to have been formed by gaseous condensation, 
the range of molecular velocities (7 = 4 x 10^ to (7 = 4 x 10® would give a range 
of density from 8 to 8,000,000 if calculated by the method of § 284 The 
obvious inference is that eithei these satellites were not formed by gaseous 
condensation, or that they are mere remnants of larger masses Similar con¬ 
siderations apply to the satellites of Mars and to some at least of the satellites 
of Jupiter It IS improbable that these satellites are all remnants of much 
larger masses, their present uniformity of size is opposed to any such hypo¬ 
thesis. Thus we are driven to supposing that they have been solid or liquid 
from their birth 

299 This conclusion is quite independent of the tidal theory, or of any 
other theory of cosmogony. The small bodies we are considering are even 
now too small to retain an atmosphere, if they were suddenly transformed 
into a gaseous state, so that gravity was largely reduced at their surface, they 
would be still less able to retain an atmosphere, and their outer layers would 
rapidly dissipate into space Whatever theory of cosmogony we hold, it seems 
comparatively certain that most of the asteroids, the majority of the satellites 
of the planets, and of course the particles of Saturn’s rings, have been solid or 
liquid from birth 

It IS fairly safe to assume that the satellites of Mars, Saturn and Jupiter 
originally formed part of these planets, for in each case the plane of rotation 
of the planet almost coincides with the plane of the orbits of the innermost 
planets. If the satellites had been captured” or otherwise picked up from 
outside, It IS improbable that they should have almost unanimously stumbled 
into the plane of rotation of the planet for the planes of their orbits. If we 
suppose that Jupiter and Saturn have always been gaseous we must suppose 
that solid or liquid satellites were born out of a gaseous planet This might 
have happened if the outer layers were at a temperature not far above their 
boiling point, the jet of matter thrown out by tidal action might cool still 
further by radiation and immediately condense into a solid or liquid mass 

300 The satellites of the smaller planets are not so easily accounted for 
To take a definite instance, the satellites of Mars are too small to have started 
life in the gaseous form, they seem likely to have origmated out of Mars, 
Mars itself is too small to have formed as a gaseous condensation out of the 
same nebular arms as produced Jupiter and Saturn, and yet if the satellites 

* Of. Jeffreys, Monthly Noticeb R A S 78 (1918), p 424 
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of Mars were bom in the liquid or solid state out of a liquid or solid primary, 
they ought to have been comparable in mass with that primary 

This apparent difficulty may arise largely from our having assumed tha*b 
a body may be accurately labelled either as gaseous or as liquid or solid Tho 
masses we have under consideration must all have been at low temperatures, 
and the pressure must have been considerable in their central regions W o 
must consider the possibility of formations which are liquid in their centra.1 
regions wheie the pressure is highest, and gaseous in their outer regions. 
Such masses will be represented with tolerable accuracy by the composite 
Roche’s model, of which the behaviour under tidal forces was discussed in § 162 - 

We can now perhaps account for the formation of the system of Mars by 
supposing Mars to have started condensing in its central regions during ox* 
immediately after birth, and so assuming the structure of a dense nucleus 
surrounded by a light atmosphere A further tidal cataclysm would result ixx 
a jet of the atmosphere being ejected, and if this immediately started to coix- 
dense into the liquid state the final result might be two small planets of tho 
kind observed 

The satellites of Uranus and Neptune may be explained in the same way* 
The earth-moon system admits of a similar explanation but may also admib 
of explanation in terms of a wholly fluid earth, pending furthei mathematicix.! 
investigation it is hardly possible to say whether the masses of the earth aacl 
moon are too unequal for the system to have originated out of a wholly fiuid 
mass. The question reduces ultimately to one of degree only, the earth aub 
birth was probably more largely fluid than the planets whose satellites ai*o 
relatively smaller 

301 The foregoing considerations have shewn that four at least of the 
eight planets must have been partially fluid at, or shortly after, their birth. 
If once this conclusion is admitted—and it seems inevitable on almost any 
theory of cosmogony—then theie is no justification left for assuming, as wo 
momentarily did in § 300, that the two biggest planets, Jupiter and Saturni, 
were wholly gaseous at their birth, although the calculation of § 297 shews it 
to be quite possible that Jupiter at least may have always been gaseous 

302 Let us examine how the tidal theory stands if we admit the." 
possibility of all the planets having been partially fluid at birth 

We picture the primaeval sun throwing out a jet of matter under tho 
influence of a passing star The calculations of § 296 have already suggested 
that the conditions of the tidal encounter must have approximated to those' 
we have described as '‘slow” The tide-generating star must have described 
an orbit passing within a sphere of radius equal to 2 2 {M'jM'f mean radii 
of the sun. As soon as the star came within this sphere the tidal ejection e>i 
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matter must have begun The rate of ejection of matter would be slow at 
first, it would increase to a maximum when the passing star was at its distance 
of closest approach, and would subsequently dimmish to zero The result 
ought to be a filament of matter of which the line density would be zero at 
each end and would increase to a maximum near the middle 

As this filament lost heat by radiation, the ends would experience the 
greatest fall of temperature, for the ratio of surface to mass would be greatest 
here. Thus liquefaction ought to commence near the ends, and after a time the 
ends of the filament might be mainly liquid while the middle region was still 
almost entirely gaseous During this process of condensation, gravitational 
instability would result in the formation of furrows, leading to ultimate 
fission into separate masses 

We have already noticed (§ 217) that, when fission of this kind occurs, 
small masses are formed out of dense matter, and conversely Thus those 
planets which formed near the ends of this filament, being formed out of 
dense matter, would be those of smallest mass, while the planets formed near 
the middle, mainly from uncondensed gas, would be of greatest mass In 
this way the tidal theory readily explains the great inequality between the 
masses of Jupiter, Saturn and the other planets, while explaining at the 
same time why the two largest planets occur in the middle of the chain. The 
theory indicates that the smaller planets must have been mainly liquid or 
solid from their birth, while Jupiter and perhaps also Saturn may have always 
been almost entirely gaseous We have already seen that the masses of these 
two larger planets are quite consistent with this view of their origin. 

303 It is impossible to trace the early life of the planets with any pre- 
cision If it were not for the tangential velocity which they must have 
acquired from the gravitational attraction of the passing star, they must have 
all fallen back into the sun If they were endowed with only a small tan¬ 
gential velocity, they would describe highly eccentric orbits, some would 
pass through the outer layers of the sun at perihelion and perhaps finally 
become merged in the sun s mass, others would pass near to the sun s surface 
while escaping actual collision The tidal forces exerted on these planets by 
the sun might result in the creation of systems of satellites encircling the 
planets This hypothesis accounts at once for the directions of revolution of 
the majority of the satellites, and explains why their orbital planes are, for 
the most part, close to the orbital planes of the corresponding planets. 

We have already noticed that the least velocity that the tide-generating 
mass can have is that due to a fall from infinity, and this is times the 
velocity for a cncular orbit Considerations of probability make it unlikely 
that the velocity was much greater than this minimum, for a much higher 
velocity would require an improbably close encounter As an approximation, 
let us suppose that the tide-generating mass had a velocity of 10 kms. a second 
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at a perihelion distance of 1 2x10^® cms, this being only 22 per cent more 
than the minimum velocity possible. The angular velocity of revolution at 
closest approach would be 8x10""^^ Let us suppose, again as a rough 
approximation, that the ejected filament was set in motion so that it rotated 
as a straight line with an angular velocity equal to half this, say 4x10“^® 
Then a point at a distance 9*4 x 10^^ cms (or 2 1 times the radius of Neptune’s 
orbit) from the sun’s centre would have the velocity appropriate to the 
description of a circular orbit, planets formed at a distance less than this 
would describe eccentric orbits which would start by approaching nearer to 
the sun. 

The innermost planets would describe the most eccentric orbits, for their 
velocity would differ most from that required for a circular orbit Traces of 
this law may perhaps still be found m the solar system in which the eccen¬ 
tricity of orbit diminishes on the whole as we recede from the sun, Venus and 
the earth forming exceptions See^ has shewn that the action of a resisting 
medium surrounding the sun would be to dimmish the eccentricities of the 
planetary orbits This is shewn by the analysis already given m § 261, to 
study the effects of a resisting medium we need only change the sign of the 
couple G We find that the action of a lesistmg medium diminishes both 
the eccentricity and the major-axis of the orbit 

The diminution of eccentricity ought to be greatest nearest the sun, 
where the resisting atmosphere may have been supposed to be most dense 
This might perhaps account for the smallness of the eccentricities of the 
orbits of Venus and the earth, but if so that of Mercury remains anomalously 
large Similarly the diminution of major-axi-s ought to be greatest near to 
the sun This would be in accordance with the comparative crowding of the 
planets near to the sun (Bode’s Law), and with the corresponding phenomenon 
in the systems of Jupiter and Saturn. 

304 The distance within which a planet must approach the sun for 
satellites to be created by tidal break-up depends on the density of the 
planet If we are right in supposing that the small planets at the two ends 
of the series, say Neptune, Uranus, Venus and Mercury, condensed to an 
almost liquid state immediately after birth, then it seems highly improbable 
that these bodies can have been broken up tidally by the much less dense 
mass of the sun We should expect these planets to have remained without 
satellites, or at least should expect their satellites not to have been born 
by tidal interaction with the sun The high inclinations of the satellites of 
Uranus and the retrograde motion of the satellite of Neptune seem in any 
case to suggest some origin other than a tidal encounter with the sun. 
On the other hand, if we are right in supposing Jupiter and Saturn to have 

* nesearches on the Evolution of the Stellai Sybtemb, Yol ii, Chap YII See also Poincar4, 
Legons sur les Hypotheses Cosmogomques^ Chap VI. 
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hvvn mainly gaBCouH frotu thmr birth, wo might naturally expect them to be 
mutouihIcmI by ByntomH of HatolhU^a moving approximately m the planes of 
tlu* orbitH <»f ilunr primari(‘H. The^ gc^iussm of the eaith-moon system remains 
imiotiiiito, although not inexplicable, but the satellites of Mars present 
wmu^ilutig of a puzzle on the tidal theory, an indeed on any other theory of 
ctmimigony, 

306. lluH vague skciteh of thc‘ tidal th(‘ory will, it is hoped, be read as 
an indieation of tht‘ poHHlbihti(‘H opim to the tidal theory, rather than as an 
aittmipt to advocatts thti th(‘ory or to present it in a final form The theory 
In boHtdi witli diiflculti<‘H and in soine respi^cts appears to be definitely un- 
hatinfae^tory, 'To thoi author it appears more acceptable than the rotational 
ihoory, or any other thtnay so far otfercKl of the genesis of the solar system ; 
but an tmormouH amount of mailuunatical research appears to be needed 
before tlu‘ theory can (uthm a(lvoeat(‘<l with confidence or finally abandoned. 


THK TIME-BGALE 

306. ddiroughout our discussion of the various processes of astronomical 
t*voluti(m, the nuestion of the tinu^* occupuKl by these processes has, inten- 
titmally, Imm k(‘pt in the background. 

Thc'H', are threi^ main sources of information as to the time-scale on which 
t he duration of these processes must bo measured*— 

L Lord Kelvin, in a well-known calculation, shewed that the gravita¬ 
tional emt^rgy produced by the sun falling to its present configuration from a 
stiite of infinite rarity would only suffice to maintain the suns present rate of 
nuliation for about 20 rndlion years. This estimate has been challenged on 
ih(^ grounds that the sun may have other sources of energy, radioactive energy 
in {larticular. 

IL (h'ological investigations have given various estimates of the time 
which has (‘lapscMl sinci^ our (‘artli assunu^d its picsont solid form. These arc 
not altog(‘iluu’ eonsisUuit with on<‘ anoiihiu*, and a number of early estimates 
must be (hdimtidy rejc'ctc^l in vi(‘W of our recently gained knowledge of 
radioactive^* pnxsesses, but afUu* cixcluding doubtful estimates there remains a 
numb(*r of apparently fairly roliabl(‘ estimates which seem to converge to a 
pt»rio<l the order of 250 million yi^ars for the ago of our earth. 

III. Home material for estimating the time-scale is provided by the 
im^Hcait motions of th(^ stars. The tune of transition of a star across our 
gala<*tic univiu-so and back is of the order of 320,000,000 years, and the period 
ef motion round the milky way, or of rotation of the milky way, is of the 
same onk^x of magnitude The stars shew such uniformity of velocity and 
arrangcunent in dificKuit parts of space that we may reasonably suppose that 
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they have moved several times across the universe before becoming so 
evenly arranged as they now are For example, the assumption that each 
star has made ten journeys to-and-fro would give an age of the order of 
3,200,000,000 years 

Here we have three more or less conjectural estimates differing, roughly 
speakmg, by successive powers of 10 The last and largest estimate, being 
most closely allied to the subjects we have been discussing, may be con¬ 
sidered first 

307. The estimate implicitly assumes that the period of motion across or 
round our universe has always been the same as now Our investigations, on 
the contrary, have led us to conjecture that our system of stars may have 
only recently expanded to its present size, we have even found reasons for 
supposing that the expansion is not yet fimshed If we estimate the age in 
terms of its completed orbits among the other stars, it is true that the last 
orbit IS now being performed at the rate of one revolution (say) per 320,000,000 
years, but the first orbit may, we have supposed, have been completed in 
160,000 years The time often orbits will not be ten times 320 million years, it 
will be more nearly equal to the sum of ten terms of a geometrical progression 
beginning with 160,000 years and ending with 320 million years, this sum 
is 560 million years Consideiing the unceitainty of all the numerical data, 
this estimate may be considered to be in agreement with the geological 
estimate, the estimate of 560 million years referrmg to the time since the 
primaeval rotating nebula begun to break up into stars, and the geological 
estimate of 250 milhon years referrmg to the period since the earth solidified 

308. The only discordant estimate is seen to be that derived from the 
sun’s radiation Taking the solar constant to be 1 92, the sun radiates away 
3 8 X 10®* ergs per second. The gravitational energy gained by the sun in con¬ 
tracting to a homogeneous mass of its present size is 2 2 x 10« ergs, representing 
radiation for 18 3 million years at the present rate It hardly appears probable 
that the sun can have other sources of energy comparable with its gravitational 
energy Chemical energy is well known to be insignificant Lindemann * has 
pointed out that radioactive energy will also be insignificant in comparison 
with gravitational It is possible that other sub-atomic changes, unknown to 
us, may provide more energy than radioactive changes If these changes con¬ 
sist of a mere rearrangement of electrons, it is foundf that each electron in the 
sun would have to fall through a sub-atomic difference of potential equal to 
3000 volts in order to set free as much energy as that set free by gravitational 
contraction, so that the possibility of extending the time-scale in this way 
seems remote. There remains, apparently as a last resource, the possibility of 
energy being created by the destruction of matter, as for instance by positive 

* NairnCy Apiil 22, 1915 

t J H Jeans, Nature, August 2, 1917 
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and negative charges rushing together and annihilating one another. Takmg 
the intrinsic energy of an electron to be mC-, where C is the velocity of light, 
the reduction of the sun’s mass by only one per cent, would set free 1*8 x 10®^ 
ergs of energy, or sufficient to furnish radiation at the present rate for 
150,000 million years 

309 Before either giving up the question as insoluble, or calling to our 
aid stores of energy such as that just mentioned, it will be well to examine 
how far the gravitational source of energy is really proved to be inadequate 
The situation is that the total energy of contraction of our sun provides for 
radiation at the present rate—i e as a star of absolute magmtude 5 0—for 
only 18 3 million years Let us consider the problem first m reference to the 
universe as a whole, and afterwards with special reference to our sun 

The energy set free by gravitational contraction varies as the square of 
the mass of the contracting body. Taking the average star to be of mass 1 7 
times that of our sun, the energy lost in contracting to the radius of our sun 
—1 e to a density of 2 3—would be 2*9 times that generated by the contrac¬ 
tion of our sun to its present size Thus it would provide for radiation for 53 
million years as a star of luminosity equal to our sun. 

Our sun, however, is somewhat exceptionally bright. To estimate how 
far its brightness is above the average, we must limit ourselves to the nearest 
stars, for distant faint stars escape observation altogether. Of the nineteen 
stars'of parallax greater than 0 2" tabulated by Eddington*, only nine have 
luminosities greater than that ot the sun being taken as unity, while 
nine have luminosities less than the nineteenth star being of estimated 
luminosity equal to ^ Moreover no fewer than seven have luminosities less 
than suggesting that we ought to add to the least lummous stars others 
whose nearness has not been suspected on account of their faintness, such as 
the near star recently discovered by Barnard. Takmg the luminosity of the 
average star to be contraction provides for radiation at this 

rate for 530 million years, a period which agrees well enough with our other 
estimates of the age of the universe 

310 Thus as regards the universe as a whole, there is no diflScult 
problem associated with the time-scale, the problem only arises in con¬ 
nection with special stars, and our sun happens to be one of these. Both 
Bussell’s theory and the theoretical investigation of Chap VIII suggest that 
in the comparatively recent past our sun must have been radiating even 
more energy than at present. On the other hand, when we pass to the 
remote past, there is no justification for believing the rate of radiation to 
have been so great There must be a long period between the stage at 
which a star is foimed in the nebulous state and the period at which it 


* Stellar MovementSy p 41. 
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bursts into incandescence as a giant ilf-star. During this period energy is 
radiated in the form of heat, hut observation tells us nothing as to its 
amount. Theory, as developed in Chap YIII, shews that the early heat- 
radiation will be the same in amount as the later light-radiation provided 
the opacity c remains constant The opacity, however, is not likely to remain 
constant, the radiation in the interior of a luminous star is of very short 
wave-length*, comparable with that of soft X-radiation, and matter might be 
expected to be much more transparent for such radiation than for the radiation 
which conveys the energy in the interior of a non-luminous star Against 
this must be set the fact that a comparison of the total emission of a stai 
with the temperature gradient in its interior shews that the matter of 
- luminous stars must be veiy much more opaque than ordinary gaseous matter; 
Eddingtonf calculates an opacity such that light is reduced to 1/e times its 
original intensity after passing through ^ gm per sq. cm. of stellar matter. 
Imagine, however, that we could in some way suppose the mean opacity c for 
the earlier dark sun to have been forty times as great as for the present sun 
Then the rate of emission of radiation by the dark sun would have been only 
a fortieth of the present rate, and the time-scale may be extended about forty 
times More precisely we may perhaps suppose that three-quarters of the 
total energy of contraction has been radiated from the sun in its luminous 
period, this lasting about 15 million years, while the remaining quarter was 
radiated in a non-luminous period lasting for about 200 million years 

Some such course seems to be the only one open if we accept the geological 
estimates of the earth’s age, while refraining from introducing unknown sources 
of solar energy such as that suggested in § 308 Our conjecture will not, how- 
evei, satisfy those geologists who maintain that the earth has remained at a 
temperature near to its present temperature for a period of hundreds of 
millions of years 


CONCLUSION 

It has not been part of our task to arrive at a conclusion, the time for 
arriving at conclusions m cosmogony has not yet come Our object has rather 
been to consider different hypotheses in turn, pointing out and perhaps to 
some extent balancing the advantages and disadvantages of each, leaving it to 
future investigators, armed with more mathematical and observational know¬ 
ledge than we at present possess, to pronounce a final decision. 

In so far as one conclusion has seemed to us more probable than another, it 
has been something of the following kind Some hundreds of millions of years 
ago all the stars within our galactic universe formed a single mass of excessively 

* Eddington, Monthly Notices JR, A S* 77 (1917), p 34 
+ Z c p 28 
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tenuous gas m slow rotation As imagined by Laplace this mass contracte 
owing to loss of energy by radiation, and so increased its angular velocity 
until It assumed a lefticular shape, similar to that of the figures 
Plate II After this, further contraction was a sheer mathematical impossi 
hihty and the system had to expand The mechanism of expansion was P^ojidea 
by nLtter bemg thiown off from the sharp edge of the 

lenticular centre now forming the nucleus, and the thrown-off “ 

the arms, of a spiral nebula of the noi mal type The long filaments of matter 
which constituted the arms, being gravitationally unstable first formed in 
chains of condensations about nuclei, and ultimately formed detached 
gas With continued shrinkage, the temperature of these 
until they attained to incandescence and shone as luminous stars At the same 
time their velocity of rotation increased until a large proportion of the 
broke up by fission into binary systems The majority of the B ^rs broke 
away from their neighbours and so formed a cluster of irregularly mjing 
stars-our present galactic universe, m which the flattened shape of ^ 
origmal nebula may still be traced in the concentration about the galactic 
pile, while the origmal motion along the nebular arms still persists m the 
form of “star-streaming ” In some cases a pair or small group of stars failed 
to get clear of one another’s gravitational attractions and remain describing 
orbits about one another as wide binaries or multiple stars The stars 
which were formed last, the present 5-type stars, have been unusua y im¬ 
mune from disturbance by their neighbours, partly because they were born 
when adjacent stars had almost ceased to interfere with one another, partly 
because their exceptionally large mass minimised the effect of such in er- 
ference as may have occurred, consequently they remain moving in the 
plane in which they were formed, many of them still constituting closely 
associated groups of stars—the moving star-clusters 

At intervals it must have happened that two stars passed relatively neai 
to one another in their motion through the universe We conjecture that 
something like 300 million years ago our sun experienced an encounter of 
this kind, a larger star passing withm a distance of about the sun s diameter 
from Its surface The effect of this, as we have seen, would be the ejection 
of a stream of gas towards the passing star At this epoch the sun is sup¬ 
nosed to have been dark and cold, its density being so low that its radius 
was perhaps comparable with the present radius of Neptune’s orbit. The 
ejected stream of matter, becoming still colder by radiation, may have con¬ 
densed into liquid near its ends and perhaps partially also near its middle. 
Such a jet of matter would be longitudmally unstable and would condense 
into detached nuclei which would ultimately form planets The more liquid 
planets at the end of the chain would be those of smallest mass, the gaseous 
centre would form the larger planets Jupiter and Saturn. Owing to the 
orbital velocity which had been communicated to these planets by the 
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attraction of tho passing star, tli(>y would not fall bank into tho snu but 
would (loscribo elliptic orbits, ptiasing fairly nwir to tho sun’s surfaco at tlaur 
closest approach. As th(‘y passed ndativoly mair Ut tin* sun, t.lto sanio pro¬ 
cess as resulted in tho formation of planets outol tho sun, may hav»‘ resulted 
in the formation of satidlites out of the planets. It is not diflieulti to account 
for tho systems of Jupiter and Saturn in this way, but the Hiitellites ot 
Neptune, Uranus, Mars and the earth an* less (Uisy to explain, llu» syateni 
which interests us moat nearly, namely our (‘arth-moon system, is^ just t.lu' 
one about which it is moat difficult to come to any ilefinite conclusion. For 
tho earth-moon system is exceptional in the system of tho plan(‘t.s, just us 
the solar system to which it belongs appears to be exceptional, and lor ought 
wo know may be uni(iuo, in the system of the stars. 
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